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Physics breaks into our life since the dawn of time. An impressive example is the advent of the
nuclear era. Physics were the balance of the geopolitical equilibrium between the governments
across all the world during the wars of last century. To express the crucial role of Physics is enough
to think how many technologies (lasers, transistors, imaging methods,. . .) carried out the knowledge
of the atomic structure of the matter. Nowadays, physicists are again involved at the forefront to
find out solutions for life-saving drugs discovered through deep analysis of the complex molecules,
or diagnostic imaging, or new biomaterials to contrast the climate pollution caused by fossil fuels.
Green power batteries for ecological transports. Still, many other breakingthrough discovers to add
to this enthusiastic wish list. The way to achieve these target passes through the knowledge of the
quantum computation.

Such big goal suited in the foundations of quantum mechanics, although quantum computer is not
a new idea, it’s only been in recent years that workable technology has begun to catch up to the
theory and such prominent applications becomes the engine to deeply investigate what is the nature
of quantum reality. The support of applications in addition to the universally exciting questions
concerns the true nature of our world would lead us towards fascinating headway.
The most important example is the Bell theorem, it has even been called "the most profound in
science"” (Stapp, 1975). Let us use philosophically the Hanh-Banach theorem, roughly speaking
there exists a line which separates an external point from a convex set. The Bell theorem is the line
in the sand which separates the noncausal structure of the quantum world from the world as we
know it intuitively.Or

any local hidden variables theory can ever reproduce all the predictions of quantum mechanics.
Thus, the feature of quantum mechanics turn out crucial to certify whether numbers are intrinsically
random for guarantee stronger cryptographic security, for enhancing bound probability improving
communication protocols, for a computational speed-up over classical algorithm and maybe other
sensational serendipities.
The results of this thesis, mainly regarding the Quantum Entanglement — a notion originating
from the counterintuitive predictions of quantum mechanics about strongly correlated systems —
contributes to the understanding of what is the geometry of the quantum states and what are the
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resources that justify why such correlations are possible. We also deal with examples on the light—
matter interaction, because when two quantum emitters are embedded in a taylored environment the
pair can spontaneously relax towards an entangled state. Another example regards the interference
effects of the classical chaotic light source recasting phenomena already achieved by entangled
photons.

Conclusively, we believe that extending the knowledge on the fundamental concepts is perhaps
the highest-impact and the lowest-cost area of basic research which lead to innumerable benefits
to society. The reason is simple: since any technology relies on the laws of nature, the better we
understand those laws, the more powerful the technologies we can create.
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Some explorers soars on the sky on the helicopter for recording eruptions from two volcanoes in
time and power of emission. The observers notice that when one volcano erupts, the emission form
the second volcano happens with a delay, on average, which is larger if its power of emission is
lower. Thanks to these measurements the observers can formulate an underground model, obviously
not visible from the sky, with some connections between those two volcanoes. Thus, the model
reproduces the correlations from the data analysis. Quantum Mechanics is a extremely powerful
model to reproduce the correlations between entities, and following the analogy, it perfectly predicts
the next eruptions and anything else we can observe from the sky, although the interpretation of the
underground model is still under scrutiny.

This thesis is a survey of the main studies and results developed during these years with in common
the same ground underpinning devoted to the understanding of the underground model learning
knowledge from different branches of theoretical physics. It is divided by three main parts well
connected each other, such that each part has an introduction, a detailed analysis based on published
papers and at the ends hints for future directions.

1. The first part of the thesis in chapter 1 regards the Entanglement detection. In this project we
study the problem to distinguish separable and entangled states. The aim of this chapter is to
introduce the reader into this profile of research, therefore I chose to explicitly write the most
important steps of the calculations in order to have easy reading and fully understanding of the
idea behind the birth of a new family of separability criteria both for bipartite and multipartite
quantum systems with arbitrary (but finite) dimensions of the corresponding Hilbert spaces.
Then, we show that the enhanced (nonlinear) realignment criterion is equivalent to this family
of linear criteria based on correlation tensor.

Moreover, the noncausal structure of the quantum correlations brought to further investiga-
tions to develop new methods for deriving Bell’s inequalities. One constructs a nonlocal
operator that is useful to detect also entanglement. Furthermore, the Contextuality — the
leading notion of nonclassicality — is also introduced to capture the wave-particle duality
in quantum mechanics in an ontological physical model. This further studies are born to
better understand the resources of quantum world, beyond the quantum entanglement and the
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nonlocality. Here, an example which shows nonlocality without entanglement [1].

2. The second part of the thesis, in chapter 2 regards the Light—matter interaction. This project
was born studying a prominent experiment which realize entanglement and the role of the
quantum fluctuations of the vacuum in quantum theory which carries on the spontaneous
emission of a quantum system. Firstly, we study a two-level quantum system embedded
in a dispersive environment and coupled with the electromagnetic field of the vacuum.
We expand the theory of light-matter interactions to include the spatial extension of the
atomic system, taken into account through its wave—functions, thanks to which we solve
the divergence problem related to the Green tensor propagator. In particular, the inclusion
of the spatial structure of the atomic system clarifies the role of the asymmetry of atomic
states with respect to spatial inversion in these quantities. However, we also provide an
alternative solution to overcome the divergence problem by reshaping the susceptibility of
the surrounded environment. A further study on the asymmetry of the transition rate is
developed in the end of the chapter. Future research should better explain the connection
between the phenomenological and canonical derivation of the effective Hamiltonian and
derive a many-particle theory.

3. The third part of the thesis, in chapter 3, concerns Optics with chaotic light — we will talk
about the Correlation Plenoptic Imaging (CPI), a novel imaging technique that exploits
classical and quantum correlations between intensity fluctuations in two light beams to
perform the typical tasks of plenoptic imaging, namely refocusing out-of-focus parts of
the scene, extending the depth of field, performing 3D reconstructions. Unless this topic
seems far away from the previous two parts, the motivation behind this project has profound
fundamental insights as concerns the true nature of light and its correlations. Interestingly,
this technique is developed starting from Bell-type coincidence experiments, e.g. Hong-Ou-
Mandel and from correlation effects as Hanbury-Brown and Twiss effect (HBT). Keeping
in mind the fundamental aspects, we optimize interferometric setups for imaging, such as
a CPI microscope. In particular, we will focus on the signal-to—noise ratio of different
CPI schemes leading to Correlation plenoptic Microscope (CPM), an own protocol for a
microscope prototype.

Further developments along this profile of research involve turbulence—free setups to design and
build sensitive interferometers that would be helpful in optical observations that require high
sensitivity and stability such as gravitational-wave detection. Moreover, we introduce at the end
of this chapter a method for remote distance sensing, also based on second-order interferometry
through the use of double-slit masks illuminated always by chaotic\thermal light.
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)

“One can, damn it, not reduce the whole of philosophy to a screen with two holes’
(Jorgen Jorgensen)

cience is recognized as a provider of universal and democratic truth, because the system

is independent from the role of observer. This paradigm is revisited in quantum mechanics

because the knowledge of the system might be part of the system itself. This means that

we need to write the apparatus, by which we get knowledge, into the global Hamiltonian. In jargon,

the apparatus becomes entangled with the system. Then, the concept of Quantum Entanglement

recognized by Einstein, Podolsky, Rosen and Schrodinger, waited over 70 years to enter in the
laboratories as a new real holistic resource of compound quantum systems [2, 3].

After an overview on the theory of quantum entanglement we deeply pay our focus on the
derivation of criteria to distinguish separable and entangled states. We provide a novel family of
separability criteria, which rests on correlation matrix (tensor). Interestingly, there is a natural
generalization to multipartite scenario. In the final sections we give some notion concerns Bell
inequalities generalization and an outline on the quantum contextuality, the leading notion of the
quantum formalism, and how it is involved in wave—particle dualism of quantum mechanics.

Prelude to Entanglement

In 1935, Schrodinger realized the “spooky” feature of the quantum mechanical description of
Nature written in the well-known EPR paper[2], and he wrote “This feature implies the existence of
global states of composite system which cannot be written as a product of the states of individual
subsystems”.

Einstein, Podosky and Rosen tried to apply such concept which underlines an intrinsic order
of statistical relations between subsystems of compound quantum system to ascribe values to
physical quantities prior to measurement. They thought the entanglement as the most nonclassical
manifestation of quantum theory. But contrary to expectations, in 1964 Bell showed that is just
entanglement irrevocably forbids such possibility[4]. He formalized the EPR statement — that
quantum description of physical reality is not complete — in terms of local hidden variable LHV
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model[4]. The latter assumes that (i) exist physical systems with properties regardless of whether
they are subjected to an experimental test and regardless of what anyone knows about them
(“realism”), (ii) negation of action-at-a-distance — whatever action or causality is, it does not happen
instantaneously between space-like separated regions (“locality”) (iii) the setting of local apparatus
is own choice and they are independent and not function of the past, of the hidden variables which
determine the local results (“free will”). The latter can be formulated as a theorem under the
Sfin-spin-twin axiom [5]. Bell proved that the above assumptions impose constraints on statistical
correlations in experiments involving bipartite systems in the form of the Bell inequalities. He then
showed that the probabilities for the outcomes obtained when suitably measuring some entangled
quantum state violate the Bell inequality. In this way entanglement is that feature of quantum
formalism which makes impossible to simulate the quantum correlations within any classical
formalism. Maintaining only realism as a fundamental concept, Greenberger, Horne and Zeilinger
(GHZ) extended Bell inequalities by showing that entanglement of more than two particles leads to
a contradiction with hidden variable model for nonstatistical predictions of quantum formalism
[6], therefore giving up the concept of locality is not sufficient to be consistent with quantum
experiments, unless certain intuitive features of realism are abandoned [7]. Interestingly, in mid-60s,
gedanken experiment about quantum entanglement began to scrutinize on laboratory [8, 9] and
the first evident violation of Bell inequality was performed by Aspect et al. [10] which paved the
way to many kinds of beautiful and precise experimental tests of quantum formalism against the
LHV model [11, 12, 13, 14, 15, 16]. All these experiments robustly confirmed the predictions
and unveil the curious counterintuitive aspect of the quantum description already mentioned by
Schrodinger. He noticed that two-particle EPR state does not admit ascribing individual states to
the subsystems implying “entanglement of predictions” for the subsystems. Then he concluded:
“Thus one disposes provisionally (until the entanglement is resolved by actual observation) of only a
common description of the two in that space of higher dimension. This is the reason that knowledge
of the individual systems can decline to the scantiest, even to zero, while that of the combined
system remains continually maximal. Best possible knowledge of a whole does not include best
possible knowledge of its parts — and this is what keeps coming back to haunt us”’[3].

Nowadays entanglement theory provides a crucial resource for modern quantum technologies like
quantum communication and quantum cryptography with Bell theorem [17, 18, 19], quantum dense
coding [20] and quantum teleportation [21, 22].

Entanglement detection

Since the entanglement has very general structure, it is very fragile to environment and it can be
increased only locally, the fundamental tasks to solve are (i) how to classify the states of composite
quantum systems, and how to detect optimally entanglement theoretically and in laboratory? (ii)
How to deal with the degradation of entanglement? (iii) How to control and quantify entanglement?
In the next sections we will focus on the first question, which is of primary importance to test
whether a given quantum system is separable or entangled. In the chapter 2 we introduce a system
the the aim to answer also to the point (ii) and (iii). According to Werner’s definition[23] a state of
a bipartite system living in /% ® .7 represented by a density matrix p is separable iff

k
p=Y pipf@p?, (1.1)

i=1

where p; is a probability distribution and p{* (p?) are density operators of subsystem A (B). Werner
not only gave accurate definition of separable states (those mixed states that are not entangled), but
also noted that there exist entangled states that similarly to separable states, admit LHV model,
hence do not violate Bell inequalities. Popescu showed [24] that having system in such state, by
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means of local operations and classical communication (LOCC) one can get a new state whose
entanglement can be detected by Bell inequalities. It turns out a general technique: once you
have a separability criterion via LOCC the entanglement detection can be improved. However,
apart the case qubit-qubit and qubit-qutrit, for higher dimensional systems and systems composed
of more than two parties the problem is notoriously difficult (actually, it belongs to the class of
so called NP-hard problems [25]), although there are many criteria which are not universal, i.e.
do not allow to detect all entangled states, but are easily applicable as the PPT criterion [26, 18]
and the realignment or computable cross-norm (CCNR) criterion [27, 28, 29]. There are also
separability criteria which are nonlinear in the state of the system like for example criteria based
on local uncertainty relations (LURSs) [30], extensions of realignment criterion [31] or covariance
matrix criterion (CMC) [32, 33, 34]. Moreover the most general approach to characterize quantum
entanglement uses the notion of Entanglement Witness (EW) — an observable which distinguishes
a specific entangled state from separable ones — introduced by Terhal [35, 36]. One of the big
advantages of entanglement witnesses is that they provide an economic method of detection which
does not need the full information about the quantum state. Such information is usually obtained
by the full state tomography. Here one uses only the information about the mean value of some
observable in a given quantum state. Remarkably, it turns out that any entangled state can be
detected by some entanglement witness and hence the knowledge of witnesses enables us to
perform full classification of states of composite quantum systems [36, 18, 37, 38]. Interestingly,
entanglement witnesses are deeply connected to positive maps in operator algebras, which play an
important role both in physics and mathematics providing generalization of *-homomorphisms,
Jordan homomorphisms and conditional expectations. In the algebraic approach to quantum physics
normalized positive maps define affine mappings between sets of states of C*-algebras [39]. In
the following, we describe the space of quantum states with the characterization of entanglement
witnesses which will play a central role in the next sections.

Space of quantum states
Let 77 a finite Hilbert space, we denote the linear bounded space

B(AH)={A e #4,(C): y— Ay} (1.2)
with ., (C) is the space of n x n complex matrices with n = dim # . This space is endowed with
the standard operator norm

|Al| = sup Ayl (13)

yeH |WH%”

with lly]| » = v/ (y|w) such that (y|¢) denotes the inner product in 7. Similar norm can be
applied also for 8(#’) endowed of the Hilbert-Schmidt inner product (A|B) ;g = Tr (A"B). Fixing
an orthonormal basis {|e;) }'_, in /7, then the inner product is “entries-wise”

n
(Aej|Be;) = Z AjBij (1.4)
i=1 i,j=1

D=

<A’B>HS =

and corresponds to a vectorization of a matrix. Hence, this product yield the Hilbert-Schmidt norm
[|Allus = 4/ (A]A) g = VTrATA. (1.5)
Moreover we can define a third norm in .2 (), which is the trace norm
[JA|]; = Tr|A| = TrVATA. (1.6)

If A;’s are the eigenvalues of an hermitian matrix A, then ||A||gs = y/Y; A2, and [|A|]; = X1, |4l
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Proposition 1.3.1 The trace norm of a real matrix is equal to maximal Hilbert-Schmidt inner
product with an isometry matrix:
All1 = max (Ol|A)ys- 1.7
Al = max (OlA)yg (17)
Proof. Any complex matrix A € ¢ (d x d») can be written is terms of its singular value decom-
position (SVD): A=UDV", where U € % (d) and V € % (d,) unitary matrices and D is a d) x dp
diagonal positive matrix, i.e.
{Ai >0 i=j<d,
ivj =

1.8
0 otherwise. 19

The numbers A; are called singular values of the matrix A. Since in our case A is real, then U,V are
orthogonal and we compute

(OlA)ys =Tr (0"UDV") =Tr (VI O'UD) =Tr (0" D) = Y 0;iA; (1.9)

where VI OTU = O that is also an isometry matrix due to the property of group in & (dy,d>). We
are looking for the maximum of the expression and for alli=1,....d 0;; < 1, so the bound is
reached by a diagonal isometry O;; = §;;, and max (O|A)ys = Y 4 = ||A]]1. [ |

I Corollary 1.3.2 ||A||; > TrA.

Proof. Let UDVT = A the SVD, then

TrA = TeUDV" =TeV ' UD =TeOD = Y 0;id; < max ) 0;id; = ||A|]1. (1.10)
i o

In particular, we are interested in subspace of positive operators in % () denoted A (),
which is not a vector space in C, because A (#)=R A, () ®R,L B, (H) — a convex cone —
where R is the set of positive real number, e.g. ®A+fBB. A convex cone is a particular case of a
linear cone (A4 () =R B, (H)), because €A = a/2A + o /2A. The section of the convex
cone A, () with unitary trace defines the set of quantum states

F(H)={p e B (H): Ttp=1}. (1.11)

Definition 1.3.1 (Schmidt decomposition, separable state, maximally entangle state, max-
imally mixed state) Let 57 = 574 ® 3, such that dim 74 = d and dim 73 = dp finite, with
d = min (d4,dp), the Schmidt decomposition is always possible for all |y) € .7, that is

) =Y Voeler) ®|fi) (1.12)
k=1

where py, is a probability distribution, {|ey) Z": , and {|fx) ZB: | are orthonormal basis of .77} and
3 (for normalized |y)). The Schmidt rank of |y) is r = SR (|y)) € [1,d]. A vector |y) €
is separable <= SR (|y)) = 1, otherwise |y) is entangled. Notice that for |¢) € 74, |x) € 5
a separable state in the Schmidt decomposition is written as |y) = |@) ® |x), i.e., the product of
the restrictions of |y). More generally (for pure and mixed density matrices) the restriction is
defined via the partial trace operator. It can be provided invariantly (that is, without reference to
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a basis) as follows: it is the unique linear operator such that
Trg : B(H) — B(H#4), Trg (AR B) =Tr(A)B, VA € 5#,,VB € 3. (1.13)

Vector ‘1// > is called maximally entangled <= the restrictions of the corresponding density
matrix

pq = Vi) (Wil = LE@Fy Ej=le) Ei=1£)(fi] (1.14)
ij

are the maximally mixed states, defined as the completely random density matrix, named

proportional to the identity: Trg |y) (y| = 1/dy, Tra|y) (w| = 1/dp. Notice that SR (| )) =

d and from the Schmidt decomposition this is possible only if dim.7Z; = dim.7/3 = d, in

particular, py = 1/d for all k, thus

d

v )= Z lek) @ | fi) - (1.15)

k

The maximally entangled state (or a maximal Schmidt rank state) enables the famous Choi-
Jamiolkowski isomorphism, also known as Channel-state duality: notice that 57 = 64 @ /3
and the vector space B (#3) = {D: 7,4 — 3} have the same finite dimensions, therefore
they are isomorphic.

3B (H) — H
da
> J(@) =\da (109D) |y ) :Z )@ ®@|fi) =|v) (1.16)

Indeed dim # (#3) is the cardinality of the basis @ =Y, cij|i)p (j|4, fori=1,...ds, j =
1,...dp. The inverse map J~' (|y)) — ® means that for any vector |y) = ZZA:] lex) @ |yk) €
A with |yy) € 3, one defines ®|e;) = |yx). The scalar product (-,-) for the vector space
PB (), %) comes naturally (P, P,) = TrCIDJIFCIDZ, in particular (®,®;) = (J(P;),J (P2)) and
the inherited norm shows ||®|| = || |y) || = 1. It follows that Rank (®) = SR (|y)). Therefore
we can investigate about the Schmidt rank of a vector which does not depend on a basis via
the isomorphism |y) = J (®) that is established upon the basis {|e;)}. Beside the definition of
separability for vectors states (SR (|y)) = 1) we have also the corresponding definition for the

mixed states p — the Schmidt number SN (p) — given a density matrix p we define

SN(p) = ng;kn(m,gxsmwk») s =L v (v 117

with | ) being (not normalized) vectors of 7.

If p = |w) (v, then SN (p) = SR(|y)), therefore we reproduce the analogous definition of
Schmidt rank.

p) Theisomorphism in Eq. 1.16 acts also between positive maps and density matrix

3B (Hp) — B(H)
D3 (@) =dy(10D)pf =W (1.18)

then J (P) =W and 3~ (W) = &, W is also called Choi’s state or matrix.
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Definition 1.3.2 (Family of convex cones for quantum states) Let us define via the Schmidt
number the following family of convex cones

Fr={p €S (H): SN(p) <k} (1.19)

one finds .1 C --- C . = .7 (J). Clearly .] is the convex subset of separable states and
4/ contains all the entangled states.

Let T : .7 (3) — . (3) the transposition with respect to a basis in /5. Hence, given
pp € 7 (A3), then T (ppij) = pgji- T is an example of positive map, i.e., T (. (J¢)) C .77 ().
Let idy : % — % be the identity map ids (pa) = pa for all p4 € 4. Then, the definition of the
partial transposition is

iy @ T .7 (H) > B(H)
px— oy,

where ¥ = T (). Partial transposition is also denoted as p! = (idy ® T') p, and we say that given
a quantum state p, it is Positive Partial Transpose (PPT) iff pU' >0, i.e. p'' € .7 (J#). Such
operation has interpretation as partial time reversal [40].

(1.20)

Proposition 1.3.3 A vector |y) € J is separable iff py, = |y) (y/| is PPT.

Proof. if implication is trivial. The only if implication states that if py, is PPT, then it is separable.
However, we will prove that SR (y) = 1 <= 3|1 # 0 eigenvalues of py. It follows from the
singular values decomposition of py = U AVT =¥, Lauvi or equivalently from the Schmidt
decomposition. We will proof for C3 @ C3. There always exist {e;};_, and {;};_, basis of their
relative space such that

W) = A ler, f1) + A2 ez, f2) + Az |e3, f3)

is written according its Schmidt decomposition. If two of A’s are vanishing then the Schmidt
number is 1 and |y) is separable. Hence

(1.21)

i llz My MA3 T
Py = My 2,22 A3 (1.22)
L A A3 A7
where the dots replace zeros. The partial transposition is the transposition of each block
- llz . —
) A )
. ) s
Mo - ;
Py = : 23 : (1.23)
. . o5
231 . .
) o3 .
i : Y
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Studying the positivity of one of the two blue blocks via Sylvester criterion, one finds the eigenvalues
o = 0,£A1 A, the block is negative hence pvr, < 0, indeed it is enough to choose as vector |¢) =

(0,02, ¢3,04,0,0,0,0,0) to obtain <(])|p{,\¢> = 241 L2204, which can be negative for a particular
choice of ¢, @4. It implies that A A, # O iff p{, < 0. The generalization is proven analogously. W

Equivalently the rank of either of reduced density matrices p4 and pg is equal to 1, or there is
single nonzero Schmidt coefficient. Thus for bipartite pure states it is elementary to decide whether
the state is separable or not by the diagonalization of its reduced density matrix. On the other
hand, the most interesting and unsolved fully characterization of the entangled states regards
mixed states which are the quantum states present in the laboratory because of the decoherence
and the multipartite scenario. As we have already mentioned, there exist many criteria to detect
entanglement which are only necessary condition for the separability, and one of the most powerful
is the partial transposition, also known as Peres-Horodecki criterion (or PPT criterion).

Theorem 1.3.4 If p € ¥ (J) is separable = p is PPT.

Therefore a NPT (not PPT) state is necessary entangled. This means there exists PPT entangled
state, unless the dimension dsdp < 6, where the sufficient condition holds. Therefore, the open
problem in entanglement theory for bipartite system becomes the characterization of the family of
PPT entangled states. Let us define

Sl =7"n.A,
S=(1daeT)S1={pes: SN(p) <, p" >0} (1.24)

5”,{’ is the convex cone of PPT state p such that SN (pr ) <!land SN(p) < k. One has
Fspp =S C I3 C- C I = Fppr C I (). (1.25)

It is worth to notice that a set of PPT states is convex, but the set of PPT entangled state is not. If one
would attack the problem of entanglement detection via the characterization of PPT hierarchy could
explore PPT entangled state via the range criterion|37], which provides a tool to construct edge
density matrices. This is just the starting point to characterize PPT entangled state. In conclusion,
the state of the art is that, PPT criterion might provide an immediate response to the problem, but
not for any mixed state. In the following, we do not pursue this direction. We will introduce the
tool of the entanglement witness showing how it can be use to check whether a given mixed state p
is separable or not. We shall restrict subsequent analysis to the case of finite dimensions. The set of
all separable states defined in this way is convex, compact and invariant under the product unitary
operations Uy ® Up. Moreover the separability property is preserved under so called (stochastic)
separable operations (see [18] Sec. XI.B).

Entanglement withesses and positive maps

(“Be careful from quantum channels: they are completely positive!” Coronavirus time)

Entanglement witnesses analyses the problem of separability in quantum entanglement theory from
the geometrical point of view: the convex sets can be described by hyperplanes. This translates
into observables that completely characterize separable states and allow to detect entanglement
physically via Hanh-Banach theorem, as follows

Theorem 1.4.1 Let ! and ./} disjoint subset, and .} is a convex set, then there exists a
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Wy Wa

Wy

Figure 1.1: The set of quantum states is pictorially divided by the separable states and the quantum
states. The line represents hyperplane corresponding to the entanglement witness W; fori = 1,2,3
which split the set of the quantum states into two disjoint subset. All states on one side of the
hyperplane or belonging to it (in particular all separable states) provide nonnegative mean value
of the witness, while those located to the other side are entangled states detected by the witness.
For instance TrtW;p; > 0,i= 1,2 and TrtW;p; <0, i =3,4; TtW,p; > 0,i = 1,2,3 and TrW,p4 < 0;
TtW3p; > 0,i= 1,3 and TrtW3p; < 0, i = 2,4. To give a rough idea, W is tangent to the set of
separability states, and it is called optimal.

bounded functional fi : p — TrWp separating the two sets.

This is a generalization of the fact that, in real Euclidean space, there always exists an affine
subspace which separates a given point outside from a given convex set. The affine subspace
manifests itself as the functional fy, or as an operator W, because the dual space of the Banach
space of trace-class operators is isomorphic to the set of bounded operators via Riesz lemma. In
the present context, the family of separable states 5”11 is a convex set in the space of trace class
operators .7 (). If p is an entangled state (thus lying outside the convex set), then by theorem
above, there is such operator W separating p from the separable states. We call W an Entanglement
Witness. Notice, there is more than one hyperplane separating a closed convex set from a point
lying outside of it, so for an entangled state might be more than one entanglement witness (see
figure 1.1). To give a rough idea, W) in figure 1.1 is tangent to the set of separability states, and
it is called optimal. Optimal witnesses will be discussed in detail later on. Formally, given any
entangled state pen¢ there exist an Hermitian operator W such that TrW pey < 0 and for all separable
states Pgep yields to TrWpgep > 0. Let

W={WeB(A):W=W (yo0Wy9e)>0 Yy,0c#, "} (1.26)

the set of Hermitian block-positive (positive for product states) operator in 7. It defines a convex
cone in A (), and obviously W € # iff Vp € ./}, then TtWp > 0. Let {|e,~>?il} an orthonormal
basis of %, any operator W € % () may be represented in the following block form

da
W=Y E;@W;,  W;ecB(HM),Ei-|e)(ej| (1.27)
ij=1

that is a matrix d4 X ds with matrix elements (blocks) being operators W;; € % (A%). Moreover, if
W is block-positive one has

(ei®0|Wle; @ ¢) = (9|W;j|¢) >0, (1.28)
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and diagonal blocks W;; are positive operators. Clearly if W is positive, then W is also block-positive,
but we say that W is an EW iff it is block-positive but not positive, i.e. W € %'/ % (7). However
one can also obtain W;; = ® (\ei> ; ), where ® € Z (7,4, 75) maps density states from .7, to
J¢. We have

(1.29)

W=dslids@®@lp;, pj = ‘w@ <II/[Z :

This way establishes a correspondence between linear maps ® € A (.7, .73) and Choi-matrix
W € % () as 1.3. It should be stress that this correspondence depends upon the basis {|e); }l -
The inverse relation is

®(pa) =Tra [(pf @ 1) W], Vpa € B, (H4). (1.30)

Proof. Let ps =Y;; pi;Eij, then
1) =Y pij® (Eij) = Y pijWij. (1.31)
ij iy

On the other hand

Tra [(PA 02y lB =Try [(ZPUEJI® 13) ZE ®VVi’j’

:T]‘A Z pij6ii/Ejj/ ®‘/Vl-/j/
ij,i'j
= ) pijOirOi;0y Wiy = Zp,-,-W,-j. (1.32)

k,iji'j

Notice the flexibility of the transposition. that can be applied on the states, as we have done or on
the blocks W;;. [ |

Definition 1.4.1 Positive map — a map ® € A (#3) is positive iff Vp € 7 () : Di(p) €
S (H3). Then @ € B (Hp)

Definition 1.4.2 Completely Positive map — a positive map ® € A (#3) is completely positive
iffida @ ® € B (H4 ® HB).

This above relation becomes crucial if ®; and &, are positive maps, (e.g. ids and 7). Then
D) @D, : B (o @ Hy) > B (S Hy) (1.33)

needs not be positive (clearly ®; @ ®; is positive if &, and d, are both completely positive),
therefore we will use maps to detect entanglement which are positive but not completely positive.
We have a criterion for positive map

Proposition 1.4.2 A quantum state p € . (%4 ® %4 ) is separable iff for all maps ® € A, (H3)

[idg @ @] p > 0. (1.34)
Proof. (=) Indeed if p is separable p = YX_, p;p/ ® 6, then V® positive map € B, (/3), we
get

k
Tr([ida @ @] (p)) = Y piTr (p}) Tr [@ (o7')] > 0. (1.35)

i=1
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(¢<=) Conversely, if [ids ® @] p > 0, then for arbitrary [y) = Y., piy |i, ) results

(wllida@®@]ply) =YY piupfy (j,vIida @ @] pli,u) > 0.
in jv

In particular for v = j, u =i and p; = 1/v/d we get Tr (p; [ids ® @] (p)) > 0. Now denote by &*
the dual map

Tr [®* (A) B] := Tr[A® (B)]. (1.36)
Notice, that ®* is positive iff ® is positive. Then
Tr (p; [ida @] (p)) = Tr (p [ida @ D*] (pi)) >0. (1.37)

Via Choi-Jamilkowski isomorphism W = [idy © ®*] p/ is block-positive and hence TrtWp > 0
which implies that p is separable. Actually, [idy @ @] p € .7 (4 @ ;) for all trace-preserving
positive map ® € A (#3). Choi-Jamiotkowski isomorphism linked the EW W in % () and
positive but non-completely positive maps ® in A (.#3). The very important observation is that
while the condition TrW pge, > 0 as a whole is equivalent to (idg @ D) Psep = 0, a particular witness
is not equivalent to a positive map associated via isomorphism: the map proves a stronger condition
[37, 18]. |

m Example 1.1 Consider the transposition map 7 and the EW F called flip (or swap) operator

F(pe8)=E20¢ (1.38)

form the Choi-Jamilkowski isomorphism the flip EW is related to the transposition map which
exactly applies the PPT criterion,

F=(ida®T)p, . (1.39)

It is well known that an isotropic state

p
pr="7la®1a+(1-p)p] (1.40)
is separable iff it is PPT which is equivalent to p > dd?. Hence the map T detects all entangled
isotropic states. On the other hand, the mean value of corresponding witness F' is

p p
Tr(Fpp):ﬁTrF—&—(l—p)Tr(ij):ﬁ+(1—p)>0 (1.41)
and any isotropic state is detected by F'.

In the following, given a separability criterion, we will use a canonical way to assign an entan-
glement witness that detects p € .7 (). Since [id4 ® A]p < 0 this operator has at least one
negative eigenvalue ([id4 @ A]p)|y) = A |y), with A < 0 and |y) € ) ® #, is an entangled

vector. Observe that W = [id4 @ A*] |y) (w| is an EW such that TrtWp < 0, in fact

Tr(Wp) = Tr ([ida @ A*] [y} (wlp) = Tr (|y) (ylfida @ Al p) = 4[| [y} [* <0.  (1.42)

In the next we will refer to the isomorphism up to a transposition of a basis, the duality of the
map and a multiplicative constant to have a more light notation and only where it will be strictly
important we will specify. "
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Construction of separability criteria, withess and map

The transposition map @ (p) = p” carries the notion of the indecomposability and the PPT criterion
with its related witness, the flip operator F = dy (ida ® T) p; . On the other hand, we analyze other
separability criteria based on correlation matrix (or correlation tensor) with the aim to detect PPT
entangled states. In the following we present a natural procedure to derive a criterion from a positive
map and its EW, and viceversa. We choose to introduce the bipartite case of equal dimensions to
better understand the key idea and then the generalization to different dimensions of the relative
Hilbert spaces.

Kossakowski criterion — Equal dimension
Definition 1.5.1 From the map to the criterion — given a state p € .% ((Cd) in a subsystem,
we choose Gy = 1;/d and orthonormal traceless hermitian operators {Ga}a 1» such that p is
decomposed separating the traceless part as follows

d?—1

1
p= 31d+ Y Tr(Gup) G- (1.43)
a=1

This decomposition and the idea of Fig. 1.2 defines the Kossakowski map, a trace and positive
preserving map CI>’0< € £, () related to an orthonormal matrix O € & (d2 — 1)

d?—1d*—1
@5 (p) = ldJTl Y Y 0“GyTr(Gap). (1.44)
a=1 B=1

In Fig. 1.2 we pictorially represent how the Kossakowski map acts on the quantum states for
the endomorfic case which explain the shrink factor Fgjr. /Finse = 1/ (d — 1). Basically, the set of
quantum state is represented by the convex triangle in light-gray, and rotating by the matrix O
around the maximally mixed state 14/d some state goes out the triangle, therefore we shrink the
triangle into the smaller dark gray triangle to guarantee a positive and trace preserving map CIDg. The
shrink factor is the ratio 7ire /insc sSuch that 7. defines the greatest distance between a quantum
state and the maximally mixed,

circ = 14/d — - ld*)ﬂ'z
Tore = max [|1a/d = pllns = max ;(/ )

because A = {{l}le eigevalues of p|Y; A; = 1,4, > 0}. On the other hand, 7, define the closest
quantum state which “touches” the bound of positive operators, therefore now the minimum must
be found into Ay = {{k}?zl eigevalues of p|Y; i = 1,4, > 0,3|4; = 0}.

2 14/d — = 1/d —X)%.
Finsc = pe rgln H d/ pHHS {ﬁn}\ ;( / l)
We applied the Lagrange multiplier method such that

1 d—1 5 d—1
9, —3+;7L,.+u27q =0. (1.45)

i=1
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It implies that all A; fori=1,...,d — 1 are the same, therefore L = 1/(d — 1) and

1

_'insc = 77 N 1.4
" dd—1) (1.46)

Notice that if there exists two eigenvalues equal to zero, then 7,5 = 2/d (d —2) which is greater
than Eq.1.46. Iteratively, this argument explain also 7;.

Figure 1.2: Kossakowski map — The convex set of quantum states is rotated by the isometry matrix
O and to guarantee that any state does not go out the gray triangle, the factor 1/(d — 1) shrinks
the triangle into the smaller dark gray triangle providing a positive and trace preserving map
O € Ly (H).

Proposition 1.5.1 An EW family related to the above map via the Jamiotkowski isomorphism
Wg = (ida @ ®§) p; (up to an irrelevant multiplication constant) is

ld 14 1 d=ld-1 .
wi=="e—=+—Y Y 0% (G,)" @Gy. (1.47)
d~d d-142 P

Proof. We use Eq.1.43 on the maximally mixed state

M&
&\’—
M&

d
Yl (jl@ i)

1j=1 i

l

d 1 d*—1
Yl J|®<Ud+ZTrGa i) (i) G > (1.48)

1j=1 07

Therefore @K shrinks and rotates the state |i) (j|

« 14 1 d>—1d*>—1
®f (Ji) () = ( T L X oaﬁTr<Ga\i><j\>Ga>. (1.49)

B=1 a=1
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Now, Eq. 1.49 yields

1 d d
wh = I®<I>K )Y Y i (il
i=1j=1

1 o 1 1 d*—1d*—1
:22|1><]|® <d1d5u+d Z Z OO‘IKGﬁ(]|Ga| >>
ij

a=1 B=1
1y 14 d?—1d*—1
=404 T a1 & L LIdIIGali)© 0% Gp (1.50)
o=1 B=1 ij
ld ld 1 d>—1d>—1 T
=—o—+——Y Y 0% (Go)" ®Gg. (1.51)

d~d dd-1) &=~

The multiplicative constant is irrelevant because is always possible to normalize the EW Wg .

The expected value in a bipartite state p € .7 ((Cd ® Cd) of WK is

1 1 d?—1d*—1
a=1 =1
1 1 d*—1d*—1 op 1 1
-4 O%C,p=—+————{(0|C)ys. 1.52
d2+d(d_1)azlﬁzl of +d(d—1)< ‘ >HS ( )

We defined Cop = Tr (pGL @ Gp) the entries of the matrix C € .2 (R), know as tensor cor-
relator. Entanglement of the state p is not detected by the above family of states (a necessary
separability condition), if Tng p > 0, named

1
—_— i O|Chys > 0. 1.53
d—1 Oeggxlirzlfl)< (Coas 2 ( )

Ul -

Let C = UDVT for a diagonal matrix D and orthogonal matrices U,V (singular value decompo-
sition). Then (OT|C)ys = (UTOV|D)ys and the condition (1.53) will take the following form

11 11 41
—+—— min (O|D)ys=-+—— min 0%*D,, > 0. 1.54
d d—1 060(d2—1)< s d d—1oco@-1) Z xe = ( )

A diagonal element of an orthogonal matrix is bounded from below by —1 and all the bound are

saturated for the matrix O = —14. The above condition will be
1 1 d*—1
i a7 X Paaz0 (1.55)
o=

Elements of diagonal matrix D are singular values of the matrix C, hence one can write down the
above condition as

d—1
I|Cl]ir < — (1.56)

The Kossakowski map realized in Eq. 1.56 the Di Vincente’s criterion[41]".

'We obtained the criterion in Eq. 1.56 and only after a bibliographic research we realized it was already found by de
Vincente, therefore we suggest the following: the De Vincente criterion with its related Kossakowski map.
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Cross Computation Norm or Realignmnet criterion

From the criterion to the map — Consider a bipartite system living in C% ® C% with dimensions
dy and dp, respectively (in what follows we assume dy < dp). Let Gg and Glg denote arbitrary

orthonormal basis in . ((CdA) and . ((CdB), that is, the <Gﬁ |G§>HS = Oyv, and the same for Gg.
Now, given a bipartite state p

d3—-1d3-1
p= Z Y Cop (GL)" ©GB (1.57)
o=0 B=0

one defines the following correlation matrix

Cop = <(G3)T®G’g>p =1 (p (G4) ©Gf). (1.58)

Theorem 1.5.2 1If p is separable, then the Cross Computation Norm or Realignmnet (CCNR)
criterion gives the following bound for the trace norm of C:

IClle < 1. (1.59)

Proposition 1.5.3 The satisfying the CCNR criterion is equivalent to the family of entanglement
witnesses parametrised by O € & (d3 x d}) having TrWy = 1

14 1d d—1d3—1
WR = Zda o 2ds 0% (G4) i Ye (1.60)
© dA dAdB azo [320 B

Proof. The norm ||C||;; does not depend upon the particular orthonormal basis G4 and G’E. Using

1.3.1

d*—1
1—||Clly =1 — max O|C)ygs =14+ min 0*Bc
[Clle =1 s O =1+, min Y, 0 Cp

di—1d}—1

_ ap AT B
TerrOeg&?ds) ocZO ﬁZoO Tr<p (Ga) ®Gﬁ>

d3—-1d3-1
— min Tr|p|14®1 0% (G4) 68 | | >o. 1.61
oin, (2ot T ¥ 0 @) o) | 20 aen
then, the normalization ends the proof. |

p) The normalization of a witness does not affect its powerful entanglement detection. This trick
will be interestingly used in the section 1.12.

p) Given an orthonormal matrix O € & (n) it is defined by n (n — 1) /2 independent parameters.
In the above case O is defined by didg (didé - 1) /2 independent entries, which corresponds
to the cardinality of EW family Wy, at fixed basis G4 and GIB;.
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Proposition 1.5.4 The family of trace preserving and positive map CI>§ € B (H;) related to the
above EW family via the Jamiotkowski isomorphism 1.30 is

1 1 d3—-1d}3—1
DF (pa) = daTra [(pf ® 14,) Wo] = sy Y ) 0%PTr, (PaGy) G‘E- (1.62)
dg  dp 4= =0

Notice, the decomposition of p in term of the G4’s transposed is cancel with the transposition on
pa. Moreover, the CCNR criterion can be also equivalently defined via the realignment operation.

Let {]i)lflil} and {\,u)ﬁ’;l} basis respectively of .7} and .3, a state p € .7 () is

da dp
p=Y Y pipli)(jl®la)b], then [Z(P)]ij.uv = Pijv-
i=lab=1

In another words, introducing a vectorization of an operator A =Y, ; A;;|i) (j| via |A)) =¥ ; Ai;|i) @
|7) one has Z(A ® B) = |A))((B*|, where the complex conjugation is taken w.r.t. the basis used for
the vectorization, e. g.

an b1y
ap b1y
A)) = ,|B)) = 1.63
= @ [my=| " (163
an by
aipy
Z(A®B) = Zﬁ (b1 bia by by ). (1.64)
an

In jargon, we say that the realignment operation transforms blocks to rows of a matrix, namely in
the easiest example one has

00,00 P00,01 | Po1,00 Po1,01 £00,00 P00,01 00,10 P00,11
00,10 Poo,11 | Po1,10 Po1,11 % Po1,00 Po1,01 Po1,10 Po1,11 (1.65)
P10,00 P10,01 | P11,00 P11,01 P1000 P1001 P10 Proir | ’
P1o,10 P1o,11 | P11,10 P11l P11,00 P11,01 P11,10 P11l
A reformulation of Th. 1.5.2 follows[29].
Theorem 1.5.5 if p is separable, then
|2 (p)Ih < 1. (1.66)

Proposition 1.5.6 The maps related to CCNR in Eq. 1.62 detect at least all the states that Kos-
sakowski maps in Eq. 1.44 detect for dy = dg = d. (When it happens we will say that such criterion
is “stronger” that the other.)

Proof. We will prove that the Kossakowski map is a special case of CCNR map, therefore explores
less states — Let us take a particular basis consisting of hermitian operators such that G6‘ =14, /Vda
and G5 = 14, /+/dg (we call it canonical basis). It is clear that G4, and Gg are traceless for o, 8 > 0.
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We decompose the map 1.62 as follows

g 143
R d af
@ (p) =2+ ﬁzlo Tr(pGa) Gg
= dZZTr 0%Gp) + 1 Z OOBG,3+OOOId (1.67)
a - A . .
\/:l' B=1 d?
Now let us restrict ourselves to a coset (not a subgroup) of orthogonal matrices of a form
AT
0— 0 (1.68)
0 Odz_]
For such orthogonal matrices the maps become
1, 144! 14
D5 (p) ==+~ Y 0PGpTr(pGo)— =5
d ' d Sy d
d—1(1, 1 42! d—1
= (4 0% GgTr(pGy) | = —— @K 1.69
d <d+d_1a§i1 gTr(pGa) p P)- (1.69)

Hence such maps related to CCNR are equal (up to a factor) to Kossakowski maps CIDIO( in Eq.1.44.
Therefore the realignment criterion is stronger than the criterion arising from Kossakowski maps of
Eq.1.56 for bipartite system the same dimension. Notice that the correlation tensor C as concerns
CCNR criterion is related to the correlator tensor C of Kossakowski criterion as follows

(1.70)

Kossakowski criterion — Unequal dimensions

The above Kossakowski maps let to detect entanglement in systems with equal dimensions of
subsystems. For different dimensions of subsystems, let C% @ C% be the Hilbert space with fix
dy <dp. Let {G4 dA 1 and {GB }dB ! the orthonormal canonical basis of Z(C%) and 2(C%)
respectively such that Go = 14, /ds and G5 = 14, /d. Any d3 subspace of Z(C“) can be obtained
as a rotation by an Op € O(d3 — 1) (preserving the identity) of the space V; spanned by the first d3
G4’s. We will denote it by Vp,. A set of states in %(C%) contains an inscribed ball of the radius
1/+/dp (dp — 1) centered in the maximally mixed state. A set of states in Vo, is a section of the set
of all states by a subspace Vp, containing the identity. This section contains a’i — 1 dimensional
ball of the radius 1/1/dg(dp — 1) around the projector onto Vp,, (with trace normalized to 1). A
Kossakowski map ¢’5(OA, Op) rotates the traceless part of its argument by Oy, scales it then by
Vdu/+\/(ds—1)dp(dg — 1), embeds in V; and rotates by Op:

d3—1d3-1d3-1
dy [

1
DK(04,08) 1 p— — 14, + G,07 0P 1r (F, 1.71
5000n):00 [ g T T T Gopol ). 0

One can see, that pair of rotation matrices O4 and Op can be replaced by an (d3 — 1) x (d2 — 1)
isometric matrix O

B 1 dy d3—1d3-1 »
Dy : —1 GgO " Tr(Fyp) .- 1.72
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Proceeding, one can find the related entanglement witness

dy—1
WE =3(®6) = (1, 09K) 3 i) (]
i,j=0
2 1d3—14,—1
ldA ldB 1 dB AT A B
g Ly D IIGAD @ 0P G
dy \/dAdB (da—1)(dp—1) [321 oczl z,JZO ’
2-1d3—1
ldA ldB 1 el Bo (A
7®7 O G ®G
da dads [dn 1) (d5 ),;Z1 azl Q) @0}

Positive expected value for all the witnesses from the above family yields to the condition

(da—1)(dp—1)
Cll < , 1.73
|| |Tr_\/ s (1.73)
in analogy with Eq.1.51.
Comparison with CCNR
Let us decompose the sum in (1.62) as follows
14 1 d3-1d3—1
DF(p)=—"+— Y, Y 0%Try (psGy) Gj.
dp dp a=0 =0
1 1 d3—1d3—1 5 o 0 o
=24 — O*"T G,)Gg+—T Gy) G
d3+d3a21ﬁ21 "4 (PGa) B+d3 ta (pG) G
K= =
dB Y 0%ty (pAGo)Gﬁ—l—— Z 0Ty (paG4) G8
p=0
d3-1d3—1 00
ldB 1% 0
0P Ty (paGh) G+ ———14 (1.74)
“dp g aE 1 BZI (#4Ga) dp\/dadp
1 d3—1 di—1
0P GE + 0™Try (paGA) 14 (1.75)
v £, G £, 0 01 e
Now let us restrict ourselves to isometry matrices of a form
- B
0= 3 00 , O€0(d;—1,dz—1). (1.76)

For such orthogonal matrices the maps (1.74) take a form

. 1 1 1 d—1d3-1 ” )
cbo(p):<dB_W) lyy+— Y Y 0%Tia (paGy) Gj

dp 4= 1 B=1
~ J(da—1)(dp—1) Vdpds—1 g,
_\/ dad )(%(dA—l)(dB—n ds 4

Jaa d3—1d3—1 op B
0%FTry (pAGA) G2 . 1.78
V(ds—1)dg(ds—1) a; [52—:1 " (PaGa) G 47
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One can easily check that the following inequality holds

Vi — 1 > 1, (1.79)
(di—=1)(d2—1)

with equality only for d; = d5. If the dimensions of subsystems are equal, the above maps <I>§ (p)
are equal (up to a factor) to Kossakowski maps @g in Eq.1.72. It implies, that in the case of equal
subsystems the realignment criterion is stronger than de Vincente criterion arising from Kossakowski
maps. If the dimensions are not equal, the maps (1.78) are proportional to Kossakowski maps in Eq.
(1.72) with an amount of white noise added, hence they cannot be optimal [42] and the Kossakowski
maps detect more entangled states than (1.78). There is still a possibility, that non-optimality of
the maps (1.78) is compensated by other maps (which do not preserve the trace) in realignment
criterion. In section 1.9 we show that in the case of unequal dimensions the de Vincente criterion
can be indeed stronger than CCNR criterion. This comparison will include also another criterion
that we are presenting in the following section.

Entanglement SIC-POVMs criterion

In a recent paper [43] authors proposed an interesting separability criterion based on symmetric
informationally complete positive operator valued measure (SIC POVM). Recall, that a family of
d? rank-1 operators IT; = % |wi) (y;] in d-dimensional Hilbert space defines SIC POVM iff

as;i+1 &
[(wilv)|* = dﬁrl ,Z‘,Hizld- (1.80)

There is a conjecture (1999) by Zauner that SIC POVM exists for any d [44] (see also [45]). So far
these objects have been found for several dimensions (see [46] and [47] for the recent progress). It
is, therefore, clear that the result of [43] was restricted to specific dimensions only. Here we show
that this criterion is universal (valid for any d4 and dp). Moreover, it belongs to our class (1.109)
with (x,y) = (Vda +1,v/dp+ 1) as we will see in the next sectionl.6. The separability criterion
(so called ESIC criterion) derived in [43] states that

Theorem 1.5.7 if p is separable, then

2
Pl < ,
H ||tr \/dA(dA+1)dB<dB+1)

(1.81)

here Pyp = <(H’35)T ®Hg>, and IT4, and Hg are elements of SIC POVMs in %% and .73,

respectively.

Proof. Given a SIC POVM {Ha}[gz ,of a quantum state py € .7’ (744 ), with dim 7%} = d4 can be
restored as follows
d2
p=dd+1)) plli—14 (1.82)
i=1
where p; = TrpIl;, is the probability to get the i—th outcome and Y ; p; = 1. The trace of the square
of Eq. 1.82 yields

Z| 2 _1+Trp 2

dd+1) S dd+1) (1.83)
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because Trp? € [0, 1]. Now, p = 6 ® o8 is a product state, then using SVD &; = p‘l“ p? , and as
an application on the state appear as

2 (o*®0”) = |p*) (p®| = ||pall - [| PRI [w*) ("] (1.84)

with }uA> and |uB ) normalize vector. Hence

B 1= . >T 2 2
12 (6% © 6®) || = || Ball HPBH§\/dA(dA+l)\/dB(dB+1)- (1.85)

From the triangle inequality follows that for any separable state

2

< . (186
I Vda(ds+1)\/dg(dg+1) (1.86)

1EZ (ZP:‘G,'A®G,'B> e < ZP:‘H@(G?@QB)]

because Y, p; = 1. |

Proposition 1.5.8 One can rewrite the ESIC criterion to find a family of entanglement witnesses
parametrized by O € 0'(d5 x d3)

i—1d3—1
da(da+ 1 dp(dg+1) "% T
W5 =14, @ 1g, + v 5 Y Y 0% () ey (1.87)

a=0 B=0

Proof. from the criterion in Eq. 1.81

da(dy+1)dp(dp+1
Vda (da 2) b (dp )He@HTrSI
1 1
Valda+1)dy(dp+1) max Tr pZOaB(H‘é)T@)Hg <Tr(ply, ®1gy)
2 Oe@’(dﬁ,dﬁ) of

da(da+1)dp(dp+1
min _ Tr|p | 14, ® g, + Vda(da+1)dp (dy + )Zoaﬁ (M) @mg || >0
0€0(d3.d3) 2 ap
in this case the IT’s are not traceless thus the normalization is pointless. |

Proposition 1.5.9 The maps associated to ESIC using the isomorphism &5 = j~! (Wg) =dpTra [(pT ® ldB) W]
is

Vda(da+1)dp(dp+1)
2

®E (p) = ds1+dy Y 0P Tr (115 ) IT5. (1.88)

of
It is pedagogical to obtain the map before the EW as in the following proposition.

Proposition 1.5.10 Given O an orthogonal matrix satisfying ¥, O =1 and p a density state,
then @ is a trace-preserving positive map following defined

o(p) = —— [21mep— 41 f OMTI Tr(TT;p) (1.89)
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Proof. To prove it, we use the following well known result. Let p be hermitian operator such that
Trp = 1. If Trp? < d%], then p > 0. Let P be a rank-1 projector (pure state). One has

1 d—1 &
Tr[®(P)? = ———<4d—4—— Y OMTr(IL,P)
(d—1)2 d szz'l
d—1\> & &
+ ( y ) Y oMTr(yp) Y O""Tr(I1,P)Tr(IT;I1,,)
k=1 m,n=1
1 d—1 d—1\*[ 242  d*d+1)
= ——514d—4——-d
<d—1>2{ d *( d > (<az+1>2+ <d+1>2>
1
= —. 1.90
71 (1.90)
which ends the proof. In Eq.(1.90) we used Eq. 1.80 and the following property of SIC POVM
2d
Tr(IP))* = ——.
;[ r(ILP)" = =
This map gives rise to the following entanglement witness (up to normalization)
d+1 &
W:21®1—% Y o'my e (1.91)

ki=1

R Itwasconjectured in [43] that ESIC criterion is stronger than CCNR criterion. This conjecture
is supported by several examples and numerical analysis (cf. [43]). In the section ?? we
analytically demonstrate the validity only for a symmetric and positive tensor correlator,
generalize the conjecture and show some numerical analysis.

Proposition 1.5.11 Let us observe that if I, define SIC-POVM in d-dimension Hilbert space,
then

NZESES
G = \/dd+ 1)y — \J/r; 1,, (1.92)

defines on orthonormal basis in (), that is, <G§;F)\G(BJF>>HS = 0qp- Note, that this is not a
canonical basis. Indeed, G((;F) is not proportional to 1,;,. However, it enjoys the following properties
(F) 1 ()
TrGy' =+—, Y Gy’ =+Vdl,. (1.93)
o] \/;l za: o] d

Proof. Impose Gy = 111y + ¢1, such that TrGoGg = 6a,3, we solved the system in term of ¢;and
2

{c1 = Jdd+1) (198)

d’cy+2+/d(d+1)c2 +1=0

which ends to proof. To prove Eq.1.93 one use TrIl, = 1/d and the POVM property Z‘gf: 1 Ha =
1,. |

In what follows, we take Gy := ng_) (but the final result appligs for Ggr) as well) and re-

formulate ESIC criterion (1.81) in terms of the correlation matrix Cyg for o =0.. .dg —1 and
B=0...d3—1 as follows
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Theorem 1.5.12 if p is separable, then
IACB|lx < 2. (1.95)

with

V/da(ds+1)dg(dg+ 1) P = ACB, (1.96)
where ga g = <Gﬁc ® Gg> is a correlation matrix defined in terms of G = Ggf), and
p

A = 14R14+als R4, (1L.97)
B = 13®15+bJpRJp,

where Js is dy % ds matrix such that [J4];; = 1 (and similarly for Jg). Finally

Vs +1-1 Vag+1-1
— e =5 (1.98)
dA dB

It should be stressed that here éa p 18 not written in the canonical basis. However we can compare
it in the section 1.9 using the unitary invariance of the trace norm.

Proof. Using 1.92 and 1.93 the mean value of the state p from Eq.1.87 is

| G tdy

TpWE =1+ > Z 0P
a 0 B=0
Vda+17F1 Vdp+1F1
Trp <(G;},)T+Af1dA> ® (Gg +Bf1d3> (1.99)
Vda Vdp
and by the definition of 50,[; and notice from 1.93 that \/dBTrpGﬁC ®1g, = i):ygay
dB3—1d3-1 d3—1
17 % +Vda+1-1%
TipWo =1+ Y, Y, 0%F(Cop+—"5—— A Y Cy
2 o=0 B=0 dA =0
2
A+ 1-1%" . di 11 i\/dg—i— g
+ d2 Z Cos + 42 Z Z Cyg
B §=0 A Y=0 6=0
d3-1d3—1
=1+= Z Z Oaﬁ [ lg, ® 14, +arJa®Ja)C (ldB®ldB+biJB®JB)] 5
a=0 B=0 [o4
d2 1d3—1
Z Y o (acB) >o. (1.100)
o=0 B=0 ap
In particular, it holds for the minimum of O
1 dA—1d2-1 1 d3—1d3—1
1+ min azo BZ 0P (ACB) =1y azo BZ 0%F (ACB) w
1
=1 E|\ACBHTr > 0. (1.101)
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The block form (1.70) of the matrix C in the canonical basis is

dA+1 dB-i-l dA-‘rl;:T
~ da B
dp+1=
A/ dp ra C

(1.102)

Observe, that it is enough to have the covariance matrix C to check the ESIC criterion - no
explicit form of the SIC POVM is necessary!

In the appendix we analyse the conjecture of 1.5.4 using particular SIC-POVMs generated via the
fiducial vectors [48] under the Weyl displacement operator[49, 50].

Summarizing, the three criteria: Kossakowski’s, realignment and ESIC criterion can be written in
an unified form

d>—1
|Cllmr < \/ \/ A (1.103)

1T
B
IClire = ? i ] <1 (1.104)
N \/dA—i-l\/dBJrl‘\/dA-i-l—»g
|ACB||1: = e <2 (1.105)
L dg A Tr

The formulas (1.103-1.105) suggest the existence of one criterion generalizing all the tree considered.
In the canonical basis, we have

||diag{x\/di +1,1,...,1}C**"diag{y\/da + 1, 1,.... 1}||7r < fu4,.4,(%,¥)- (1.106)

The three criteria arise from the three values of the fz 4, function: fz 4,(0,0) =/1—1/d;
V1=1/ds, fa, a,(1,1) =1, fu, a,(\/di +1,7/d>» + 1) = 2. More known values of this function will
lead to new separability criteria as we are going to construct. Once it is constructed, then we will
show its powerful for the isotropic states.

A novel unifying family of separability criteria

The construction of a unification of several bipartite separability criteria is based on correlation
matrix (or correlation tensor). In this category one finds Di Vicente criterion (dV) [41], CCNRsepa-
rability criterion, the criterion derived in [51] and the recent criterion based on SIC POMVs (ESIC)
[43]. This new criterion in general is not stronger that correlation matrix criterion (CMC), however
we provide an example of PPT state which is not detected by filtered CMC [32, 33] (LFCMC) but
is detected by the new one. Our result is then generalized to multipartite scenario. We stress that
the new criteria are linear in the density operator and hence may be used to construct new classes
of entanglement witness and positive maps. In fact with a proper limit procedure we will obtain
an extremely relevant equivalence between our criterion an the enhanced realignment criterion
[52, 53].

Consider a bipartite system living in J#} ® %3 with dimensions d4 and dp, respectively (in what
follows we assume dy < dp). Let us take a particular basis consisting of Hermitian operators such
that G‘S =14,/ V/ds and Gg =14,/ V/dg (canonical basis). It is clear that Gﬁ and Gg are traceless

for a, B > 0. The canonical basis gives rise the following generalized Bloch representation
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1, 1 1 1
p="ro2+Y icle dB+ZrB dA®G§’

da dg 59 >0
di—1d3—1
+ Y 1,6l o6 = Z Z CopGh G, (1.107)
i,j>0 a=0 =0

where rf‘ and rf are generalized Bloch vectors rf‘ =Tr (pGﬁ ® ldB) = TrpaG4 (analogously for
r8) corresponding to reduces states p4 and pg, respectively, and f; ; 1s the usual correlation tensor,
that is, one finds for the reduces states

1 1
pA:Ter:%‘i‘ZV?G?; pB:TrAP:%—‘rZI’?G?.
A >0 B >0

We denote Cop defined by the canonical basis by Cg as in Eq. 1.58. Clearly lC|; = ||C]|;- Let
us introduce two square diagonal matrices:

D} =diag{x,1,...,1},  D¥=diag{y,1,...,1}. (1.108)

where D7 is d3 x d3 and Df is d% x d, and the real parameters x,y > 0.

Theorem 1.6.1 If p is separable, then

|DECDE ||} < Aa(x) A5 (), (1.109)
where
da—1+x2 dp—1+y?
M) =[P M) = | P (1.110)
A B

for arbitrary x,y > 0. In the following we will call it XY-criterion.

Proof. Separability implies that p is a convex combination of product states and hence (due to the
triangle inequality for the norm) it is enough to check (1.109) for a product state p4 ® pp. One finds
for the correlation matrix

(C™™)ap = RoRE.

where RA =1/\/dy, R} = r* (i > 1), and similarly for R’E It implies ||C*"||; =

|RA|? = d +|rA|? (and the same for R?). Let us observe that

(DyC"DY ) ap = (RY)a(RY)p,
with R} = (x/v/ds,r*) and RY = (y/+/dp,r?). It implies

DACcanDB _ xz A2 y2 B2 1.111
IDACDE = [ 2 4 ey [ oo L)
A B
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Finally, positivity of p4 and pp requires that
Trp <1, Trpz <1,

which imply that the corresponding Bloch vectors r* and r? satisfy

dq—1 dp—1
rA2<A B2 BT °
PRt P

and hence formula (1.109) easily follows. Clearly (x,y) = (1,1) reproduces CCNR criterion. Inter-
estingly, (x,y) = (0,0) reproduces separability criterion derived by de Vicente [41] and equivalent
to Kossakowski criterion. We had proven in 1.5.6 that If d4 = dp, then CCNR criterion is stronger
than dV criterion. However, for bipartite states p such that py = 14, /da and pg = 14, /dp, dV
criterion is stronger than CCNR if dy4 # dp, and they are equivalent if dy = dp [41]. Interestingly,
we found another example of such criterion in [51]. After suitable renormalization the result of
[51] corresponds to (x,y) = (/2/da,+/2/dp). Also the criterion in 1.81 belongs to the family of
XY~criterion. It should be stressed that here Cyg in 1.95 is not a canonical matrix and hence (1.95)
cannot be immediately related to (1.109). Note, however, that due to the fact that the trace norm is
unitarily invariant one has u

|ACB||1; = |[UAUT(UCVT)VBV ||,

for arbitrary unitary matrices U and V. Taking U and V such that they diagonalize A and B,
respectively, one obtains

IACB|l7 = [ D{C" DY |1,

with (x,y) = (v/da+ 1,+/dg + 1) and using the invariance of the trace norm with respect to the
unitary operators U and V. It proves that the original assumption about the existence of two SIC
POVMs {114} and {Hg } is not essential and the ESIC criterion universally holds for arbitrary du
and dp.

Moreover, the covariance matrix criterion (CMC) [32, 33] supplemented by the procedure of local
filtering (LFCMC) turned out to be very powerful criterion. Interestingly, for d4 < dp (but dp —dj
is not to big, cf. [33]) this criterion is equivalent to (supplemented by a local filtering) dV criterion
[41]. Now, in our case if r* = 0 and r? = 0, one finds

X
IDAC DB 1, = — 22— 4+ (|D4C DE v,

Vdadg
and hence one may wonder whether is it possible to obtain a stronger result than dV criterion. One
easily finds that the function A4 (x) A5(y) — \/L%JB realizes minimum for x\/dp — 1 = y\/ds — 1
which reproduces dV [41]. Hence, it proves that within a class of states with maximally mixed
marginals (and dg — d4 is not too big) dV condition is the strongest one. In Fig.1.3 is summarized

this discussion.

Witnesses and map of XY-criterion

As the previous section, we derive from the XY—criterion its witnesses and maps, starting from
Eq.1.109
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detecting
area

Figure 1.3: Contour levels of the function f(x,y) = A4 (x) A5(y) — ||D£C°a“Df ||ITe- In the detecting
area f(x,y) < 0, since the state is detected according to our criterion (1.109) with parameters (x,y)
as in Eq. (1.110). Three characteristic points on the xy plane which restore well-known criteria:

(0,0) —dV; (1,1) - CCNR, and (2,2) — ESIC.

0 <A (x) A (v) = IDEC" DY |2e

— M () A () Te(ply, @ 1g,) —  max  (ODACDE) s

0e0(d3.d})

=M (x) A (y)Tr(plg, ® 1g,)+ min (O|D?C°aan>Hg.

0€0(dj dj)

Therefore for an arbitrary isometry O

Te(W5'p) =0,
where

W5 = Ma (x) N () 14, ® Ly + Y, Ogp Gl @ Gf
a.p

and the “deformed” isometry 0%P reads

0 = (D?)octxoaﬁ (Df)ﬁﬁ-
Finally, W,;" has the following structure

Wy = Ziswaﬁ Gy ® Gy
a,

with

W= \/(da — 1 +22)(dg — 1 +3%) + 0%,

and

(1.112)

(1.113)

(1.114)

(1.115)

(1.116)



38 Chapter 1. Quantum Correlations

p>0
Trp =1
() Trp =0
Trp =0
pllas =1
(a) Positivity of XY-maps (endomorphic case). (b) Positivity of CCNR-maps

Figure 1.4: (Endomorphic case). The set of states .7 is the intersection of the cone of positive
operators and the hypersurface Trp = 1. In (1.4(a)) the first action on the states comes from Dfoo =X
as a shift towards up (or down) for x > 1 (1 > x > 0). Then it rotate by an orthogonal matrix O
which does not preserve positivity, but then Dfoo =y stretch the sphere in an ellipsoid and adding a
minimal amount (optimality) of 1,4, the whole ellipsoid ||p||ys = 1 become a subset of the cone,
hence all states restoring the positive preserving behavior of the map. In (1.4(b)) a rotation by
an arbitrary orthogonal matrix O does not preserve positivity, but after adding 1,4, the whole ball

l|p||rs = 1 become a subset of the cone, hence all states are mapped to positive operators.

WOﬁ_ X OOB a0 _ Y O(xO , W(xﬁ:OaB

Vg Vg

for o, B > 0. This way one obtains a big class of witnesses parameterized by dﬁ X dl% isometry
O and two nonnegative parameters x,y. If we consider W)’ the Choi-Jamiotkowski’s state via
isomorphism we have

Do(p) = data (x) A (v)idg+da Y 0%P D}, DY (Trap” Gy) Gf. (1.117)
a.p

In Fig. 1.4 we present a pictorial representation of the action of XY-maps and the well-known
realignment criterion in an endomorphic case.

Interestingly in Ref.[52] we show an example of PPT state which is not detected by filtered CMC
but is detected by our XY-criteiron. Apart of the PPT criterion, in the hierarchy of separability
criteria based on correlator tensor one of the strongest criterion comes from a generalization of
CCNR, known as enhanced realignment criterion. We compare it with our XY—criterion via the
powerful tool of the EW. Follows
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Theorem 1.6.2 The enhanced (nonlinear) realignment criterion is equivalent to the family of
linear X'Y—criteria based on correlation tensor.

An appropriate limiting procedure on the EW releted to XY—criteria is proposed which leads to a
novel class of witnesses. These witnesses are as powerful as the enhanced realignment criterion.

Enhanced realignment criterion vs. linear entanglement witnesses

Interestingly, CCNR criterion 1.5.5 was further generalized in [31] as follows

Theorem 1.7.1 if p is separable, then

|%(p —pa®pp)|i < \/1—Trp§\/1—Trp§, (1.118)

where ps = Trgp and pp = Trap are local states in A and B subsystems, respectively. This is
called Enhanced realignment criterion.

Enhanced realignment criterion (1.118) turns out to be the strongest effectively computable simpli-
fication of Correlation Matrix Criterion[32, 54] (see also [33] for the unifying approach). It was
further analyzed in [55, 56].

Interestingly, the enhanced criterion (1.118) is equivalent to the following family of nonlinear
(quadratic) witnesses [57]

d?—1
W(p) =Tr <<1dA ®1lg,— Y, Gy @Gﬁ) p> :
=0

n
1 di—1 di—1 :
—5 | T Y GLelg+ ) 14, ®Gj | p (1.119)
a=0 B=0

with G4 and G’E being local orthonormal basis for A and B systems, respectively, and as usual
d = min{dy,dp}. The expectation value minimal among this family for a state p reads [58]

1
7 (p) =1-|ITlli = 5 (Trp} + Trpp), (1.120)
where ||T||; stands for the trace norm of d% x d% matrix

Top = Te([p — pa @ psGa ® G}). (1.121)

Now we want to proof the theorem 1.6.2. Let us start from the first implication

Theorem 1.7.2 enhanced CCNR (1.118) is equivalent to the whole family of criteria (1.109).

Proof. (—) A state p satisfying the enhanced CCNR criterion (1.118) satisfies (1.109) for all
values of parameters x,y > 0.
Let us note that the correlation matrix C for a product state is of rank one:

1
C(pa®ps) = [ﬂ] FALEE (1.122)
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being a product of one-particle correlation matrices. In (1.122) r4 and rp are Bloch vectors
corresponding to p4 and pp, respectively, that is,

1

dy ldA + Z (rA>OCGg>

a>0

Pa

and similarly for rz. One has

L | LT L
Cp) = | —Yfads ‘ dy B | | iy [ LdB ‘ r} }+C(p—pA®p3)7 (1.123)
e C T
and hence
B _ i(,1 y T _
DC(p)D; = %] [ o | b }+C<p PA® Pp)- (1.124)
Let us observe that
1 1
Trp: = — +|ra>,  Trps = — +|rz*. (1.125)
da dp

Assume now, that the enhanced realignment criterion (1.118) is satisfied for a state p. Due to
triangle inequality for the trace norm and the decomposition (1.124) one has:

X2 2
|DAC(p)DE ] < \/ -+ |rA|2\/ T+l +C(p —pa o)l (1.126)

x2 y? \/ 1 \/ 1
< i 2,2 2 1— —— 2, /11— —— 2
_\/dA+|rA| \/d3+rr3|+ =y 1= I

Finally, using the following property

Vavb+yevd < atevb+d
which holds for any non-negative a, b, c,d, one gets
IDAC(P)DE |1 < Na(x)AN5(). (1.127)
|

Now, we prove the converse, i.e. the violation of the necessary condition for the separability.
The witness (1.114) can be rewritten as

W =a(x,y)Gi @G +xGy @ Y, 0%Gi+y Y 0*GeGi+ Y. 0" Gy Gj (1.128)
B>0 a>0 a,f>0

where

a(x,y):\/dA—1+x2\/dB—l+y2+xy000. (1.129)
In the following we want to find the limit for x,y — oo . We introduce the polar coordinates

x=rcosH, y=rsinf (1.130)
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with 6 € [0, /2], and assume that O%F does not depend on (x, y) the limit r — oo exists iff 0% = —1,
and 0% = 0% =0 for a, B > 0, that is, 0%P has the following structure

_ T
O:{ 01 (:) }, (1.131)

where O is a (d — 1) x (d3 — 1) real isometry matrix, as in 1.68. It gives rise to the following
limiting formula

W= =a(0)Gy 0 Gi+ Y, 06, eG} (1.132)
o,>0
with
1
a(G):5((5133—1)c0t9+(dA—1)tan9). (1.133)

Finally, minimizing a(6) w.r.t. 6 one finds

amin = \/(da —1)(dg — 1), (1.134)

which reproduces EW corresponding to de Vicente criterion [41]. But, to get more refined limit
let us assume that O%? can depend on (x,y). The only way to guarantee the existence of the limit
r — oo is to assume the following asymptotics for the matrix elements of an isometry O%?

0" = — 1—"—2+0(r*2) (1.135)
_— - .

together with

0% =102, 0™ =Turto(2), (1.136)

for a, B > 0, where u € R% ! and v € R%~!. One finds in the limit r — oo

W= =b(0,1)GyoGi+ Y, 0"PGL®G]

o,>0
+n (Cos 0Gy @ Y VGj +sin0 Y M“G3®G§> : (1.137)
B>0 >0
with
1
b(6,m) = 5((dB— 1)cot6 + (ds — 1)tan9+n2sin90056>. (1.138)

The isometry O%F has the following asymptotic structure (up to leading powers of 1/r)

p —i-% |
OOC (r): r r ,
Ta ‘\/l—n—;O

where O is a (d5 — 1) x (d — 1) real matrix and 17 > 0.

Formula (1.114) may be rewritten as follows One proof the lemma in the limit r — o .Now, the
isometry condition for O%f imply that 007 and O” O are min{d3,d3}-dimensional projectors and
hence |u| = |v| = 1, together with the following constraint for u and v

(1.139)

u=Ov. (1.140)
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Summarizing, the asymptotic witness W is characterized by an isometry O, two normalized
vectors satisfying (1.140), an angle 6 € [0, /2], and an arbitrary real parameter n > 0. Actually,
one can assume that 11 > 0 since 711 always multiplies u and v. Note, that in the limit 7 — O one
recovers again a witness corresponding to de Vicente criterion [41].

p) Note, that if one replaces an isometry 0% by an arbitrary real matrix M® such that |M|| < 1,
then one can essentially repeat all the steps of the proof and finds

W= =b(0,1)G2Gi+ Y. M¥GLeG)+cos0Gi® Y WGj +5in0 Y u*Gy @G,
o,f>0 B>0 a>0
(1.141)

where u = Myv, and M*8 := M*B for o, f > 0.Note, that u and v are no longer normalized.

Theorem 1.7.3 («<=)An entangled state detected by the enhanced CCNR criterion (1.118) is
also detected by the criterion (1.109) for some values of parameters (x,y).

Proof. Let us consider an arbitrary state p in C% © C%

1 ~
=—1 1 1.142
p dAdB da & dp +p ) ( )
where the traceless part p reads
~ 1 ~ o~ 1
p=—14,0P8+P2a® 1oy + Y, CapGh®Gj (1.143)
da dp a,5>0
with
Pa=) (ta)aGa,  Ps= ). (rs)sGj. (1.144)
a>0 B>0

Defining Cyg = Cyp for o, B > 0 one finds

- b(0, cos 6 sin
iwp) =2 (01C) 1 (S5 ) + 2 el
b(6,m) cos 6 sin@
= O|C — —0 . 1.145
L (0lC) (S + 20 ey (1.143)

Lemma 1.7.4 For a given bipartite state p there exists u, v, 1, and isometry O such that the
corresponding witness W satisfies

Tr(W™p) = /(1= Tep)(1 ~Trp3) | 2(p — P & pa)| . (1.146)

and this is the minimal value of Tr(W*p) for a given state p.

Proof. observe that to minimize Tr(W>p) the unit vector v has to be antiparallel to "\C/(%e rp+

%OTYA, where we used u = Ov. The third addend in (1.145) becomes then —n C\‘/’% rpg+ 5;i/rzl—(;OTrA .

Let us perform now minimization w.r.t. parameter 7). One easily finds
cos O sin @ \Vdadp
NMmin = | —==T5+ O'ry| ————,
\da \dp sin 8 cos 6

(1.147)
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and hence for these particular parameters the value of Tr(W>p) reads

o . (dg—1)cot®+ (ds—1)tan6 cos®  sinb,, | \/dudg
Tr(W=p) = 0|C)— | —= O'ry| AL
rvp) 2\/dxdp +0IC) \/cTArB+\/cTB ™| 2sin6coso
(dp—1)cotO+ (dy —1)tan (cot@ , tanf 2>
= —/dad rg|”+ r
2\/dxdg adp | g, Irsl™ 2 Iral

+(0|C) + (r5|0"ry)
1

(COtO (dB —1 —d3|r3|2) +tan @ (dA —1 —dA|l‘A|2)) + <O|C—rAr£>.

2+/dadp
Finally, using the following identities from Eq. (1.125)
1 1
1 —Trpi = a (dA —1 _dA|rA|2) s 1 —TI’[)I% = % (dB —1 —d3|l’3‘2) s
one finds

dp(1 —Trp3)cot® +dy (1 —Trp3)tan O
Te(w=p) = %8 rpB)C02¢;;7A( PA) @0 oy, (1.148)
B

where Typ = Typ (from Eq. (1.121)) for o, > 0, that is,

Taﬁ = Caﬁ - (rA)a(rB)ﬁ-

The last step is the minimization w.r.t. 8 and the isometry Q. One finds for the optimal 6

dp(1 —Trpg)

tan Oy = || =B’
annin = 4o (1~ Tep2)

(1.149)

and

min (O|T) = —max (O|T) = —|T]]s, (1.150)

and hence noting that (O|T) = (O|T) one finally arrives at (1.146). Clearly, if p is detected by
the enhanced CCNR criterion, then due to the theorem one can find a witness W™ detecting p as
well. While the witness W* is realised as a limit of witnesses W (1.128), there exist witnesses W
detecting the state for large enough x and y, which ends the proof. |

Interestingly, our analysis enables one to construct a witness for an entangled state detected by
(1.118). Indeed, observe that Tog = Tog = To = 0 and hence the entire information of 7' is encoded
into T. Now, consider a singular value decomposition

T = 0,DO’,

with O; and O, orthogonal matrices and let O := O;0Z. The corresponding angle 6 is defined in
(1.149) and the parameter 7 is defined in (1.147). Finally, a unit vector v reads

cos 6 rg+ sin 6 OTrA

v=— “"79 ,"1; , (1.151)
cos sin T
MI‘B-F \/(TBO ra

and it is fully determined by r4, rp, the isometry O, and the angle 6. In the following section we
provide a graphical representation of such equivalence for a particular family of isotropic quantum
states.
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Powerful detection of XY- criterion

In this following we illustrate the detection power of the aforementioned criteria: CCNR criteiron,
Di Vincente’s criterion, the criterion in [51] and ESIC, on several well known examples of quantum
states. In particular, in the next section is discussed the detection power of above criteria for the
family of isotropic states.

This new criterion, XY-criterion, in general is not stronger that CMC, but we provide the fol-
lowing example of PPT state which is not detected by filtered CMC [32, 33] (LFCMC) but is
detected by the XY-criterion.

In [28], Rudolph constructed an example of two qubit state which is entangled (and hence NPT) but
it is not detected by CCNR criterion. It turns out that such state is always detected by our criterion
for sufficiently big x and y. However, contrary to CMC it does not detect all NTP qubit-qubit states.

Proof. Consider a qubit-qubit density operator

I+r 0 O t
1 0O 0 o0 0
p_i 0O 0 s—r O ’
t 0 0 1-s

(1.152)

where the real parameter {r,s,¢} are taken such that p > 0. This state is NPT (entangled) iff |¢| > 0.
One finds for the correlation matrix

1 0 O r

) 1 0 ¢t O 0

can __ —

C =351 0 0 = 0 , (1.153)
s 0 0 14r—s

and hence [|C|, = [t| + \/g+ (,s) + /g— (r.5) [28], with

1
g+ (ns)= 1 ( 2—rs—|—r—|—s2—s—|—1:|:\/(r2+s2)(r2—2(r—i—1)s—|—2r—|—s2—i—2)> (1.154)

Fort=0,s =4 = —r, ||C*|,reaches the global minimum equal to 1/1/2 and in general ||C" |, <

1 even if || > 0. Now, using our criterion one finds

xy 0 O xr

1 0 ¢+ O 0
cannB __
Dic"DY = 510 0 - 0 , (1.155)
y 0 0 1+r—s
and hence for a separable (PPT) state

IDEC DY | = |t + £ (x,y:135),

f('xuy7ras) = \/7L+(x,y;r,s)+\/l_(x,y;r,s),

(1—|—r—s)2:(1+r2—|—s2—1—2r—2s—2rs) (1.156)

1
Ay (x,y;1,8) :8<(1 —H’—s)2+r2xz+s2y2—i—x2y2

—\/((1 =) 2422 4522 +x292) 2 =4 (r41)? (s — 1)2x2y2>. (1.157)
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and A4 (1,1;r,5) = g+ (r,5). Note, that in the limit x,y — o

2.2
A+(x’y;r’s) %%’ 7L(x,y;r,s)—>0, f(x,y;r,s)%%,

and hence for PPT (separable) state our criterion requires

1+x2 [1+y?
t i8) < )
‘ ‘ + f('x7y r S) 2 2
gives in the limit x,y — o the condition |¢| < 0 which recovers PPT condition for (1.152). [

As second example, let us consider two one-parameter families of two-qutrit states constructed
from unextendable product basis (UPB) [59, 60]. The first family contains states of the form
p[fp = ppPP + (1 — p)13®13/9, where p* is a bound entangled state constructed by use of
the Pentagon Pyramid (PP) construction. The second family contains states of the form pg i =
ppTi+ (1 —p)13®13/9, where p”' is a bound entangled state constructed by use of the Tiles
(Ti) construction. We compare detection thresholds in this families w.r. to dV, CCNR, ESIC, and
LFCMC criterion:

dv | CCNR | ESIC | LFCMC
PP | 9371 | 8785 | .8739 | .8639
Ti | 9493 | .8897 | .8845 | .8722

whereas our criterion detects entanglement in the PP family for p > 0.8721 (x =y = 4059.7) and
in Ti family for p > 0.8822 (x = y = 2442.1). Our criterion detects more than linear criteria (dV,
CCNR and ESIC) but less than non-linear LFCMC.

Now, we provide an example of a qutrit-qutrit state which is detected neither by CCNR nor by ESIC
but it is detected by (1.109). Consider a chessboard state [61] defined in terms of four orthogonal
vectors in C? ® C:

Vi) =|m,0,5;0,n,0;0,0,0)
[V2) =0,a,0;b,0,c;0,0,0)
|V3) =|n*,0,0;0, —m*,0;¢,0,0)
V4) =|0,—b",0:4",0,0:0,d,0)

giving rise to p = A Y, |V;)(V;|, with .4 being a normalization factor. Let us consider the mixture
with white noise p, = pp + (1 — p)13® 13/9. It is shown in the following that by taking a suitable
parameters, we may construct a PPT state p,, that is detected neither by CCNR nor by ESIC, nor by
filter CMC [43] but it is detected by (1.109) for (x,y) = (5.5,5.9) (cf. the Figure 1.3).

Proof. Taking the following parameters [61]

a=0.3346 b=-0.1090 ¢ =—0.6456
d =0.8560 m = 0.4690 n=—0.3161
s=—1.0178 t = —0.6085 p = 0.8062

one obtains the following PPT density matrix (whose entanglement is not detected by realignment,
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CMC criterion and ESIC criterion), p,, is

[ 0.0964 0 —0.1118 0 0 0 0.0450 0 0 7
0 0.0505 0 0 0 —0.0506 0 —0.0218 0
—-0.1118 0 0.2641 0 0.0753 0 0 0 0
0 0 0 0.0505 0 0.0165 0 —0.0671 0
0 0 0.0753 0 0.0964 0 0.0668 0 0
0 —0.0506 0 0.0165 0 0.1191 0 0 0
0.0450 0 0 0 0.0668 0 0.1082 0 0
0 —0.0218 0 —0.0671 0 0 0 0.1931 0
L 0 0 0 0 0 0 0 0 0.0215 |
(1.158)
We calculate the quantity:
2+x2 2+7)727||DACC;1DDB|| (1 159)
V3 V 3 > vl '

for (x,y) = (5.8,5.9). It should be nonegative for separable states. We get ~ —5.45 x 107> and
hence we detect entanglement in the state. On the other hand performing a local filtering of p,:

A®Bp,A" ® BT
= 1.1
PLE= Tr(A @ Bp,AT @ BY) (1.160)
with operators:
1.2970 0 —0.0770 0.9171 0 0.1126
A= 0 1.4374 0 B = 0 0.7412 0 (1.161)
—0.0892 0. 1.2698 0.1126 0 0.6961
one obtains a state ppr with maximally mixed partial traces, prris
 0.0962 0 —0.0717 0 0.0067 0 0.0466 0 0.0113
0 0.0497 0 —0.0028 0 —0.0480 0 —0.0334 0
—-0.0717 0 0.1878 0 0.0718 0 0.0113 0 —0.0131
0 —0.0028 0 0.0980 0 0.0522 0 —0.0827 0
0.0067 0 0.0718 0 0.1095 0 0.0821 0 0.0052
0 —0.0480 0 0.0522 0 0.1259 0 —0.0069 0
0.0466 0 0.0113 0 0.0821 0 0.1391 0 0.0194
0 —0.0334 0 —0.0827 0 —0.0069 0 0.1740 0
0.0113 0 —0.0131 0 0.0052 0 0.0194 0 0.0198
(1.162)
Calculating quantity:
2 /2
NENER (1163

one gets ~ 5.41 x 1073, hence the state is not detected by the Covariance Matrix Criterion after

local filtering making its partial traces maximally mixed.
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Entanglement detection for bipartite isotropic states

The purpose of this section is to analyze this criterion for isotropic states with unequal dimensions
of the subsystems

1_ di—1dy—1

Z Z|e (eil@|f) f,r+ Z\e (el @ Sl (1.164)

i=0 j=0 l]O

such that {\ei>}d‘ "and {| f,)}d2 'are standard basis respectively for the Hilbert spaces C% and
C%(we will assume d; < d>). Let us perform the realignment operation on p,, i.e. |e;)(e;|®
|fi) (fil = |ei ®ej)(fc ® fi]. In other words, introducing a vectorization of an operator as in
Eq. 1.63. The resulting matrix Z(p,) is the correlation tensor C(p,) for a choice of bases:
{\e,>(e]|}d‘ I\ C B(C%) and {\f,)(fjl}dz ! #(C%). These bases are orthonormal, but not
hermitian, hence the matrix C can have complex entries, but its singular values and trace norm are
the same as the case we choose hermitian orthonormal bases. Then

di—1dr—1 1 dy—1
i=0 j= thO

B 14, 1d2

=(1-p) d1><d2 4 ldz (1.165)

To recast D)(Cl) ,Dﬁz) in the not hermitian basis we sandwich the above matrix with
( Lo + 5 14,) (14, |) and (1(@ + 2714, (1, |). In other words, DV is obtained replacing the

(2)

first entry 1 with x using the projector |14,)(1q4,|. Analogously for Dy™. Then matrix Cy, follows

x—1
Gy = (10214 +dl1dl><1dlw)

ld ld y—l
(-0 ) (Gl & £ tewentnos) (1d2®1d2+d2\1d2><1d2|)
(y—=p)x (x—
=-——"[1q,)(1 - i i i i
ol ><d2|+d11121|e®e, o filtr=g Ulee®e (i@ fil-

(1.166)

In a more compact notion we can rewrite as

1-p p
Go =1+ 5 atta]) (ol ) (a4 £ 1) (175 ) 1]

(y—p)x p (x—1)
= 1 1 —1

11q,) (1q,]-

To better clarify this point, we demote the matrix as vectors as in Eq.1.63(here we change notation,
the vectorized matrix |A)) = |A)). More specifically, |14, ) : C% — C% (acting on vectors |y) € Cd)

has the decomposition (| lg,) = Z?i | |Ei) = Z?i L) (i \) and 1 : # (C%) (acting on operators
in 4 (Cdk)) has the decomposition ldz = Z?l.'j:1 ‘E,- j> <Ei j}. We calculate ||Cyy||1r as the sum of

square roots of eigenvalues of C, C); , yielding

X2 (y2 — p2) p2 (x — 1) p
C,Cl = + 1q,) (1 + 1
Y xy ( d12d2 dl | d1> < d | a-
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Now, since |14,) (14,| commutes with 1, , they share the same set of eigenvectors, therefore the
spectrum o (expressed with the geometric multiplicity of the eigenvalues) is

2 2
p X dr —d;
0 (CoCly) =(di —1) x {d% } U {dldz <y2+p2d1 ) } (1.167)

Finally, we have that separability of an isotropic state with unequal dimension p,, implies

d? —1 x dy, —d, di—1 x> |d—1 3
St S \/ZJFZ—< e + 2 (1168
Il ==0—=p+ e\ [P ST T T (169

We will denote by py, = py, 4, (x,y) (for a lighter notation) the value of p such that the equality
holds. One can observe the inequality in (1.168) becomes linear forx =0,y =0ord; = d,. As
special case of Eq. (1.168) for x =y and d| = d, = d the separability of p, implies

1

< 1.169
P=at (1.169)

In the following, we are interested to unequal dimension of the subsystems. In particular, the
analysis of all the aforementioned criteria rise up choosing x,y =0, x,y = 1,x=+/2/d},y=\/2/d>
and x = +/d| + 1,y = \/d, + 1 to get the criteria Di Vicente, realignment, Fei and ESIC. Therefore
Eq.(1.168) for isotropic states respectively becomes

df—1< di—1 [dr—1

1.170
di—1 1 <d2 )
+ 1+p2=—-1)<1, 1.171)
a " \/a’ldz\/ P \a (
dz(d%—l)p+\/4+2p2(j§—1)d2
<1, (1.172)

V& —di+2y/d} —dy +2

di—1 [dy+1 d>
d 1 2= —1) <2 1.173
dy Pt d\d 2+ itp dy - ( )

We can rewrite the criterion on Eq. (1.168) in the following way to highlight the contribution that
improve the entanglement detection. If the state p,, is separable, then

d*>—1 X dr —d;
0> -1 24 p? — Neai N 1.174
- dl p+m y +P d] x,d1 y,dz ( )
d*>—1
0> L—p—MaNa, (1.175)

1

Notice that Eq.(1.175) defines a weaker criterion than Eq.(1.174) because the second term is always
positive. The threshold of Eq. (1.175) is
d
Po= 5N Ny (1.176)
di—1
Then, if p > py this inequality is enough to detect the entanglement of the state under consideration,
namely, the right hand side of Eq.(1.175) is strictly positive (pp > 0) and criterion have already
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detected the entanglement. Otherwise we can tight the inequality to have more chance to detect
entanglement with the second term of Eq.1.174 and proceed with the calculation

2
X 5 2d2—d1 di —1
\/dldg\/y p di 4 p ATy ( )

Under the assumption that we do not detect entanglement with the weaker condition (1.175), both
the terms of the inequality are negative, hence we can square and inverse the inequality:

-1 P2 dy —dy
9(17):< ldl P—JVx,dl%,(h) _m <y2+P2dl>
=ad, d, (x) P2 +bd17dz (X,y)p—i—cdh@ (x,y) >0, (1.178)

where

(d3—1)° _a2db—d

= = : 1.179
a=4aq,d, (X) d12 X d12d2 ( )
di—1
b=bayay (x.y) = =27 =M Hay, (1.180)
_ 2 Xy
c=caa (,y) = (Mg Mar) R (1.181)

A direct calculation shows always A = b> —4ac > 0. Let py = 4’%/& be the roots of .7 (p).
Notice, that .% (po) < 0 (equality only for x = 0), ¢ > 0, b < 0. Hence Vieta’s formulas implies

1.a>0=p >po>p5) >0

2. a<0:>po>p(_) >0>p)(c;r).
In both cases the solution of the inequality reads as p € [0, p_] and due to the continuity of .% the
limit formula for a = 0 agrees with the solution of the linear inequality. Resuming, we have proven

the following theorem.

Theorem 1.9.1 If an isotropic state p, defined as in Eq. (1.164) is separable, then p < p,,,
namel

VU+5) (145 - VE(A+7)5+7E+Y)

o =T 1.182
Dxy 1 — & ( )
with
F= x2 ~ y2 y= (dz—dl) o d1 \/dl—l\/dz—l
a1 T U -1 E-1 Jad
(1.183)

for arbitrary x,y > 0.

In particular, we have the following thresholds for de Vicente criterion (x = y = 0), for realignment
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criterion x = y = 1 and for ESIC criterion (x = v/d| + 1, y = \/d> + 1), respectively:
di Vdi—1vdy—1

e (1.184)
-1 i
(d12 - 1) dr — \/d?dz —3d1d2+d§+ 1
" i (1.185)
drdi —2dydy + 1
372 2 2 3
" : (1.186)

d*dy —dydr —dp + 1

We skip the expression py for Fei criterion (x = y/2/d,,y = \/2/d>) pr because is not short and
simple. In the next section we prove that pg < pg. Let us calculate the minimum of the expression
(1.182). One has

Oipry =0 <= (1+y)y=%—7. (1.187)

This is a necessary condition for minimum. One can check, that substituting (1.187) to (1.182) a
constant value I'//T + 7 is obtained, hence we have the whole line (1 + y)j = ¥ — ¥ (hyperbola in
x,y) of minima of p,,. One can summarize the above observations in the following:

Theorem 1.9.2 The minimum of p,, is attained in points of the hyperbola:

2 2

y
—(1 = 1.1
. ( +7)d2_1 Y (1.188)

and the value of the minimum is

. r d—1
Pmin =Ty | (@ +di —1) -1’

(1.189)

The figure ?? illustrates the hyperbola of minima of p,, (reducing to line if dimensions are equal)
and four characteristic points representing the four criteria distinguished in the literature.

Comparison with Enhanced Realignment Criterion
From the enhanced realignment criterion in Eq. 1.118, we use as basis {|¢;) (e j|}fll.:1 C B(CH)

i,j=0
and {| £i)(f;[}{22g C #(C*), then

Pr—P1OP2="" Z lei) (ej| @ |f) (fi] - 21d|®1d| (1.190)
i,j=1 1
and via vectorization of an operator we applied the realignment as in Eq.(1.165) having
CEREC(Pp—P1®P2)=d%ld}—%\ld.ﬂldﬁ- (1.191)
1

Cgr stands for enhanced realignment correlation matrix and the spectrum related to CERCER is

o (CerC )—{pz}x(dz—l)u{o} (1.192)
ER“ER | — df 1 . .

This brings to the condition

d2—1 /dl—l d2—1 dz—dl
: 1.193
dldz (1.193)
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The equality holds for

d—1
_ , 1194
PER \/dz(d%+d1—1)—1 (1199

This is exactly the value of p,, along the hyperbola(1.188) of the minimal values. We have proven in
the previous sectionr that Enhanced realignment criterion is equivalent to the family of XY-criteria
for large value of x,y on a certain value of the ratio y/x. Here there exists a hyperbola which
connects this optimal limit case in the infinity with the point: x = y/(d; — 1)y, y = 0. The function
Pxy does not behave in this way for generic states.

Geometrical relations of the criteria

Now we can present the relation of the criteria. Analytically we can compare the criteria calling pgy,
Pr, pr and pg the thresholds which realized the equality in Eq. 1.170-1.173 respectively for Di
Vincente, Realignment, Fei, ESIC criteria. Figure 1.5 show that the Giihne conjecture[43], namely
pr — Pe > 01is always realized. The general trend is shown in Fig. 1.5, despite for d; =2,d, =3
Di Vincente criteria detect less than ESIC and Realignment. Also Fei detect more than Realignment
for low d;,d;. According to numerics we support pgy < pr and pg < pr but we skip this check
due to the lengthy of calculations. Overall, the lowest value among all d; and d, is always realized
by per (Enhanced Realignment). We show that for this state Giinhe conjecture is true.

Proof of pr < pg
The thresholds pg and pg are defined as the lowest roots of the quadratic polynomials:

2(did> —2d1d> + 1) pp — 4d>(d} — 1) pR

d
+2(did>—1) 2 fr(pr) =0 (1.195)
(didy —2ddy +dy — dr + 1) pj — 4d(d} — 1)

d
+Bdidy—dy —dr = 1) Y fie(pe) =0 (1.196)

We will prove the relation between roots pg < pg by showing that all roots of fz and fg are in a
set: {x: fg(x) < fr(x)}. To show it let us calculate the difference fz — fz:

(fe — fr)(x) = —(didr — 2d1dr + dp — dy + 1)x*
Hdi—1)(d—1) (1.197)

It is positive in the range [—x, xo|, Where:

d—1
_ . 1.198
o \/(d1+1)d1d2—(d2+1) (1198)

We will show that fr and fg are positive in the above range, showing that

L fr(x0) = fe(x0),
2. fris descending in xp.
One has

2d3dy +d3dy —3dyds — d} —d? +2
(d] + 1)d1d2 — (dg + 1)

2y (d] 1)\/(d1 g -G (1.199)

fr(x0) =f£(x0) = d>
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Hence, we want to prove that

2d3dy +didy —3dydy —d3 —d 42
—2(d} — 1)\/(dy — 1)((d1 + 1)d1dz — (da + 1)) > 0. (1.200)

To do this, we will rewrite the above as:

2d1+3 >
2d1+2 —

V(@ v — 1) +d_di (2, +3)(d) — 1)+ (dF — 1),

(d? —1)+dyd_

where d_ = d, — d). After squaring the latter simplifies to:
did* (2dy +3)* > 4d> (d +1)*(d} +di — 1),

what finally gives:
d> (d? +4d +4) = (dy — d)*(d1 +2)* > 0.

We prove the second property showing, that the minimum of fg is greater than xo:

do(d? —1) - dr—1
dzd%—Zdldz—l—l d%dz—f-dldz—dz— 1
While d; < d,, we can estimate the RHS from above by 1/(d; + 1) and prove that the inequality
holds for the estimation. The latter reduces to:

0 <dy(d?—1)(dy+1)— (dod; —2d1dr +1) = dod? —dy — |

and holds for d,d, > 2.

One has fg > fgr > 0in [—xp,xo] and fg < fg for x > x¢. The threshold pg and pg are roots on
the left of the vertices of the parables fg and f in Eq. (1.195) and (1.196) respectively. Both pg
and pg are obviously greater than xo where fg < fz. It implies that fr reaches O first and hence

PE < pr.U

It is worth to mention that the state detected by the four criteria are NPT. In order to prove that,
notice that after partial transposition the elements along the diagonal are (1 — p)/d d, and the
off-diagonal terms are p/d;. Moreover the matrix is Hermitian, then we applied the Sylvestre’s
criterion for the positivity on the following block

I=p p
Det | 4@ ) >0. (1.201)
4 didy

Therefore, p, of Eq.(1.164) is separable if

P= (1.202)

dry+1°
Now from Eq. (1.194), since d» > d;

B d—1 y b-1 1
PR @+ =) -1 "\ B+d—dr—1 do—1

which is equivalent to all the criteria for d; = d.
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Figure 1.5: The difference of the thresholds which realize the equality in Eqs. 1.170-1.173 and
1.194 (pyv — pen in blue, pg — pgy in red, pr — ppy in green, pr — pey in orange) varying
d;y =2,...,100 = d,. This an asymptotic pattern for high values of d;,d,. For low value of dy,d»
the pattern is not respected. In particular for low values of d,d» pg < pgv and pg < pr. For
d] = 2,d2 =3 also PR S Pav-

Optimal witness for qubit-qubit

A particularly interesting necessary condition for the separability problem is given by the so called
range criterion [62]. According to this criterion, if a state p acting on a finite dimensional Hilbert
space is separable, then there must exist a set of product vectors {|ex, fi) } that span the range R (p),
such that the set of partial complex conjugated product states { ‘ek, b >} span the range of the set of
the partial transpose of p with respect to the second system, i.e., p''. Among PPT entangled state
(PPTES) that violate this criterion, there are particular states with the property that if one subtracts
a projector onto a product vector from them, the resulting operator is no longer a PPTES [42, 63].
In this sense, these states lie in the edge between PPTES’s and entangled states with nonpositive
partial transposition, and therefore we will call them edge PPTES’s. Despite this method is quite
general and can be addressed on nondecomposable EW’s, which are those that detect the presence
of PPTES’s here we show just an example of how to apply the spanning criterion to construct an
optimal witnesses from Eq.1.137.

Definition 1.10.1 Given an EW, W we define the following set of quantum states detected by
'

Dy ={p>0:TtWp <0}. (1.203)

Now, given two EW’s, Wi and W,, we say that W; is finer than W, if Dy, C Dy,; that is,
if all quantum states detected by W, are also detected by W;. We say that W is an optimal
entanglement witness if there exists no other EW which is finer. Let

Py ={le.f) € CHRCY : (e, f|Wle, f) = 0}
={le,f) € C" @C% : |f) € kerW,,|e) € kerW,} (1.204)

that is the set of the product state where W vanishes. where W, = (e|W|e) and W, = (f|W|f).
Now, if we have a witness W which detect an entangled state p, then W detects also the following
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state

p =Y pelec fo) e fil . pe>0, (1.205)
k

and |eg, fx) € Pw. Note the important role that the vectors in Py play regarding entanglement.
Indeed, this means that any quantum state from Eq. 1.205 is on the border between separable
and nonseparable(entangled) set of states. In other words, if we add an arbitrary small amount
of p it will be nonseparable state. Hence, the structure of &y characterizes the hyperplane
W tangent to the point of the set of convex separable state (see figure 1.1). Therefore, if
span Py = C% © C?, then W is optimal[42, 64, 65].

We want to find an optimal witness from the family of witness in Eq.1.137. This is non a simple
problem neither in the simplest case, which has only a pedagogical worth because it considers
ds = dp =2. In the following we find the constrain which admit optimability, and we pave the
way for its generalization. Then, the witnesses in Eq.1.137, for 2 by 2 case has the following form

w Zdiag{c+ Nsgus +1Cev3 +033,C + NSguz — NCoV3 — 033, — NSpu3 + 1NCyV3 — 033,

C—Tsgu3z — 1CyV3 +033}+

n09\7+03] +i032
Nsgil + 013 +i023 011 —io12 +i021 + 022
011 +io12 +iox1 — 02 NSgli — 013 —i023 NceV — 031 —io3
(1.206)

with ¥ = (v{ +iv2), cg = cos 0, analogously for u and sin 8, o;; are the entries of the orthogonal
matrix O, the dots here replace the complex and conjugate since W = W' and

1 —1 —1
e L(da tan9+d3 cotd +n’sinBcos O | . (1.207)
2\ dy dg

We need to find {| f@}‘ég‘:] € kerW, and {|eg) }23: | € kerWy respectively linear independent.

It is enough consider W,, using the computational basis |ey) = |0) and |e;) = |1) for C%and
determine the basis

d3i—1

1 /ds—1 dp—1
W, = 2( AdA tan 6 + BdB c0t9+nzsin600s6> +nsin6 aZ:‘ﬂ u®(e|Ggle) | 1a,
di-1 d3—1
+ Y [nPcoso+ Y 0% (e|Gale) | Gf € B(CP). (1.208)
B=1 a=1

Then solving W, | f1) = 0 and W, | f2) = 0 we have respectively the following conditions

(n?(cos46 —1) —|—400529)2
sin O cos? 6

— 64nu3 (ﬁcoszetane —2nsin® 0 (xfzn cos 6 +u3)>
(1.209)
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(nzsin26 +tan @ —Fcoté))2 —8n%cos’ 6 <u3tan29 (\on cos @ —ug) + 1)
+8\[2nu3 cosG—4\f2nu3 secH =4 (1.210)

It is interesting that our family of witnesses include also the family of the witness discussed in
[66, 67] for the case of qutrit-qutrit.

Multipartite linear entanglement witnesses

Our separability criterion (1.109) may be generalized for the multipartite scenario: consider N
partite system living in .7 ® ... ® #y, and let Gg? denotes an orthonormal basis in Z(7). Given
a state p define a correlation (hyper)matrix

N
Coy..on =

1 N
<GEZR Q.0 GE"N)>,, .
In order to derive generalization of (1.109), let us reformulate the definition of the trace norm (1.6)
inspired by proposition 1.3.1

[(M|X)ns|

, (1.211)
[[M]]0

[1X |- = sup
M
where the supremum is taken over all matrices of appropriate size. It is well known that supremum
is always realized by some isometry (as we used in the previous sections). Now, we generalize
(1.211) to an arbitrary N-tensor xN where

i1...iN?

(M XNy s= X () ) X (1.212)
i1, 0IN
and the spectral (operator) norm is defined as follows
1 N
MV := sup | Z My x (l)...xEN)\. (1.213)

(D)=l =1 iy

.....

The N-partite CCNR criterion reads

Theorem 1.11.1 If N-partite state is fully separable, then ||CV ||t < 1.

Proof. again it is enough to check it for a product state p' ®@...® p". Since the trace norm does
not depend upon the basis let us take the canonical one. One finds for the correlation hypermatrix
N 1 N

Coy..p, =Rgy ---R

ON?

where the vector R* € R% reads
Re = (Ga) , =Tr(p"Gu)) = (1/ V)
and r* is a Bloch vector of p*. One has:
(MM|C)us < [|MY|lo|Rg, | RG] < 1|1MY e

and hence ||CV ||t < 1. [ |
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To generalize (1.109) let us define N diagonal d,f X d,% matrices

Df = diag{x;,1,...,1},

and CN(xy,...,xy) defined as follows

CN : ()C],...,XN):CN : (Dil)ilil"'(Di\glv)iNiN'

I1...IN I1...IN

One proves

Theorem 1.11.2 If p is fully separable, then
ICY (1, xm) e < M (1) - A (), (1.214)

where fork=1,...,N

= 1 et
() =4 kdikk

Proof. The proof is similar to that of Theorem 1.6.1. Indeed, taking again a product state p' ®
...®@p" one finds

(MNICY (x1, o 2w) )y < MY oo RY ()] RY ()
where R*(x;) = (xx/v/dx,r¥), and hence
IC™ ety e < IR (e )] RN (o) -

Finally, note that |R*(x;)|> = x7 /di + |r*|* < A (x) due to [r¥|* < (di — 1)/d, which ends the
proof. |

Actually, the trace-norm (or more generally Ky-Fan norm) was generalized for N-tensors using
a procedure of so called unfoldings [68]: given an XV € C/' @ ...® C one defines an n-unfolding
(or an n-mode matricization of X) X, which is a d,, x d,, matrix with d, = (ddy ...dy)/d, (see
[68] for a precise definition). Now, the Ky-Fan norm of X is defined as follows

IX" 1, = max | XG [l (1.215)

Using the same arguments one easily derives

Proposition 1.11.3 If p is fully separable, then
ICN (x1yeyxn) |7, < M (1) o A (). (1.216)

Note, however that due to || X"||7; < [[X"||+ the separability criterion based on (1.216) is
weaker than (1.214). The procedure of unfolding gives rise to a family of matrices each of
which only controls bipartite entanglement in d, x d,, system. Interestingly, criterion (1.216)
forxy =0 (k=1,...,N) was already derived in [69], and for x; = \/2/dy (k=1,...,N) it was
derived in [51]. It should be clear that if each .77 allows for the existence of SIC POVM, then for
X = v/di + 1 one obtains a multipartite generalization of ESIC criterion from [43]. However, as
we already observed, the existence of SICs is not essential.

As final attempt in the next section 1.12 we would like to generalize the equivalence between
XY-criterion with the enhanced realignment criterion in the multipartite scenario.
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Generalization of XY-criterion

Here, the generalization of the criterion, is referred to the equivalent family of linear (state inde-
pendent) witnesses with respect to the enhanced realignment criterion which is not possible to
generalize. The appealing comes from the reformation of the definition of the trace norm in Eq.
1.211-1.212-1.213. We show that the norm || - || defined in 1.213, in the bipartite case corresponds
to the usual operational norm as in Eq.1.217.

Proof. In the bipartite case, the definition of operational norm is

10llop = sup  [|0x]|ug
|x<1)‘:l

= sup [} oaﬁ,Oaﬁxg)xg”. (1.217)
|x(l)‘:1 ap’'p

Now we show that this definition correspond to the definition in 1.213 for N = 2. Indeed, we can
rewrite

10llop = sup [[0xP]|= " sup  [lxV]][|ox|
)1 0=
> sup ‘ <x(1) \Ox(2)> ‘
0=t
= sup ZOilile(ll)xl(zz) .
|x(D|=[x®|=1 |i1i2

On the right hand side of the Cauchy-Schwarz inequality, the supremum is reached when x(!) =
0x®?) /||0x?)||, therefore

sup W’gf%: sup ||0OxP|| = 1|0]|op- (1.218)
ko= 10X @) =1

This means that

1) (2
Z Oilile(] )xz(z )

i1iy

[[Ollop= sup =1|0|<- (1.219)

0 ==

In the bipartite case, as we shown previous, the isometry is based on an orthogonal d% X d% matrix
0. We have already presented in the section 1.7 in Eq. 1.139 that the matrix O naturally rises up
in the definition of the trace norm with some constrains applied on its entries: the vertex 0%, the
edges 00, 0% and the face O%F, for a, B > 0. In the following we discuss the constrains for the
entries of the tensor M based on the condition imposed by the definition of the norm || - ||.. Let us
start from the tripartite scenario.

Tripartite scenario
For the tripartite case, the XY-criterion says that if p is separable, then

[CV=3 (1,202, %3) || < M (x1) A5 (x2) A5 (x3) (1.220)
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where
_ M|CN (x17x27x3)
[|CN=3 (x1,x2,%3) ||ir = sup < ) (1.221)
M |[M]]e
and
||M]]o = sup ‘<x<1)®x(2)®x(3)‘M>‘
0 = =91
- sup Y Mypixt 2P (1.222)
’x(1)|:|x<2>\:|x<3)|:1 i1izi3
For this case, the witnesses are
W (x1,x2,x3) =a (x1,X2,x3) Go ® Go @ Go+
+x1x2 Z Mooi;Go @ Gy Gy +. ..
i3>0
+Xx1 Z M0i2i3G0 X G,’z & Gi3 + ...
ir,i3>0
+ Z M, i,i,Gi, @ Gy, @ Gy,
il,iz,i3>0
with
a(x1,x2,x3) :\/ (di — 1+ x2) [ Moo + X123 Moo, (1.223)
=123

For avoid cumbersome notation, we consider the same basis and the same dimension for each
subsystem. Our aim, now is to characterize the family of witnesses in the limit of large x1,x7,x3.
The generalization runs easily. According to the bipartite case, we razionalize a (x,x2,x3) as
follows

I (di —1+x7) [|M]]2, — (x1x2x3M000)* N
[1i (di = 1+ x7) | |M] oo — x12023Mo00

(d—1)[|M|2f (61,6)r  (IIM||2—MGy,) g(61,62)
||M[[o — Mooo ||M|]o — Mooo

(1.224)

We neglected the smaller order term of r and writing x1,x,x3 in the spherical coordinates we
defined the functions g and f as follows

g(61,6,) = sin® B cos 6, sin 6, cos 0, (1.225)
) .
0 0 7]
f(61,6:) _sm ICS;IS] 92 cos% 4 cot B, cos O +tan 6, cos 9.
1

It is trivial to say that, the quantity of Eq. 1.224 diverges as r. This provides a pointless family of
witnesses for detecting entanglement. However, each witness can be always re-scaled. In this case,
we need to divide by r. Moreover, in this analysis we skip the choice to take such M independent
from x1,x,x3 (for the bipartite case, for O independent on x,y we obtained the Di Vincente’ s
criterion ruled by the isometry of Eq. 1.131). Therefore, we should be careful re-scaling the
witnesses according to the entries of M.

In order to have a finite coefficient proportional to the identity term of the witnesses, the asymptotic
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behavior of a should run as r, this implies that ||M||2 — (Mog)* ~ r~2, and in the limit we have
Moo — —||M||-. Notice that ||M||. does not depend on the coordinates, and the sign minus is
crucial, otherwise the denominator diverges. The asymptotic behavior of the entries of M is

W ~ rGo® Gy ® Go+r* Y Moo, Go® Go® Gy + ..

i3>0

+r Z M0i2i3G0®Gi2 ®Gi3 +...

i,i3>0

+0 Y MGy ® G @Gy

i1,i2,i3>0
Therefore, the re-scaled family of witnesses is

W (61,6:) =d(61,6,) Go® Gy ® Go+
+esin 0 sin 6, cos 6 Z u,Gi, @ Go®@Go+ ...

i1>0

+cos 6, Z i, Gi, G, @Go+-. ... (1.226)

i1,i2>0

with

'rlz
Moo = — [|M]] -7 (1.227)

eu; &vj, éW,‘3
(Mi|OOaMOi207MOOi3)—( )

(Mi,i,0, Mi,0i5, Moiyiy) = (T iy > Oini» Tinis ) »
Mi, i :Mi1i2i3'

We call the entries of the tensor M as the vertex Moo, the edges Mpy; oq], the faces Mpy; ;] (P, here
is a permutation) and the interior M, ;,;, for iy,i2,i3 > 0. Notice that, the interior M is vanishing in
the witnesses because it cannot depend on r, since M is bounded (see Eq. 1.222). Moreover, from
the Eq. 1.211 it easy to notice that the tensor M can be always re-normalized, such that ||M||. = 1.
Then, the function @ = a/r results

(d— l)f(91,92)+8(91,92)772'

a(61,6,,m) = )

(1.228)
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Proof. Let us expand Eq. 1.224

(d1 —1 —i—x%) (d2 —1 —i—x%) (d3 —1 —|—x§) [|M||2 — (xlxzngooo)z
\/(d1 —14x3) (do = 14x3) (ds — 1 +x3) [|M]]oo — x1202x3Mo00
(d—1) +(da—1)" (3 +3+23) + (d5 — 1) (x}3 + 323 +23:3)

x1x2%3 {HM\|M\/(’1;21+ ) (1) () —Mooo]
1 2 3
(nras)” [|M1[2 ~ (Mooo)?
X1X2X3 [||M|’oo\/(dle + 1) (% + 1) (% + 1) —Mooo}
1 2 3

(d—1) (xF + 233 +2323) | |M| 2 + (x1x2%3) [l M| — (Mooo)z}

a(xy,xy,x3) =

= ||M]12

+

X1X2X3 H ‘M’ ‘oo — Mo()o]

(d—1)][MI2 (222 55 422 ) 4 [||MI2 — (Moo’ iz

= - . (1.229)
[1[M]]e — Mooo]
Then
5(91,92) :a/r
(a1 ||| (SEOrees®s 4 s Gatign 4 Sndenieno )
||M|[oe — Mooo
[[ |M| |2 — (Mooo)z] sin? @} cos 6, sin 6, cos 6 1>
||M|]e — Mooo '
such that
2 172 2 2 7?2
MOOOZ_ HMHN—?:>HMHN—(M000) :ﬁ (1230)
It implies
n2
1Ml = Mooo =[|M]]oo+ 1/ [IMI[2 =~
n2
=||M||eo +||M||oor | ] — 55 — 2||M||eo
Ml 1o [ 1= e = 21
where
) . . . .
sin“ 6;sinB,cos 6, sinO;cos B, cosO; sin O sin 6, cos G
0,,6,) = 1.231
1(61,6:) < cos 6; sin 6; sin 6, sin 6; cos 6, ) ( )
g(61,6,) = sinZ 0, cos 6, sin 6, cos 6 . (1.232)
Finally we have
d—1)||M||%f (61,6 61,6,)n?

2[|Ml-

It is worth to notice that in this case ||M||. does not depend by r after the limit, or at least
2

O(||M]|«) <O (%) In other words its limit cannot be neither infinity nor vanishing. [
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Now we want to characterized the edges.

Proposition 1.12.1 All the entries of the edges, namely Mpy; oo 1s vanishing for i; > 0.

Proof. Mpj; o) are multiplied by r, then we must require that (u,v,w) go asymptotically as 1/r (the
faces do not need any dependence on the coordinates). The characterization of the edges and faces
is based on the unique condition of Eq. 1.222 that for ||M||. = 1 becomes

1>y Mnizisxgll)xg)x,f) ‘ (1.234)

i10213

Since it holds for all x("),x(?) x(3) let us consider the first column of the tensor, choosing oppor-
tunely x(1), x(2), x®) in order to check if there exists one entries o # 0 in the (k — 1)-th position, as
well as M _1)op different from zero.

A= (=1,0,...,...,0) /\/1+a?, (1.235)
x? =(1,0,0,...,0), (1.236)
x3) =(1,0,0,...,0). (1.237)

Notice that x(()l) = —1 because Mpgo = —1. The condition 1.234 yields

V14 o2 > |1+ aMy_ - (1.238)

Therefore

{_1§M(k—l)00§0 a>0 (1.239)

0 S M(k—l)OO S 1 a <0.

This concludes the proof M _yo0 € [—1,0]N[0,1] = {0}. You can see that Mp(gqq) vanish in the
limit. |
As regards the faces of the tensor connected to the vertex M;,;,0, Moi,i; , M;,0i5, follows

Proposition 1.12.2 All the entries of the faces, namely Mpy; ;,0), satisfied the condition —1 <
MP[i]izo} < 1 for i],iz > 0.

Proof. Let us start from the first face M;,;,0, thus we choose

xXV=(=1,0,...,...,0) /V1+a?, (1.240)
x? =(1,0,0,...,B...,0) /\/1+ B2, (1.241)
x3) =(1,0,0,...,0). (1.242)

In limit Moo ~ —1 and Mp(go0) ~ 0, as we have found above, with o and 3 respectively in (k — 1)-th
and (j — 1)-th position, the condition 1.234 gives

V40214 B> > [T+ aBMy 11| (1:243)

We found that M(;_y)(j—1)0 € [=1,1], Vo, B € R. Therefore for all permutation P, we have —1 <
Mpgpo) < 1. |
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Lemma 1.12.3 Notice that the interior is vanishing for our particular case of large x1,x2,x3,
however we can also consider the original witnesses which comes from the criterion and applied
the same procedure. We would have

(=1,0,...0,...,0) /v/T+ 02 (1.244)

0

x® =(1,0,. ...,0)/\/1+/32 (1.245)
x3 =(1,0,. ,y,...,O)/\/lerz (1.246)

which brings to

\/1+a2\/1+B2\/1+'}/2>’1+aﬁMk 1)(j—1)0

+oYM i 1)0(-1) — BYMo(j-1)a—1) + EBYM—1)(j—1)a—-1)l- (1.247)

The final witness for the tripartite scenario in the limit of large xj,xp,x3 is, we call W= =
W (61, 6,,m) such that

W =

d—1)f(61,6,)+g(61,6,)n 2
( ) f (61 22) g(61,6,)n ®G0—|—C0891 Z Mi,10Gi, © Gy, @ Go
i=1 i1,i2>0

+ sin91 sin 92 Z ]\4,'1(),'3 G,‘l & G() ® Gi3 + sin 91 COos 92 Z M(),'zi3 G() & G,’z & G,‘3 .

i1,i3>0 ir,i3>0

Now let us decompose the quantum state as follows (we consider the special case d; = d, for
i=1,2,3, and in the same hermitian orthonormal basis <GZ]Gj> =)

p=1Y (Gy®G,2Gylp)Gi ® Gy, G,

i1izi3
= Z CiiriyGiy ® Gi, @ Gy
1203
1 1 1 1
G
d®d®d+§O i G @@ gt
1
+ Z 1112G11®G12®d+
1112>0
+ Z ti1i2i3Gi1 ®Gi2 ®G[3
i1i2i3>0

This brings to the condition TrpW* > 0 where

(d—1)f(61,6,)+5(61,6:)n?

- 1
TrpW = > +cos 6; Z Ml1120 z(lzi
i1,ip>0
) . 3
+sin 0; sin 6, Z M; i, l(ui +sin6; cos 6 Z Moy, ,(2,2
i1,i3>0 i2,i3>0

and 717,(12 = TrpG;, ® G, ® Gy and analogously for the others.

A further development might be the optimization of this function finding the minimum as we have
shown for the bipartite scenario. In the following we generalize such procedure for the N partite
case.
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N partite case
For this case the bound condition to characterize the entries of the N-rank tensor M from Eq. 1.213
is

Y My N (1.248)

1 IN

[|M]]oe >

i1...IN

. Notice that the modulus in such equation can be removed.

Theorem 1.12.4 The multipartite witnesses from the criterion 1.214 are

W:\|M||w. ,/ i— 1422 ®G0 n Z Mi,. ,,N®G ( ) L 249)

-----

with

(D];k). - =diag{x,1,...,1} (1.250)
Iklk

Proof. Let us writing again the n-partite correlation tensor

N _ /g M\ _ (1) (N)
i ={6 e 06! >p—Tf(Gi1 - aGlp) (1.251)
with D¥ = diag{x,1,...,1} such that

CV (xty ) = Gy (Dxy)i - (D) i - (1.252)

Again the separability criterion holds for
CY (1) || < M (x1) - Ay () (1.253)

where

‘<M|CN(X1,...,XN)>}

[|CN (x1,...,%x) || = sup : (1.254)
M 1Moo
and
||M]]oo = sup ’<x(l)®---®x(N)\M>‘
|| = =[x |=1
= sup M, iyt V) (1.255)
’x(])|:---:’x(N)’:] i1...Iy
The Eq. 1.253 can be also written as the following from
Trp [T i) 1Ml [ (MICY (x1,..on))] > 0
i=1,.,N
Trp H N (i) || Moo + Z Milw-JNCz]Y lN( 11)1'1,‘]"'(D)1Xv)im,\,20' (1.256)
i=1,.,N i1 yrein
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In the following we would like to characterize the witnesses in Eq. 1.249 in terms of vertex (0—rank

tensor), the N edges, which are the 1 —rank tensors, the ( N

) ) faces (2—rank tensors) and so on.

In general, we have ( ]Z k—rank tensors for k =0,...,N. We expand the summation of Eq.

1.249 is a very compact and useful notation as follows

<H di—1+22) |M||m+Hx,M10> (@G)]O
£ (11 0) £y (@),

i=1 \i=Li#}j = 1(in)

E ( ﬁ ) Z Z 2 (i) (@G) +..

J1<j2 \i=Li#j1,j2 i =lij,= ]2 Iy 1/2)

cx () z (),

Ji<<ie Ni=Lieji ) iy = (ijy i)
d d» dy N @)
o+ Y Y Y M QG (1.257)
i1=1i=1 in=1 k=1

where I; = (...0,i;,,0,...0,i;,,0,...,0,i;,,0...) with j; =1,...d;, I=1...kand

(®9),

=Gy e..06{" VoG agith ...

Ik l“ 1]2 ljk)

®G(<)jk—1>®G§j 'oGd V... G (1.258)

Here d; is the dimension of /—th Hilbert subspace and £ is the rank of the tensor (the number of
non zero indices).

m Example 1.2 To better understand the notation we show an example. Let N =5, with dy = 3,
fork=1,...,5,1y=(0,0,0,0,0) and I; (34) = (0,0,0,3,0), j1 =4, ij = 3. In particular, simple
examples are Iy = (0,...,0), and Iy = (i,,i},,...,ijy) = (i1,...,in), because the sub-index j; point
out the j—th position for j; = 1,...d; of the j—th Hilbert space. The index / = 1,...,k means that
in the list I; there are k non vanish terms. Let me rewritten the formula 1.257 in a more suitable
fashion for the next calculations, where ji,..., ji tell us the position of non vanishing index of

M . Let us define the term which contain the vertex as
Ik(l“ ,1]2....,] )

N N
Wo :H (di—1+xl~2)HMllw+HxiMzo (1.259)

and le 1‘ the term proportional to the j;—th edge as follows

. N
VVljll = < H Xi) Mll(ijl)’ ij, = 1,...,dj]. (1.260)

l:17l7é./l
Analogously for the (i}, ,i;,) —th faces

N
W,j:{jz:< I1 xi>M,2(ij“l.jz), iy=1,...d;,i,=1,....d), (1.261)

i=Li#j1,J2
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and so on. Finally the equation 1.249 becomes
dj,

W =W (®G) + Z Y W (® >11(i,-1)

J1=1ij,=1

> 2 Wi (®6)

j1<j21j1—lljz Iz(ijl’ijz)
l i;
+ ¥ Z v <®G) )
Ny el = (i -
dy d (o)
+.+Y Y . ZM,1 ,,,,, ,N®G 2 (1.262)
i1=1i=1 in=1

Notice that the last term is le' {12 """ ]t’;’ =M, i, because ji < --- < jy, and we do not need
177722 %IN

anymore to specify which position has non zero index.

Let us start from the definition of W for the N partite case of Eq. 1.257. As in the tripartite case, we

(di)

analyze the term proportional to ); G, which must be regularized via the re-scaling procedure.

N N
Wy = <||M]|w H(di—1+xl2) +M10Hxi>

i=1 i=1

(T, (di — 1 4-xF) || M| |2 =TT x7M7)

:( Yix) (|M||w (d;; > _M,O>

(r0+r2+_,._|_r2N)_r2N

~

N
namely "

~ M 2 F2 L + N 2 M 2

o IMIREY TR /2 (= 1)+ (T f2) M2 L263)

(L2 £) <|M||w 1y (4 1)+ I/ T 2/r2>
We are forced to normalized by V=2, indeed
0 2\ .. ON-2 AN 2N
W w :(O(r)-i-O(r)—i- —l—O(r )+0(r )) O(r ) (1.264)

N2 0 (rN-2)

For all N the re-normalization is always provided re-scaling by V2. Indeed, this is consistent
with the case N = 2,3 that previously we found explicitly. In the following we study which are
the relevant k—tensors in the expression of W for large values of x; (i = 1,...,N) rewritten in
N—spherical coordinates. Let us start from the vertex of M.

If (||M]|2 —M,ZO) r? = 0(1), we require

My, = —[|M|[ey/ 1 —72/72. (1.265)
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In fact (||M]|2 —M}) r* = ||M|]2n? and

W IIMHoo i H 2
n Hf (1.266)

k#] k=

It corresponds, for N = 3, to the Eq. 1.228 and it is a finite term after the limit of large x;’s.
Moreover, the functions f; are the angular part of the spherical coordinates

fi:)ﬁ Hljvlsme cos 6; z:zl,...,N—l‘ (1.267)
r HJ:1 sin 6; i=N
In the following we proof this result in a more detailed version.
Proof. Expanding Eq. 1.259 and denoting
D = ||M||e +l> - M, (1.268)
then we have
oy (di—14x7) | |M[)2 - évzlxizMIzO: 1
= 2DH,' 1xi N =, fiD
2 2 2
(1w £ fw - (nfk) )
J=1k#j
If (||M]|2 —M,zo) r? = 0(1), we require
nz
My = =[|M[[o 1= T (1269)

Indeed (||M]|2 —MIZO) r’=||M||%2n? and
||MH2 1Hk;£]fk( )+(HiV:1f;?)\lMllin2
(1. ) (I!Mllwﬂﬂy_l (4+1) + ko —n2/r2>

HMZH°°<Z —1H +n2ka> (1.270)

j=1 k#]

As concern the le 1‘, the j;—th edge defined in Eq. 1.260 we find le l' ~N M n(is )’ and after the
1

re-scaling by V=2, we have in spherical coordinates

Wi = ( [1 ft) (1.271)

i=1,i#ji

In order to have a finite limit, each edge M, 1 (i) should goes like 7~!'. We should apply the condition
1.265 on the convergence of Wy fixing, as we have already done in the tripartite scenario,

=1. (1.272)

Z M; x(l)

iGN T iy

HMHm = sup
’x(l) |:...:’x(1v) ’:1

i...0N
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Hence without the supremum the condition on the N—rank tensor M is

1 2 Z Mllle(l)-..x(N) .

1 IN

(1.273)

i1...IN

To determine the condition on the edges, let us consider the j;—th edge of the tensor, choosing
opportunely x(1), ... x)_ In this way we check if there exists one entry o # 0 in the (k — 1)—th
position of x(!), where k € {0,...,d; — 1}

XU = (=1,0,...0a,...,0) /v 1+ 02, (1.274)
K =(1,0,0,...,0), k=1,....N,k# ji. (1.275)
In the following, we proof that this is not allowed. Notice that x(()l) = —1 because Mj, = —1. The

condition 1.273 yields

1+aMy. k-1,.0
M ox) et <] (1.276)
; 0 l“, lfl ‘ /1+a2
V1t+a?>|1+aMy g1, 0| (1.277)

Therefore, we obtain the same strategies of the three partite case. Hence this concludes the proof
that all the edges goes at least like r—

Notice that W/ : {122 o~ r>~* for k > 2, thus the only term which survive is le b ', which are the
faces of the tensor M. Finally we have

v (©6),+ £ (1T a) T (@9,

J1<j2 \i=Li#j1,j2 ijsijy=1 (5

We found an extremely interesting result: the most general witness parametrized by the N—rank
tensor M, in the limit of large x.s depends only on terms proportional to the vertex M;, and the
2—rank tensor M b(is, i) This is a well candidate to be the N—partite family of witnesses of the
Enhanced realignment criterion, the strongest effectively computable simplification of Correlation
Matrix Criterion, because we proved that for N = 2 Enhanced realignment criterion and our XY-
criterion are equivalent. Even more general, one can study the case without to consider the limit
of large x’s. Indeed, futher research in this line [70] would be the analysis of the hypercorrelation
matrix CV,

‘<M|CN(X1,...,XN)>}
1Moo

[|CN (x1,...,%x) || = sup (1.278)
M

We are sure that the supremum is achieved when M is an isometry. In order to generalize we
could start again for N = 3. In the following we provide the most abstract definition of isome-
try.

Definition 1.12.1 We say that M is an isometry iff it belongs to the extremal point of the
following convex set of tridimensional tensors, M € ext.¥, where

I ={McRRIRIR: [|M|l.<1}. (1.279)
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Then the discussion will regard on the characterization of tridimensional isometries M; ;,i,, in
particular we are more interested at the special case of empty interior of M; ;,;, (for iy,iz,iz > 0,
M;, i, are zero). Notice that ||[M||. = 1 is not enough to be an isometry because only one singular
value is 1, and we don’t achieve the maximum number of singular values which is equal to 1. In
the bipartite case, not only one singular values must be 1, but all of them. However we can also
ask, what is the relation between the bidimensional isometries (e have already characterized) and
tridimensional isometries? Are the faces of a tridimensional isometry bidimensional isometries?
What is the relation between the edges ( for the bipartite case we saw u = Ov in Eq. 1.140)? A
prominent insight to understand the extremal points behavior would be the study of three qubit case
with M having empty interior, namely

*
1) _(2) (3
M|l = sup | ¥ My a2 xl) (1.280)
|x@] ir.i2.i3
where )/ ;, ;. means that there exists at least one vanishing index. For the future, we have to find if

the extremal point of the set of such Mtensor are ruled by some conditions which relate the vertex,
edges and faces choosing properly x(9).

Further studies

“To the uncertainty that rules certainly”

In this section we discuss other non classical resources of quantum mechanics beside the Entangle-
ment, indeed there exists an example which show non locality without entanglement [1]. Moreover,
with this research, not only we detect entanglement, but we will try to measure it quantitatively[71].
Then, in the first subsection, we briefly introduce the concept of contextuality, as a signature of
quantum mechanics. We investigate how it captures the mystery of wave-particle duality in quantum
theory and the comparison between local and realistic model, as well as any hidden variable model
and a model which admits EPR states.

In the second subsection, we derive a generalization of CHSH scenario.

We start keeping in mind Feynman’s words about double—slit experiment to introduce wave—particle
duality.

Is wave-particle duality in quantum mechanics captured by Contextuality?

The non causal structure of Quantum Entanglement is administered for quantum technologies as a
non classical resource and seems to be the cornerstone in the Young’s double—slit experiment on an
electron. This is eloquently explicated by Feynman in his third book of celebrated lectures [72]:

“In this chapter we shall tackle immediately the basic element of the mysterious behavior in its
most strange form. We choose to examine a phenomenon which is impossible, absolutely
impossible, to explain in any classical way, and which has in it the heart of quantum mechanics. In
reality, it contains the only mystery. We cannot make the mystery go away by explaining" how it
works. We will just tell you how it works. In telling you how it works we will have told you about
the basic peculiarities of all quantum mechanics.”

Although the double—slit experiment is extremely well-known, let us briefly resume its phenomenol-
ogy. From Fig. 1.6, input an electron to a plate pierced with two parallel slits of appropriate
dimensions and distance between them, then a screen. One performs the experiment many times
and if he/she thinks the electron as a bullet, any interference pattern occurs, on the screen. But
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Figure 1.6: Recasting double—slit experiment on the left (Young version) via Mach—Zender interfer-
ometer (MZI) on the right. An example of an input quanton in the pure state |0) (0| on the Bloch
sphere show decoherence reducing the Bloch radius indicated by a red rod on the xz—plane at the
output of the MZI. Along the path a and analogously on the path b where is placed according a
classical statistic distribution a “which way detector” which acquires partial information regards
from which way the quanton went.

if he/she thinks the electron as a wave, he/she will notice the same behavior of water wave. Sur-
prisingly, the electron seems to show a non local behavior and draw an interference pattern. Even
more incredibly, if you put a detector to know which way the particle goes you learn which slit
the particle has gone through and you obtain the same pattern that a bullet would draw. This is a
particle-like behavior. This aspect puts into question “What is the true nature of quantum objects?”,
and it is better known as wave/particle duality.

Basically, the action of placing the detector on one of the slits seems to have an instantaneous (non
local) influence on the particle, that changes its trajectory depending on the presence or absence
of the detector. How can the particle passing through one of the two slits know if the other path
has a detector or not? There must be some instantaneous influence from one path to the other.
However the same phenomenology of the two slit experiment can be recasted into a Mach—Zender
interferometer (MZI). If you do not put any detector you see that all photons go to the top detector.
You can imagine top detector as the bright fringes of the interference pattern (that get occupied)
and the bottom as the dark fringes (that remain empty). This means interference, hence wave
behavior. But if you insert a detector on one arm to acquire the which way information all fringes
get occupied (particle behavior). In this scenario, we can still wonder how the photon going in one
path can know about the detector being present or absent in the other path. It seems that it must
know, as its behavior changes accordingly. The argument that we made previously about the non
local influence between the two slits runs analogously in terms of the non local influence from one
arm of the interferometer to the other.

This example rises up some philosophical implications of quantum mechanics. Perhaps, when philo-
sophical ideas associated with science are dragged into another field, they are usually completely
distorted. Therefore we shall confine our remarks as much as possible to physics itself.

In this example, concerning the double-slit experiment comes up the idea of the uncertainty principle
(the noncommutativity of observables); the observer is forced into a sort of trade-off disturbance—
information and in quantum mechanics there is no way to rearrange the apparatus to decrease the
disturbance of the measurement.

However, if the basis of a science is its ability to predict, quantum mechanics fits very well with
this task in two-slit experiment. In this sense it is an operational theory. Anyway operationalism
is not enough. Still explanations are required in a ontological description of the nature. In this
direction, the notion of Quantum Contextuality rises up the constrains for a realistic model which
tries to explain the predictions of the experiments which involve quantum phenomena, as well as,
the two-slit experiment[73].
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Contextuality means that if you have two equivalent experimental procedures, there exist two
different probability distribution in the hidden variable model (ontological model)

Quantum Contextuality is consider to be the leading notion of nonclassicality and in the following
we explain how it captures the mistery of wave—particle duality in quantum mechanics. We need to
find two equivalent experimental preparations for a quantum state which corresponds to write it in
two different decompositions. Finally, the task is to prove that such decompositions are different in
the hidden variable model, although they represent the same state.

Contextuality

Operational equivalence maps into ontological equivalence — noncontextuality or classical under-
standing requires Leibniz’s indiscernible principle[74]: given two object x,y, if for every property
F, x has F iff y has F, then x is ontological identical to y.

VF (Fx< Fy)—x=y. (1.281)

When the principle holds we are in the classical or noncontextual regime, when it fails we say
that the model is contextual, e.g. quantum models. Nevertheless, contextuality emerges when one
would describe an ontological reality via operationalism. If we will be able to show quantitatively
the dependence of the context, then we can states to assist to a quantum signature. One of the early
notion of noncontextual model comes from Bell-Kochen-Specker.

Definition 1.13.1 (Bell-Kochen-Specker) Given A, B,C Hermitian operators such that [A, B] =
[A,C] =0, but [B,C] # 0, in a noncontextual hidden variable model of quantum theory the value
predicted to occur in a measurement of A does not depend on wheter B or C was measured
simultaneously.

However we refer to Spekkens’ notion[75]

Definition 1.13.2 A noncontextual ontological model of an operational theory is one wherein
if two experimental procedures are operationally equivalent, then they have equivalent represen-
tation in the ontological model.

The role of an operational theory is merely to specify the probability p (k|,P,T,M) of different
outcomes k that may result from a measurement procedure M, given a particular preparation P and
a particular transformation 7.

Definition 1.13.3 Equivalence class of preparations, transformations, measurements and exper-
imental procedure. The equivalence relation of the equivalence class is pointed out with this
symbol ~.

P~P & pk|,P,T,M)=pk|,P,T.M) YT,.M

T~T < pk|,P,T,M)=pk|,P,T' M) VP M
MNM/@P(kLP?T7M):p(k‘vpaTaMl) VP,T

(PT,M) ~ (Pl7T/7M,) < pk|,PT,M) = p(k|,P/,T/,M,) :

Then a noncontextual ontological model of an operational theory is an attempt to offer an ex-
planation of the success by assuming that there exist physical systems that are the subject of the
experiment. These systems are presumed to have attributes which describe the real state of affairs
of the system. Thus, a specification of which instance of each attribute applies at a give time we
call the ontic state A of the system?

ZEssentially, you reckon with the ontic, you understand the ontological: the ontic is something adequately grasped by
something like counting, while the ontological is something grasped only adequately when it is seen and participated in
as significant.
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Now, we mathematically expose the ontological model for an operational theory. We shall denoted
the complete set of the variables in an ontological model by A € A, and the space of values of A by
Q. Given an ontological model we say that

e for an operational preparation P, the probability measurement (p (A) on the ontic states is
determined. up: Q— [0,1], [, up(A)dA = 1.

o for an operational measurement M, the probability of obtaining the outcomes labelled by k are
determined by a set of indicator function {&yx (1)}, over the ontic states, &y i : Q — [0, 1]
suchthat Y, Eyi(A) =1, VA.

e for an operational transformation 7', the transition from the ontic state A to the ontic state A’
is determined by I'r : Q x Q — [0, 1] such that VA : [, '(A’,1)dA’ = 1.

The predictions of the operational theory are reproduced exactly by the ontological model for all
PM, T

p(k|P,T,M) = /Az pp (A)Tr (A A) Ep e () dAdA'. (1.282)

We say that two procedures are equivalent (P,T,M) ~ (P,T,M)" because they prepare the ontic
state of the system in precisely the same way. In the following, we will focus on the a preparation
non contextual model. We naturally assume the following lemmal75].

Lemma 1.13.1 (distinguishability) If two preparation procedures P and P’ are distinguishable
in a single-shot measurement, then pp (A1) up (A) = 0 VA € A (nonoverlapping).

Lemma 1.13.2 (convex combination) Given two preparation procedures P and P’, which
respectively correspond on the ontological model the distribution pp (1) and up (1), we can
build P” tossing a coin uniformly random distributed which give P with probability p and P’
with probability p’. The distribution on the ontological model for P” is ppr (A) = pup (1) +
(1 —p)up (A). The convex sum for arbitrary preparation is an easy iteration.

Now, we apply such concepts to study of wave-particle duality in quantum mechanics on a quantum
object called “quanton” in the Mach Zender interferometer MZI coupled with a which way detector.
Both, the quanton and the detector are legitimate qubits with the initial density matrix respectively

given by p(Qi) and pg). For a symmetric interferometer

n 1 - i Do) i
p(Q):5<1—|—s(’)-0'),s)(c):0,sg)—|—1s§.):e i0 (1.283)
For simplicity we consider 8 = 0, hence pg) has Bloch vector s() = (0,0,1) as in Fig 1.6. The

interaction of the MZI is given by the action of two beam splitter, given by the unitary Ugg and a
central transformation U¢ as follows

. 1
Ugs =¢ '#% = — (1, + 0. 1.284
BS \/5( 2+0y) ( )
_ b+ 400, 1, -0 _ig, 20,
Uc —Te “ "®Ua+Te @ Uyp. (1.285)

If we define Upz1 = UgsUcUgs, we have p(f ) = Umzr (pg) ® pg) ) U;,IZI which yields

v 1+0y
p(f):

o, 1 —0y i
7 ®Uapg)U;+T®U,,pg)U,j

O, — 10, - 9at9p : o O, _ i 9at9p .
_Z4ly®el( 2 +9)UaP8)U;—$®e 1( 2 +9>prg)U;- (1.286)
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Then, we have

pY) = Tepplh) = % (1 4 .6> , (1.287)
. . [ 9at9, .
s = 050 il = —e (5 0) o0 (1.288)
1 i i
py =Trop'") = 2 (U} Pl Us +Ulpf L) (1.289)

Notice that 8, ¢4, ¢, = 0 implies s, = 0 and the action of the MZI on the quanton reduces the Bloch

ray of an amount of ‘s(f ) ‘ = ‘sgf ) ‘ =TrU} pl()i)U;J along the z—component and equally distribute the

final state of the detector p L()f ) in two possible rotations according to the unitary matrices U, and U,

In quantum mechanics, we define the visibility of the interference fringes and the distinguishability
of the which way as follows

¥ — ‘TrUJ pg)Ub‘ , (1.290)

1 i i
-@:EHUZF)[())Ub_UJP[())UaHl- (1.291)

Now we want to find a connection with the contextuality. Recall, the existence of a preparation
noncontextual model for a single system pg ) implies the existence of a locally causal model for
any bipartite scenario involving that system. In other words, any bipartite proof of Bell’s theorem is
a proof of preparation contextuality. The contrary is not guaranteed. Nevertheless, the existence of
a preparation noncontextual model for four preparations and two tomographically complete binary
measurements is equivalent to the existence of a Bell local model in the scenario considered by

CHSH. Let us define the amout S concerning four preparation and two measurements

S=piP(0|p1,X)+ (1 —p1)P(1|p3,X)+ p2P (0]p2,X) + (1 — p2) P(1]ps,X)
+p1P(0[p1,Z) + (1 — p1) P(1|p3,Z) + p2P (1|p2,Z) + (1 — p2) P(0[p4, Z)

Theorem 1.13.3 Quantitatively a preparation noncontextual model satisfies
S <3, (1.292)

therefore if S > 3 the notion of contextuality is required in the model.

Now, we know that a nonlocal and noncontextual ontological model satisfies the Englert inequality
P+Vr<I. (1.293)
but only for values of (2,7") = (1,0) A (0, 1). If one consider, as in our case a pure state for the

initial state of detector p[(,l) = |d) (d| then 2% + 7?2 = 1.

p) IfU, = +U, and the initial state is p(Qi) =0) (0], then the final bipartite state is respectively

0)@U,|d),  |1)RUs|d). (1.294)
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Notice that, the final state is separable and the concurrence is vanishing[76]. Moreover from
the definition

¥ =|TeU; |d) (d|Uy| = 1 (1.295)

1
7 = 51Uy 1d) (d|Up ~ U |d) (d| Ual|1 = 0. (1296)

On contrary, if UbU;r = 0 the final state must correspond to the maximally entangled state,
¥ =0 and from the property that [77]

AB" =0 <= [|[A—B||: = |||} +|B]: (1.297)
we have
1
7 = 5\\U5 1d) (d|Us| |1 + U] |d) {d| Uall1 = 1. (1.298)

In the end, we have to find due decompositions which correspond to the intermediate stage
UpU} # 0 such that 2,7 € (0,1) and 2> + 72 = 1 and violate Pusey’s inequality. Another
possibility is to derive a proof of contextuality from the trade—off disturbance information
as in [78]. Besides this tools, in order to prove contextuality, here we might apply another
idea. We observe that the problem to distinguish the way of the quanton in the MZI can be a
consequence of No-Cloning theorem [79], namely we cannot identify a given state drawn
from a set of non-orthogonal states with certainty using a single copy. The Unambiguous
Quantum State Discrimination (UQSD) deals with number of copies required so as to identify
such a state drawn from a set of non-orthogonal states though not certainly but with some
probability and express the visibility in terms of confusability as in Refs. [80, 81].

1.13.2 A new way fo derive Bell inequalities

Bell inequalities in the bipartite case lead to a Bell witness to detect entanglement [37]. In this
section, we would derive a general Bell inequality in order to construct a new family of multipartite
entanglement witnesses. Indeed, the original Bell inequality which is based on the perfect anti-
correlations of the so called singlet state, was extended by Clauser, Horne, Shimony and Holt to a
more general inequality based on a local realistic model for two observers, each having the choice
of two measurements settings with two outcomes. A violation of the inequality means there exist
quantum predictions for correlation functions which describe the above situation which are not
reproducible by local realistic models. Let us A; and B; (i = 1,2) two dichotomic measurements for
Alice and for Bob respectively. Now if the physics can be described by a local and realistic model,
or any local hidden variable model the following inequality must be satisfied

(A1,B1)+ (A1,By) + (A2,B1) — (A2,By) <2 (1.299)

where <Ai,B j> is the expectation value of the correlation experiment A; ® B;. For the two qubit
case one introduce the following CHSH operator

Bceusy =a16® (b +by) 6+ a6 (b —by) o (1.300)

with a;,b; € R? for (i =1,2) and 6 = (01,07,03) is the vector of Pauli matrices. The CHSH
inequality requires that

Tr (Bcusupruv) < 2 (1.301)

is fulfilled for all two qubit states pryy states and which can be constructed as follows

Wensh = 212 ® 12 — Bensh- (1.302)
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Figure 1.7: An example with 2 multiports (v = A, B) with 2 pins (input+output) and o different
settings. Even if there are @ pins as output, only one detector will give a click. (In the picture the
counter starts from 1).

Properly Wepgsh is a “non-local witness”, that is, if (Wepsn) p <0 then p cannot be relied to a LHV
model. However if non-locality implies entanglement, then it is also an entanglement witness. Any
bipartite Bell inequality may be in the following form

Z)Lij<Ai>Bj> <c (1303)
i,j

for two family of local observables A; € B (%) and B; € A (#3) and the corresponding witness
may be

WZC]z@lz—Zlij<Ai,Bj> (1.304)
i.j

It was conjectured by Peres that for a bipartite scenario a PPT state can not violate any Bell inequality.
If the conjecture is true then all entangled witnesses constructed out of the Bell inequalities are
decomposable [82, 36].

The key idea to generalize a CHSH scenario is based on the correlation function and on the
conjugate basis. For the definition of correlation function of two outcomes situation we use original
Bell’s idea to use roots of unity to represent the results +1 = 6*527”", with x = 1,2. Notice that such
are the functions used to get the discrete Fourier transforms

d—1
fk) =Y Fx)e . (1.305)
x=0

In the most general Bell scenario we have v parties o settings (a family of phase shifters), with @

v—1l,0—1
. . . - : ~lo—l,0—-1 .
hase shifters in the ® input ports ; = i vf ’(.1 CE and o possible outcomes
p putp 13] U=0,j=0 M55t S 1=0,j=0,i=0 p
lLo-1 lo-1 . . ’ . . .
{kﬂi};:o?:o YRS {O‘u,i};‘:zo ?:0 . Fixing ¢y ;; € [0,27] we choose p-th multiport, the j-th setting

and the i-th input port that rotates the state by the angle ¢y, ;;. Each multiport has @ pins output
and only one gives the click in the detector which records k&, ; in 1-to-1 correspondence with the
Bell numbers ay; (see fig. 1.7). Therefore running many times the experiment we know the a
priori distribution P (ko,,-o, s kv—tiy 190, joio» - - .,(])V,LJ-V?,’,'V?]) for ig,...,iy—1 € {0,...,0—1}
and jo,...,jyv—1 € {0,...,0 — 1} which is the probability to get outcome ko ;, given the settings
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60, jo in the multiport O-th;...;ky 1, , given the settings (ﬁv—l, jy_, in the multiport v — 1-th. The
local hidden variable model in its correlation function & describes all possible already establish
(real) possibilities without any nonlocal influence the assumption of realism. Therefore

w—1 w—1 w—1 o—1
SIR= ), oo D i X o X, Disgive tiiiv-tomivtoo

i00=0  ip,c-1=0 iv-10=0  iy_16-1=0

o times otimes
v—length
oo alov-1
x : ®-® : (1.306)

aio,c—l aiv—l,c—l

o—lenght o—lenght

In a more fashionable form P (ko, o ky—1]@ojgs - ¢V_17jv—l>: Pioo-rivo—1imiv-1.0miv-1.0-1 = Piy;

which sumto 1 (ZZ;E 27:_01 Zg;io Diy; = 1). Notice that the notation k, = ku.i, tell us the outcome
ky among all possible k ;,. The number of configurations are @°¥ . For example, in the case
(v=2,0=4,0w=4) we have

oo Qo
1 3 3 i()l il 1
244 o o
gLR - Z Z Z Piy ; ooz ® ait2
1=0j=0i;,~0 ‘ .
a10‘3 all,3
3 3

= Z Z Pio0,i0,1,i0.2:i035i1,0,i1,1,i1,251,3

i0,0,10,1500,2,£03=011,0,i1,1,i1,2,61,3=0

oo alro
ai()‘,l ail.l
X oo ol2
aioA,s ai1.3

We are interested to the distributions that realized only 1 configuration with weight of probability
land all other configuration with probability weight equal to O to happen. This corresponds to
achieve the upper and lower bound in the functional K, that we will introduce in a while. Let us see
what happens for the EPR state in quantum mechanics, as in Ref. [83] we have

lv) = NG Z Qi) (1.307)

after the action of the phase shifters we have

w—1v-1

v) = \/15 Y. @enli) (1.308)

i=0 u=0
and
(i-1)(j-1)

(0] 12%
U’?:T’ Y —ein (1.309)
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Therefore
2
p(ko,...,kv,1|¢0,,~0,...,¢v,1,jv,1) - <ko,z~0,...,kv1,ivllwlw}>
V times
1 o-lo-1 ._, ;4 P . v-l ky—1 (._V/)
_ wv+1 z;’) 2\6 elzﬂzo(%‘”" d)‘u__/u,l) I_IO»}/(E)# ) o (1.310)
i=0 i— u=

From the definition

- N v-l ko —1 - -
gMQ(%’jo,...,q)vfl,jv,.): Y Il P(ko,...,kv,1|¢07j0,...,¢V,1,jv7,) (1.311)

kos-.-ky—1 4=0
which leads to
- - 1 -1 »Zv—l
i o
@@MQ <¢07j07 . '7¢V*17jv—1> = 5 Z & P i) — éaMQ.iow-'jvfl (1.312)
i=0

with @ j iiv1) = Ou.ji — Ou.ji+1. Inthe case (v = 2,0 =4, ® = 4) we have

E(600:010) E(00:011) E(00:612) E(Po0:613
E 50,1;61,0 E 60,1;51,1 E 50,1;51,2 E 60,1;51,3
E(02:010) E(02:011) E(002:612) E (G203
E E

gMQ =
60,3;(_51,0 E 60,3;51,1 60,3;51,2 E (30,3;51,3
(z):o,o ¢:’:1,o
Mo | E P01 01,1 _ o244
B o, @ 1.2 — Mo (qbu’j’i)'
50,3 =1 51,3 =1

Since we are interested only to relative phase for each multiport we can put 5073 = (}’1,3 = 1. Let me
define the functional

K:Poo—R
& K[&] =Re[&-.7] (1.313)

where ot = ¥,

i)
I Ot H Oﬂ({ﬂ})
Fvowmt) =T Y ot Q) , (1.314)
Ho-.-tv—1=0 m=0 :
i)

with f is the “finer” since it splits the unit circle in regular polygonal with roofs of unity as vertex
and g{u} is a generic function. For the case of v = 2, ¢ settings and @ outcomes, it reduces to the
following expression

ao*l'lm a_o*lim
w—1 al*“m ail*“’m
j2zn
Srow=eT Y oot . ® , . (1.315)

Uo..-fy—1=0 . .
a(G*I)ﬂm a*(afl)ﬂm
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Our aim is to compare to maximize and minimize the functionals K [gﬁ’ga’w} and K [553’6’”] and
to find the maximal violation of Bell inequality entails in the following number

K |655°] - K (6455

- [gﬁfv“’] (1.316)
Our final results are
K [601‘24’33] - [55'%373] = 0.14075. (1.317)
K [55,;,3’3}
K |siig'] - K[ 6] Vil (1.318)

Ko

In conclusion we can pursue this direction obtaining a Bell operator in order to control the violation
among all quantum pure states, rather than the only GHZ state (the maximal entangled state). A
nice inset comes from the follow Ref. [84].
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“If I were forced to sum up in one sentence what Copenhagen interpretation says to me, it would be
— Shut up and calculate —.”(D. Mermin)

pacetime is the ordinary environment for accommodating our scenarios. In this frame-

work that we try to explain the entanglement, nonlocality, contextuality and all physical

scenarios. Nothing else might be replace spacetime in its ordinary form. Unless we do
not think deeper the notion of tranquil nothingness. The project of this chapter started with will
to acquire knowledge on the fluctuating quantum vacuum and its fundamental processes which is
based the quantum electrodynamics (QED). Then, we distinguish the vacuum electromagnetic field
and the effective electromagnetic field in the presence of a dispersive environment which interacts
with a quantum system.

Therefore, we study physical process involving QED vacuum effects, as well as, spontaneous
emission, Lamb shift, van der Waals forces and the fundamental linewidth of a laser and the relation
between vacuum and source fields[85].

We are also motivated to realize physical experiment to prepare quantum entanglement state that
we showed in the previous chapter. Interestingly, when two quantum emitters are embedded in a
taylored environment the pair can spontaneously relax towards an entangled state. However, in
the following we construct the theory only for one emitter introducing a second emitter in future
research for studying the entanglement in cavity systems.

Firstly, we expand the theory of light-matter interactions to include the spatial extension of the
system, taken into account through its wavefunctions. We show that this ingredient enables us to
overcome the divergence problem related to the Green tensor propagator and to develop a theory
beyond the point-dipole approximation. In particular, the inclusion of the spatial structure of
the atomic system involve also asymmetric quantum system with respect to spatial inversion and
explain the role of this asymmetric effects in interaction with the host medium which acts on the
system by Van der Vaals forces[86].
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H— d_i. —H
H, H.t H
medium

‘“ \T|
m

f
m
[ atom | Vl lm

\T i Y at-m
' at T > field
at

I

mag
IIi|11h

Figure 2.1: Graphic view of the total Hamiltonian. In blue, the atomic Va‘l, the medium Vr‘][‘1 [Eq. 2.2],
and the field HfL [Eq. 2.5] Hamiltonians. The blue blocks are connected by the interaction blocks.
Hence T;, and T;; connect the medium and the atom, respectively, with the field as in Eq. 2.4, and
Va‘l_m connects the atom and the medium, as in Eq. 2.3. These six terms appear in Eq. 2.1. The
medium-assisted field Hy, [Eq. 2.15] arises from the terms VnUl, Tm and HfL (solid box on the right),
and the atomic Hamiltonian becomes Hy via the PZW transformation [Eq. 2.11] (dashed box on
the left). Hy interacts with Hy, thru Hiy as in Eq. 2.28. By neglecting the magnetic properties one

obtains Hicrl]if , which completes the model investigated.

Spontaneous emission in dispersive media

We start from a first-principle Hamiltonian where positive and negative charges of the atomic
system and the medium are coupled with the electromagnetic field. If the focus is on the atomic
dynamics, the system can be conveniently modeled by coupling the atom to a medium-assisted
electromagnetic field, which is dressed by the interaction with the hosting medium (see Fig. 2.1).
Let us consider the Coulomb-gauge Hamiltonian [87, 88], separating the longitudinal and transverse
contributions

H=V)+v +v) T+ T+ HE 2.1)

Atomic charges will be labelled by roman indices j,k and the charges of the medium by greek
indices i, v. The terms

11 Qi I 1 0u0v

at_87r£0#k|rj—rk\’ m_SHSOH#V‘ru—rVV

(2.2)

represent the internal Coulomb interactions among the charges Q. of the atomic system (placed at
positions r;) and among the charges Q,, of the medium (placed at positions ry,), respectively. The
atom-medium Coulomb interactions read

[ 1 0
Vaem = gy Lk [r,mry]- (23)

The kinetic terms

2 2
(p;—QA(r))) (Py— OuA(ry))
Ty = , Tn= , 2.4
! ; 2m; " ; 2my,
contain the minimal coupling between the charges (with canonical momenta p; = —iiV,, and

P, = —ihV,,, and masses m; and my, respectively) and the transverse part of the field, represented
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by the Coulomb gauge vector potential A (purely transverse, V - A = 0). Finally,

/ &r (eOA " L vxaw) ) 2.5)
is the Hamiltonian of the free field in vacuum. If one considers a neutral atom, the charge density
Pac(r ZQ, —rj), with ZQ =0, (2.6)
J
can be expressed as the divergence of a polarization density p,(r) = —V - Py(r). Here,
r):Zq,/olds(r,-—R)a(r—R—s(rj—R)), @7
J

where R is the center-of-mass coordinate [88]. The atomic polarization density allows us to express
the Coulomb interaction terms as follows

2
V= o Jdr(Phn), 28)
Vam= & [&rPy(r)-1(r). 2.9)

Here, Pﬂt is the longitudinal part of the polarization, i.e. the only component that determines the
atomic charge density, and ! is the longitudinal displacement field of the medium, that satisfies

v.ol(r ZQ,J (r—ry). (2.10)

The latter is proportional to the Coulomb field E [ /€ generated by the medium charges.

Minimal coupling
We now analyze the coupling between the atom and the electromagnetic field, which is a conse-
quence of the minimal coupling in the kinetic energy terms in Eq. (2.4). For an atom modeled as
a point-like dipole, it is possible to shift from the “p-A” to the “r- E” coupling representation,
through the unitary transformation exp(—iQr-A/h), where the vector potential is computed at
the dipole center of mass [88]. The advantage of this transformation lies in the fact that, in the
transformed picture, the canonical momentum of a particle coincides with its kinetic momentum
and it is decoupled from the field variables (a thorough discussion of the implications of such a
feature is given in Ref. [88]).

In the case of a finite-size dipole, the aforementioned unitary transformation generalizes to the
Power-Zienau-Wolley (PZW) operator [88, 87]:

Upzw = exp <—;l/d3rPat(r) A(r > = exp( /derl At(r )) ) (2.11)

The transformation property UpzwIT* (r) UIIZW = IT* (r) + P (r) yields two transverse-field terms
from Eq. (2.5)

vi— 2180/d3r<P§(r)>2, Vi — —/d3rPL I (r). 2.12)

These contributions are complementary to the ones in Egs. (2.8-2.9). The latter, as well as the
transverse part of the atomic polarization density, are instead left unchanged by the transformation.
Although originally IT* = —gyE, the proportionality is lost after the transformation

II(r) = —&UpzwE (r)Ugzy — UpzwPu(r) Ul (2.13)
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which can be shown using Eq. 2.10. For a finite-size dipole, the equality between the kinetic and
canonical momenta is not exactly realized in the transformed frame as in the case of a point-like
dipole transformation. The reason is that the transformed kinetic momentum

) 1
Upzw(Pj—FQjA(rj))U;ZW = Pj+Qj/0 dSS(rj —R)B(R—I-S(rj —R)) (2.14)

acquires an additional term, which generates a direct coupling between the charges and the magnetic
field B. Nevertheless, the difference between the two momenta in the transformed representation is
suppressed with respect to the analogous difference in the Coulomb gauge as the ratio between the
atomic size and the interacting light wavelength. Therefore, if one neglects the interaction with
the magnetic field, it can be consistently assumed that p; coincides with the j—th particle kinetic
momentum in the transformed representation.

Medium-assisted electromagnetic field

The medium-assisted electromagnetic field is an effective model that conveniently describes, under
certain approximations, the combination of the medium and the field degrees of freedom, as pictured

in Fig. 2.1. The contributions to the medium-assisted Hamiltonian arise from the terms Vlﬂ, Tm and
HFL in the Hamiltonian (2.1), as derived in detail in Refs. [89, 90, 91]. The resulting effective field
Hamiltonian,

_ 7 3 t _
Hm_/o da)/d riof (r,o)- f(r,o), (2.15)

can be expanded in three-component mode operators f(r,®) and f(r, ®), satisfying canonical
commutation relations

[fk(r, o), fi (r’,w')} — S (r—r)8(0—a), (2.16)
[fk(r7w)7fk/ (r’,a)’)} = [f]j (r,a)),f,j, (rl7w/)} =0,

withk=1,2,3.
The displacement field IT and the vector potential A are related to the field variable f by

Hj(r):/ dw/d3r’[—iw2 7081(#,a))ij(r,r’,w)fk(r’,a))+H.c. : (2.17)
0 c
A-(r):/mda)/d3r’ O N . @)GL(r @) f(r, @)+ He (2.18)
! 0 2\ mey Y TR ’ o '
where & is the imaginary part of the dielectric permittivity
e(r,w) = egr(r,m)+ig(r, ). (2.19)

We have assumed that the medium is isotropic, hence the permittivity is a scalar. The Green tensor
G appearing in Eq. (2.17) is the solution of the equation [87]

2
[55-84 — 8 <V2 + %s(r, (0))] Gu(r,r',0) =68;6(r—r), (2.20)
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and the term G in Eq. (2.18) represents its transverse part, satisfying G (r,r',®)/dr; =
Gy (r',r,0)/dr, = 0. In the Coulomb gauge, the properties of the Green tensor and the an-
alytic structure of €(r, ®) in the complex frequency plane guarantee that the vector potential and
the transverse part of the displacement field satisfy the canonical commutation relations

[Aj(r), T (r')] = in83 = ih / ( it — ?ﬂqf ) eld(r=r), (2.21)

For a translationally invariant medium, €(r, ®) = €(w), thus the Green tensor depends only on the
coordinate difference, G(r,r',0) = G(r — ', ®), and its Fourier transform

Gix(q,0) = / &PréGi(r,w)e 7, (2.22)

reads

Siu—a: 2
Gila.0) = (8= %) Gulg.0) = iglie.

2

Gl(q.0) = 1L Gu(g, 0) = — L4 5. (2.23)

lql? lq* o’e(w)

Hence, the displacement field reduces to

d% : hey ~ ~ ig-r
n=[ 58 ()G (g, 0) k(g @) +He |, 224
where the operators
= / &Erf(r,w)e 47, (2.25)

satisfy

[/i(q,0).7{ (4 0] = (27)’648(0 — ') 5(q —¢). (2.26)

For a point-like atomic system, singularities may arise in the interaction Hamiltonian due to the
fact that the quantities G| (r, ®) and G*(r, ) diverge as r — 0. In fact, while

3

ImGj;(0,0) = / (g‘g ImGji(g,0) =

o’*g(0) [ &g Si—qja/lql
c? (2m)3 ‘|q‘2_ M‘z

(2.27)

2

is finite and yields a well-defined transverse decay rate [89], InG!l(r, ) diverges as r — 0, due
to the non integrability of Im(N}‘]‘.k (q,®) =< q;qi/|q|*. and a consistent treatment of the longitudinal
decay rate requires momentum regularization.

Techniques based on considering the source enclosed in an artificial cavity [92, 93, 94] have been
developed to cope with such singularities. In the following, we will tackle the divergences of the
longitudinal part with a less artificial approach, by considering the natural finite spatial extent of
the atomic wavefunctions. This will allow us to unambiguously analyze the role of the asymmetry
of the atomic states on the emission process.

Total Hamiltonian
From the previous parts of this section it follows that

H=Hy+H} +H™ +H,. (2.28)

nt int
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Here,
Hy = HY + Voo = —+— / Er(Pulr))? (2.29)

is the atomic Hamiltonian,
1
He — - /d3rPat(r) ()= Y 0,(r;— R -/dsn<R+s(rj _R))
J

represents the interaction of the atomic system with the electric field, and

Hp* =Y, {,%;pj'f()l dss(rj—R)B(R+s(r; —R))
J

+% [fo1 dSS(rj—R)B(RJrS(rj—R))r} (2.30)

stands for the coupling with the magnetic field. The term Hy, generally represents the Hamiltonian
of the medium, that can be modeled in different ways, e.g. through the medium-assisted field
Hamiltonian (2.15), as shown in Sect. 2.1.2. In the following part of this work we will neglect the
magnetic contribution to the interaction. We will model the atom as a dipole of charge Q, with a
heavy positive charge at the fixed position R = 0 and a moving negative charge of coordinate —r
and mass m. As a result, one finds the final form of the interaction Hamiltonian

HEP — / dsTI(—sr), (2.31)
representing the correct generalization of the “r- E” Hamiltonian to an extended (non point-like)
dipole. The expression 2.17 of the displacement field in terms of the Green tensor in the Hamiltonian
Hcllrl‘; provides a new accurate and general approach. Exploiting the tensor allows one to consider
different geometries of the host medium, in particular interfaces of different dimensions or photonic
nanostructures, even though in the following examples we demonstrate the theory in the simple
case of a homogeneous medium. However, the application of the Green’s tensor leads to a divergent
field at the position of the point-like quantum system. This divergence is usually removed in a
somewhat artificial way by introducing virtual cavities or form factors. Here, the renormalization
procedure is based on the physical size and orientation of the extended system represented with
wavefunctions. It allows us to accurately describe the physics of the system without artifacts.
This is one of the main finding of this work, that arises as a connection between first-principle QED,
represented through the canonical commutation relations, and the medium-assisted field ruled by
Eq. (2.16).

Emission properties of a bound system of charges

According to the results of the previous section, each eigenstate of the internal atomic Hamiltonian
is dressed by the surrounding medium. We now characterize the single-photon emission process and
the Lamb shift of an atomic level in a medium-assisted photonic environment in a translationally
invariant medium.

Consider an atom in an arbitrary environment, i.e. a dispersive medium of any geometry
and material. Let |a) and |b) be two orthogonal eigenstates of the free atomic Hamiltonian Hy,
characterized by

Hyla) =E,la), Hy|b) =Ep|b). (2.32)
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The atom-photon interaction is described by the matrix element

M (r,0) = (al HyP ] (r,0) |b), (2.33)

nt
which, for a translationally-invariant medium, can be expressed in the Fourier space through
o> 1
~ di —isqg-
M (g, 0) = (a|Hy F] (g, 0) |b) = —iC(w ) > Gji(q. 0) a!rk/o dse "T|b),  (2.34)

where

he (@)

Clo) = 0\ frer

If we insert the expression of G ik in Eq. (2.23) and exploit the orthogonality between longitudinal
and transverse projectors, we obtain

3
Tuw(g.0) = Y |4"q o) (2.35)
=1
C(w)? | Far(q) — Ot ”
— Y N 9(ql,0)%(q) + (1 — D(|q, @) 7LD~ %l | (5 36)
where 8,, = (a|b) = 1 if |a) and |b) coincide and 0 otherwise, with
-2
(g, ) = ‘1 a,?e(m : (2.37)
Fap(q) = (ale™7|b) = [ d3rw;( )Y (r)e, (2.38)
ne) = X3 lalr et )] (2.39)

The quantity defined in Eq. (2.36) determines both the total decay rate of the state |a) and its energy
shift. The former can be evaluated according to the Fermi golden rule

27 0 21
_h§/o A8 (ho — hoyg) Ty (o) = ?b;e(wab)nb(wab), (2.40)
2 ar 2
w, Z,
729 o) L Pb) [@(\qy,wab)%b(qHu_@(\q,,w))|b(g)| g
b#a e (0us)” q
with
E,—E
Dgp = A b; Tab(w) - /d3q %b(q,(l)), (241)

and 6(x) being the Heaviside step function. The absence of a contribution from state |a) in the sum
over states in the second equality of Eq. (2.40), albeit reasonable, is not a trivial result. Therefore,
replacing Eq. 2.36in the evaluation of the decay rate d,, = 0 and the apparent divergence in the
term proportional to .#,, is regularized by the wavefunctions spatial extension. Note that the two
terms in Eq. (2.40) proportional to Z (g, ®) correspond to the transverse contribution, while the
remaining one is the longitudinal contribution responsible for non-radiative decay, because it is
related to the absorption losses in the dielectric host medium.

In vacuum (¢(w) = 1), the decay rate in Eq. 2.40 becomes

2.3 a 2
(vac) _ Q¢ 2 | Fan(qn)|
i = g [ st X [tam) — =2 242
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where ¢ = @, /c and the integration is over the unit sphere n € S?. Note that in the point-dipole limit
the quantity .%,;, tends to 0. In this way, we recover the familiar Weisskopf-Wigner result [95].
The frequency shifts of the atomic levels should be determined using Eqs. (2.36-2.41), through

1 * Tp(o)
Aa:—E:P/ do—2— 2.43
e o 0— o 49

with P[ denoting principal value integration. For a = b the function .7, contains the state-
independent, non-integrable term

8 C(0)’|g| (1~ 2(Iq|, @) ~ || as |g| — o, (2.44)

which provides a divergent contribution to T,,(®). However, this contribution is also independent
of the state, representing therefore the effect of a uniform energy shift. Physical quantities such as
the perturbed transition frequency

(I)ab = Wyp + Aa - Ab = Wy + hLsz(;” do [Taa(w);Tbh(w)

2000 g2+ T (150 Z,%’))] (2.45)

are thus independent of the divergent term given in (2.44). Indeed, notice that, in the time domain
the low-energy behavior of the dielectric permittivity is

e(0) = 1+/0°°d¢x(z) +iw /Omdttx(t) +0(0?), (2.46)

where  (t) is the medium susceptibility with finite moments. This implies that 7,,,(®) ~ @ close
to the origin, and therefore the integration of the term (7, — Tj»)/® in Eq. (??) is well defined.

Asymmetric two-level atom

The parity asymmetry of the atomic Hamiltonian eigenstates, reflected by the presence of nonvan-
ishing expectation values of one or more components of r, affects the state-dependent quantities
Fap and 9,3, which appear in the expression of 7,,(®) and determine the decay rate I', and the
energy shift A,. In a two-level atomic system, the three components of the Hermitian position
operator r can be represented by spin operators [96, 95]

r=pl+8c.+ruo,,  Ox=la)(bl+[b){al, o= a)(al—I[b) bl (2.47)

acting on the two-dimensional space spanned by |a), |b), with

p  — larlalirh) (2.48)
alr|a)—(b|r|b

§ = laria i) (2.49)

ra = (ar|b) = (b|r|a). (2.50)

In the two-level case, the off-diagonal matrix element (2.50) can be made real and non-negative by
absorbing a phase factor in the definition of one of the states.
The functions that determine the decay rate from |a) to |b) read

Fan(q) = —ie"9Pgq - rysinc(A(q)), (2.51)

Yla) = |Va[a-ra f}sinclsatane HoPas] |
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with sinc(x) = sin(x)/x and A(q) = \/(q - rap)> + (q- 8)%.

From these results, one can observe that the physical quantities computed from ¥,;, and from the
square modulus of .%,;, are invariant with respect to the inversions p — —p and 8 — — 8, but both
depend on diagonal entries and which play the role of the asymmetric contributions.

To identify the lowest-order contributions to the decay rate, let us perform a small-g expansion of
the functions appearing in the expression (2.36) of .7, for a # b, namely

[ Faw(@) _ (g ra)’ <1 _(g-ra)’+ (‘1'5)2>7 (2.52)
lq? q? 6
and
Ga@)= P (1- 05l 62 4eR)
b PRErl gy (w _ @) (2.53)

While the first-order contributions are regular, the second-order approximation in g of the functions
in Eqgs. (2.52-2.53) yield divergent integrals, that should be regularized by a cutoff A4, roughly
corresponding to the inverse spatial size of the involved wavefunctions, that can range from 1
to 100 nm according to the considered system. Clearly, this cutoff is not needed if one uses the
expressions in Eq. (2.51), that contains all orders in q. Based on the approximations 2.52 and 2.53
one can estimate that the corrections entailed by an asymmetry of the states |a) and |b) are of order
(Aglraal)? and (Aglrps|)?. Notice that the asymmetry corrections compete with terms of order
(Ag|rap|)?, representing the first corrections to the point-dipole result, and are not characterized by
a definite sign.

We have expressed a light-matter interaction Hamiltonian in terms of the Green tensor propagator, in
anovel approach that avoids the usual divergence related to the approximation of a point-like atomic
quantum system. The divergence was lifted via the inclusion of the wavefunctions, providing in this
way a natural cutoff for the system investigated. The analysis focused on the determination of the
decay rates and energy shifts of the bound states of an “atomic” system, which have been obtained
under general assumptions. The most important among these assumptions is the hypothesis of
homogeneous and isotropic media. We also discussed how to extend the theory to more general
situations. In [[97]] the general result obtained are applied to the decay rate as a function of the
asymmetry of the system and the absorption of the medium showing that asymmetry can yield
small but detectable deviations with respect to the symmetric case. In the next section we introduce
the effect of the asymmetry in the Rabi model.

Beyond the Rabi model: light interactions with polar atomic systems in a
cavity

In quantum optics, the Rabi model accounts for a coupling of a single electromagnetic mode with a
two-level atomic system characterized with inversion symmetry. The coupling occurs via two types
of terms. The usually dominant resonant terms describe energy exchange between photonic and
atomic excitations. The so-called counter-rotating terms are typically much weaker. They account
for a simultaneous emission or absorption of a pair of excitations, one in the atomic system and one
in the electromagnetic mode. In the electric-dipole approximation, these interaction terms arise
from the coupling of the electric field with an induced transition dipole moment. If the inversion
symmetry of the atomic system is broken, it becomes polar, which means that its eigenstates may
acquire permanent electric dipole moments. As a consequence, a third type of terms describing
light-matter interaction arises, related to the coupling of the permanent dipoles to the electric
field. In this work, based on the time-independent perturbation theory, we compare light emission
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Figure 2.2: Artistic vision of the system under study: a two-level spatially asymmetric atomic
system in a lossy cavity. The annihilation and creation operators a and a for the lossy cavity
system, and analogously the annihilation and creation operators r and ' for the reservoir. The
decay rate I of the cavity system is ruled by Eq. 2.66.

intensities induced by the three types of terms. The analysis reveals that the emission strength
related to the existence of permanent dipoles may surpass the one due to the counter-rotating
interaction terms, but usually is much weaker than the emission due to the main, resonant coupling.
This ratio can be modified in systems with a reduced dimensionality or through engineering of the
density of electromagnetic states of the environment, as we demonstrate with a Lorentzian example.

Rabi model

The Rabi model is the fundamental model in quantum optics, which describes the coupling of a
two-level system and a bosonic field mode [98]. The model extends beyond the simpler Jaynes-
Cummings interaction, in which the energy is exchanged between the atomic excitation and a
photon, such that creation of a photon is accompanied by annihilation of the atomic excitation and
vice versa[99]. The Rabi model additionally accounts for the less intuitive processes of pairwise
creation or annihilation of excitations in the atomic and photonic subsystems. The probability
of these processes grows with the light-matter coupling constant and becomes significant in the
so-called ultrastrong coupling regime, in which that coupling constant becomes comparable to the
energy of the system [100]. Numerous experimental realizations include superconducting systems
[101, 102] quantum wells [103, 104], photonic waveguide arrays [105], molecular ensembles [106],
cold atoms [107], etc. In all these systems extension beyond the Jaynes-Cummings interaction may
lead to considerable modification of the physics of the system: in particular, to a ground state with
a nonvanishing number of excitations, squeezing dynamic, and a significant modification of the
spectra [108, 109, 98]. Remarkably, analytical solutions of the Rabi model have been developed
only in the last decade [108, 109].

The Rabi model describes the light - matter interaction scenario, where electromagnetic field
induces transitions between the eigenstates of the two-level atomic system. A particular mechanism
is related to a coupling of the electromagnetic radiation with a transition dipole moment element
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induced between a pair of atomic eigenstates. However, simple two-level systems may sustain
much richer physics, beyond the traditional Rabi model: a particular example is a coupling scenario
where the electromagnetic field introduces energy shifts of the eigenstates rather than transitions
between them [110, 111]. A simple realization exploits atomic systems with permanent dipole
moments e.g. polar molecules or asymmetric quantum dots. Due to the interplay of permanent and
induced electric dipole moments, polar systems are a playground where rich physics of light-matter
interactions can be realized: polar quantum systems have been proposed for THz radiation sources
[110] based on quantum dots [112] or molecular ensembles [113]. They can be exploited for
squeezed light generation [114, 115] and they support nonlinear optical absorption [111]. Recently,
the impact of spatial asymmetry of a quantum system on its spontaneous emission properties has
been investigated [97].

Said works just sketch the plethora of possibilities provided by asymmetric quantum systems that
simultaneously support light-matter interactions through three mechanisms. These correspond to
the Jaynes - Cummings terms and the counter - rotating terms, both involving the transition dipole
moments of the atomic system, and the scenario based on its permanent dipoles. For numerous
applications given above it is essential to identify conditions in terms of experimentally tunable
model parameters where different contributions make a significant influence on the system’s optical
response. This is our goal in this work. We study the relative impact of the three contributions and
demonstrate with simple examples the possibility to tune it with density-of-states engineering. Our
analysis follows the methodology introduced in Ref. [116], but extends it to include all the three
interaction mechanisms.

Hamiltonian of the system

Let us consider a two level system with a ground and excited state denoted respectively as |g),
le), separated with energy 7i@,. The system is described by a set of Pauli operators o = |g)(e|,
o, =|e)(g| and o, = |e)(e| — |g){(g|. The two-level system interacts with a single electromagnetic
mode with an annihilation operator a. The Hamiltonian H of the coupled system can be divided in
two parts

Hine = Hyc +V. (2.54)

The first term is the Jaynes-Cumming (JC) Hamiltonian [99]
; ,
Hm:h@wa+hfqﬁﬁg@na+faJ (2.55)

where gg is the coupling strength between the parties of the system through the resonant JC channel.
The following analysis could be performed without specification of the coupling mechanism.
However, we will interpret the model for the physically important case of electric-dipole coupling
in a rectangular cavity, for which gg = —d., - €/h®./2€yV . Here, d.g = —(e|d|g) stands for the
off-diagonal element of the electric dipole operator d of the two-level system, € is the polarization
versor, & denotes vacuum electric permittivity and 7 is the quantization volume.

The term V of Eq. (2.54) accounts for the interaction of the two-level system and the electro-
magnetic mode through the counter-rotating (CR) mechanism and the diagonal-dipole mechanism

V' = Hcr + Hgiag, (2.56)
Hcg =hgr(0ra’ +0_-a),  Has=hgs(o:+1)(a+a'). (2.57)
with gg = —dee - €+/h@./8€ YV, proportional to the diagonal element of the dipole moment operator.

Note that the expectation value of a dipole moment operator described only by off-diagonal elements
degle) (8| +d,|g) (| may be nonzero only at presence of transitions between the eigenstates that
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may be induced with external electric field. Therefore, these elements correspond to induced
transition dipoles. Contrary, the diagonal element describes the permanent dipole moment of
the excited state. Here, we have assumed for simplicity that the ground state does not sustain
a dipole moment: ‘dgg‘ = (, but the analysis can be generalized in a straightforward manner to
include this quantity and will not lead to qualitatively new effects. Notably, permanent dipole
moments are sustained by polar systems, i.e. systems without inversion symmetry [110]. For this
reason we will refer to the last Hamiltonian term as the “asymmetry term” and mark it with the AS
subscript. Finally, note that while the Hamiltonian Hjc preserves the number of excitations, Has
(Hcr) describes a modification of this number by 1 (by 2).

Perturbative analysis

In the following analysis we will treat V' as a perturbation with respect to the system Hamiltonian
Hjc. The eigenvalues of Hjc are

s 1 c— Wa 2
EO _ e, (n_ 2) +sh\/(w4w> +ngl (2.58)

for s = %1, and the eigenstates are

n§°)>:A;|g;n>+B;|e,n—1>, (2.59)
with
ENO —ho. (n—1) — hew, /2
AS = . , (2.60)
\/(E,‘;(O) —hw.(n—1)— ha)a/2> +h’gn
B = igryn : . 2.61)
\/ (E,i<°> —hwe(n—1) — ho, /2) +Hg3n
The pair { n§°)>} . defines a manifold &jc (n), which is the set of the states with the same
5=

number of the excitations (see Fig. 2.3). We denote it with the JC subscript, since the notion of the
manifold will be generalized in the perturbed picture.

In the perturbation Hamiltonian V, the counter-rotating term Hcg is described by the same coupling
constant gg as the interaction term of the unperturbed Hamiltonian Hjc. However, the transition
rates due to Hcr are much smaller since we assume to work far from the ultra-strong coupling
regime gg < ®. Therefore, the perturbation theory approach is justified for up to moderate
coupling strengths, as we show later on. We characterize the modified eigenstates with the time-
independent perturbation theory up to the second order, with the wavefunction expansion given by

Ing) = n§0)> + ’n§1)> + n§2)>. The first-order correction reads
VO(S VO!S
)= XX )= ), (2.62)

o
m#n 0==x ~nm nm

where Ej = ES? —EX and Vs — <mg)) \V|n§0)>

V.o =higr <\/n —1BJAY »0mn—2+Vn+ lAf,B,OI‘HBm’,Hz)

+20g BB, (Vi =181+ V/1Bi1 ) (2.63)
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The above equation shows that the perturbed eigenstates include admixtures of states withm =n=+1
coupled by gg and of states with m = n 42 coupled by gg, which follows directly from the forms
of the Hyjag and Hcr Hamiltonians. Including the second-order correction leads to

m=(-r (E))

Based on the above result, we define generalized manifolds & (n) as the pairs{|ny) },_, . According
to the 2nd order perturbation, the eigenstate |n;) includes superposition components with different
numbers of excitations {n,n+1,...,n+4}, while the label n refers to the central component,
which is by far the leading superposition component for weak enough coupling strengths gg s, for
which the theory is applicable.

The correction V does not perturb the eigenvalues at the first order, because Vi = (n,|V|ng) = 0.

Up to the second order, the energy eigenvalues are £, = E;i(o) + Ei(l) + Ef,( ), with En( ) — 0 and

kg?>> . (2.64)

L E (er )

=t EF 8

-~y Z (ij’f) _ (2.65)

k#n j= nk

Inclusion of the second-order corrections provides us with a method to estimate the range of validity
for the theory, as described related section.

Outcoupling

In this section, we assume the cavity mirrors to be semi-transparent, so that the cavity photons
described by a may exchange energy with an external reservoir mode r at a rate I'. This approach
follows directly the reasoning in Ref.~[116].

Hey = hl"(arJr + a?r). (2.66)

This Hamiltonian effectively models losses, since we assume the reservoir mode to be in the vacuum
state |0).
The Fermi golden rule allows us to find the emission spectrum into the reservoir mode,

S@ =Y. Y |(fo, 1rlHex|ir,0)| L () 2 (), (2.67)
la¢:i ll~j¢
1 h
Li(0) = Y

2717( o) +(%02'

We include contributions from all |i;) — |f) transitions such that |i;),|fs) € {|n)} and Eil(o) >

E}D(()). To evaluate the contribution from a given pair of states, the corresponding transition element

|(fo, 1r|Hex|ir, Or) ‘2 must be weighted with the Lorentzian distribution Lg (@) which accounts
for the emission linewidth 7y due to the finite lifetime of the cavity photons. Here, Ell;f =E! - E;f
and () stands for the density of reservoir states. Since we fix the initial and final states of the

reservoir, we can simplify

(o, 1R|Hex i, 00) | ~ | (folali)|* = ’aj’i‘, (2.68)

o1)?

and obtain ‘a til as the relevant quantity that contributes to the emission rate.
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We now define a transition rate PJ? ; that accounts for the emission through a given transition in a
certain spectral range 0 ®, which covers the emission bandwidth y
2

PO =" [ [(fo, 1klHexlit, 0r) " Lyi (@) 2 (@) doo. (2.69)
’ h Jso

Next, we assume the density of states which corresponds to a free space & (w) = (%)p T or
where L is the quantization length and p = 0, 1,2 is the Jacobian exponent related to the dimension
d = p+1 of the system. For a sufficiently narrow transition ¥ < ®, which can be safely assumed

for a great majority of systems, the density of states can be approximated as a constant value across
P
the transition bandwidth y and replaced by Z(0) ~ (ho)? ~ (E ”p)

if
P¢l o o1
Hi /6(0 af’i

We now evaluate the transition amplitude a?}i. At the 0—th order, we find directly from Eq. (2.59)

(S01alil” ) =cf' 81 = (VIAlAL +Vi— BB ) 67101, @.71)

bl

2 2 p
Lyi (@) (ho)" do ~ |f), (El}?) . (2.70)

This equation shows that only transitions between two subsequent excitation manifolds &jc (i) and
&c (i—1) are allowed in the Jaynes-Cummings model, as expected. Our goal is to analyze the
emission probability via Eq. (2.69) when the eigenstates are corrected by the perturbation term V in
Eq. (2.56) and the spectrum is defined in Eq. (2.58). In the perturbed expression for a% = < folaliy >
that is in the eigenstates |ny), we consider all the correction terms up to the second order in the
coupling strengths gg and gs. Using Vi, = 0, we find

2 2
yor Va(p yo 2 Vq)[x 2
.2 f+li ¢a +1,f ik fk l
[(folalin)|” = | g+ —ga=ef| + i 1—<€m> | o) |l
if+1 Efitl ik Erx

i i ba g kT o B

ag / af B¢
voByB Viiiver o VIV
+2C?l< zlla li C¢06+ ) ki o i—1,07 i ot )
€ & € k-1 Cik i—1,i—1€i-11

(2.72)

Inclusion of the perturbation Hamiltonian allows transitions to new manifolds. A close inspection
of the form the perturbation Vin Eq. (2.63) combined with the above form of |{ fy|ali,) ‘2 reveals
that transitions between & (i) — & (f = i) and & (i) — & (f =i —2) are due to the asymmetric
Hamiltonian Hag and the transition between & (i) — & (i — 3) are due to Hcr. The latter would
also give rise to & (i) — & (i+ 1) transitions, which are suppressed in a vacuum reservoir mode r.
One might argue that this fact suggests a stronger contribution comes from the diagonal coupling
than the counter-rotating terms because the former involves closer manifolds, hence is energetically
more favorite. On the other hand, the transitions at higher frequencies contribute with an higher
intensity due to the increased density of states &?. Therefore, we need a quantitative comparison
which evaluates the spectrum and highlights properly the behavior in different regimes.

Result

In this section we analyze the transitions showed in Fig. 2.3, with a special emphasis on the ones
induced by the perturbation Hamiltonian Has and Hcr. We will investigate relative emission
strengths of transitions that origin from different Hamiltonian contributions in function of the
coupling constants gg 5. We also estimate the range of applicability of the theory.
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Figure 2.3: The first 4 bunch of transition are allowed by Hjc, as express in Eq. (2.71). Interestingly
new 5 transitions are opened by Hg in violet. The O-th order enable transition for f =i— 1, and
symmetrically Hs enable new decay for f = i,i —2. The transitions due to the counter rotating
Hamiltonian Hg enable transitions for f =i+ 1,i — 3. Of course f cannot be equal to i + 1 for the
energy conservation, implicitly written in the Fermi golden rule. The three thicker lines will be
studied in more details in the next subsection.
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Figure 2.4: Energy spectrum from Eq. 2.58depends only on gg/@. with n = 10, for the resonant
case @, = @, (a) and far from the resonance case (®, — @,) /@, = 0.2 (b). Around gg = 0.16®,
on the left or gg = 0.19w, on the right indicate the first energy crossings according to the JC model.
For coupling constants beyond these values the structure of the energy ladder from Fig. (2.3) is not
preserved.
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Figure 2.5: Emission spectra (arbitrary units) from the initial states |10,) (blue) and |10_) (orange)
for the three- (a) and one-dimentional space (b), respectively sustaining densities of states @” with
p=2(a)and p =0 (b).

Fig. 2.3 depicts the thirteen allowed transitions from a selected manifold & (n), corresponding
to different parts of the Hamiltonian, connecting respectively the & (n) — & (n— 1) manifolds
(the JC interaction term, green arrows), & (n) — & (n) and & (n) — & (n — 2) manifolds (the AS
Hamiltonian, purple arrows), & (n) — & (n — 3) manifolds (the CR contribution, red arrows).

The transition frequencies will naturally depend on the coupling strength gg, as already follows
from the Jaynes-Cummings theory, and weakly on gg through the second order perturbation [Eq.
(2.65)]. The Jaynes-Cummings energy structure is shown in Fig. 2.4 for the states from n = 7 up to
n = 10 manifolds, both in a resonant ®. = @, and detuned case @, — @, = 0.2w,.. In the Appendix,
we argue that the range of applicability of the theory is limited by the first crossing of the states
with energies below the initial state, which sets an upper limit on the coupling strength gg. An even
stronger limit is imposed by a normalization condition for the eigenstates (see the Appendix).

According to Eq. (2.67), the emission spectrum includes a set of approximately Lorentzian
peaks. In Fig. 2.5 we separately plot spectra for the initial states |10, ) (solid blue line) and |10_)
(dashed orange line), for the resonant case @, = @, and fixed coupling strengths gg = g5 = 0.1@,.
The spectra are plotted for two different densities of states & ~ @? [Fig. 2.5(a)] and & = const.
[Fig. 2.5(b)]. The single low-energy peak around @ = 2+/10gg ~ 0.63®, corresponds to the
|104) — |10_) transition induced by the inversion-symmetry breaking of the two-level system
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and might unveil applications for low-frequency-sources. Therefore, its tunability is an important
feature: the position of this peak depends on gg, i.e. on the system’s permanent dipole moment
d.. and on the field strength in the cavity related to the number of photons. In the classical limit,
this provides the tuning possibility with the field amplitude [110]. Additionally, tuning could
be achieved through orientation of the permanent dipole moment of the two-level system with
an external DC electric field [113]. Around @ = @, we recognize the Mollow triplet that arises
from the JC interaction. Similar structures are repeated around @ = 2, and ® = 3®,, arising
respectively from the AS and CR Hamiltonian perturbations. Note that the positions of sidebands of
the Mollow-like triplet around 2@, are related to the diagonal dipole moment and will accordingly
be modified if gs is tuned. We emphasize that all the peaks including the Mollow-like sidebands
can be resolved in the spectra. In particular, even though the low-energy peak usually corresponds
to the weakest transition intensities, it appears on top of a correspondingly suppressed background.
In consequence, the signal-to-noise ratio is found comparable for all emission peaks. Below we
analyze the intensity ratio of different peaks depending on the coupling strengths of the model.

We study three selected transitions representative for each Hamiltonian contribution, highlighted
as thick arrows in Fig. 2.3: for the Jaynes-Cummings term we select the [104) — [9..) transition,
for the diagonal coupling term - the [104) — |10_) transition, for the counter-rotating term - the
|104) — |7-) transition that corresponds to the highest frequency. In Fig. 2.6(a), we plot the

squared amplitudes ‘< Jo ]a|il> ‘2 which determine the transition probability in the one-dimentional
case p = 0 [Eq. (2.70)]. The squared ampitudes are plotted separately for each of the considered
transitions. As anticipated, the contribution due to the Jaynes-Cummings interaction is the leading
term, overcoming other terms by several orders of magnitude for the investigated range of the
coupling strengths gg. The JC contribution itself weakly depends on gg, though, which is also
expected: the set of perturbed eigenstates {|n)} which are used as a basis closely corresponds

to the Jaynes-Cummings basis ]n(io )> }, from which it weakly deviates for large gg. The purple

(red) lines in Fig. 2.6 correspond to squared amplitudes for the selected transitions induced by
the AS (CR) Hamiltonian, respectively. Results obtained for different values of gs = gg, %, ]%
are presented. We confirm the intuition suggested at the final paragraph of the previous section,
that for equal coupling strengths gs = grthe term induced by the diagonal coupling overcomes
the counter-rotating contribution. Both terms share the same linear scaling with their respective
coupling strengths gs or gg, so naturally as we decrease gs, the squared transition amplitude |a;,~ 2

is suppressed proportionally.

This simple linear scaling is slightly modified in the detuned case, in which the slopes change
(@ — )
2y/n
that in this case the contribution of both perturbative terms is suppressed with respect to the resonant

result. However, for relatively small coupling strengths gz < 4 x 1073 @, the terms corresponding
to the asymmetric contribution still dominate over the ones due to the counter-rotating Hamiltonian
even for reduced gg ~ 0.01gy.

around gg ~ . An example for a strong detuning w, = 0.8@, is shown in Fig. 2.6(b). We find

For a wide range of the coupling strengths, the squared transition amplitudes induced by the part of
the perturbation related to the asymmettry dominate over those originating from the counter-rotating
term. However, the transition probability in a p + 1 dimensional space is rescaled by the density of
states ~ (El-‘ — E}p)p Therefore, in 3D the low-energy transitions will be suppressed, while the
high-energy component from the counter-rotating contribution to the Hamiltonian will be relatively
increased. This rescaling is observed both in the resonant and off resonant case in Fig. 2.6(c,d). In
the off-resonant case we note that the for equal coupling strengths gg = gg the terms that origin
at the diagonal-coupling still dominate over the counter-rotating ones, despite the latter are by far
more energetically favorable.

Rescaling of the transition probabilities between the one-dimentional [Fig. 2.6(a,b)] and three-
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Figure 2.6: Rescaled transition rates for densities of states corresponding to the 1D environment
[p =0, &£ = const., panels (a,b)], 3D [p =2, & ~ ©F, panels (c,d)] case, as well as for a
+=) and with a quality factor y/ @, = 104 [panels (e,f)].

Lorentzian cavity resonant at i@, = E;;
For p = 0, the result corresponds to the squared transition elements| < folaliy > |2. Colors indicate
different transition mechanisms: the Jaynes-Cummings transition [10,) — |9.) is shown in green,
the counter-rotating term [10) — |7_) in red, and the transition driven by the diagonal coupling
|104) — |10_) in violet for 3 values of the diagonal coupling strength g = gg,gr/10,gg/100.

Results are shown on resonance @, = @, (a,c,e) and in a detuned case (0, — ®,) /@. = 0.2 (b,d.f).
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dimentional cases [Fig. 2.6(c,d)] demonstrates the possibility of tailoring the output by density
of states engineering. To highlight this point further, we insert the entire system in a single-
mode cavity for which we assume a Lorentzian density of states, centered at the low-energy
transition frequency ey = E;.r*(o) and of full-width at half-maximum }.x; = 10™*@,. A cavity with
comparable parameters can be realized in photonic crystals [117] that provide 1D or 2D photonic
environments, in whispering-gallery-mode resonators [118] or, with smaller quality factors, using
metamaterials [119]. Here, the cavity is tailored to emphasize the strength of the low-energy
transition [n) — |n~) for the cost of suppressing other transitions. Indeed, as demonstrated in Fig.
2.6(e,f), this is successful both in the resonant case and for the strongly detuned one.

For the above analysis we have selected only one exemplary transition of the Jaynes-Cummings,
diagonal-coupling and counter-rotating groups, corresponding to different-color arrows in Fig. 2.3.
In Fig. 2.7, we demonstrate the total transition rates } ¢ 4 Pﬁ TO in each group, assuming a fixed initial
state |i,) = [10,). According to the notation in Eq. (2.69), the green line corresponds to the Jaynes-
Cummings transitions P9Jf f{) + Py f(’), the purple line - to the diagonal coupling PS"T f{) +F f{) + Pl_()jiO’
and the red line - to the éounter;rotating contribution P7Jf o+ P f[). We find that, as expected, the
higher-energy contributions from the asymmetric Hamiltonian H s around 2@, are strong enough
to overcome the ones induced by the counter-rotating terms. This can be also seen from Fig. 2.7(c),
in which we resolve different contributions induced by Hags in the decay from the state |10,). The
difference between the two perturbative contributions becomes even smaller in the detuned case, in
which all the perturbative terms are suppressed, as can be seen from panels (b,d) in Fig. 2.7.

Validity of the perturbative approach

In this section we verify the range of coupling strengths for which the perturbative approach
applied in the main text is justified. Naturally, the condition is that the perturbation corrections
to the energies are small with respect to the energy differences, and that the perturbation series
converge both for the perturbed energies and the states. This is not the case around the energy
crossings, where some of the series terms diverge. To identify the applicability range of the
approach, we therefore perform two tests: we verify 1) preservation of the energy structure and 2)
the normalization of the states.

Preservation of the energy structure

The structure of energy levels is preserved if the coupling strength gg is small enough to avoid
energy level crossings. Otherwise, a level crossing gives rise to divergent resonances which are not
physical but they are artifacts of the theory: the energy differences in the denominators in Eq. (2.64)
vanish and the expression diverges. The positions of the energy crossings depend on the initial state:
in the following examples we choose [10") as the initial state, for which the first relevant crossing
appears between the energies of states [107) and [97). Its position depends on the atom-cavity
detuning: on resonance @, = @, the crossing appears around gg/®, = 0.15, and blue-shifts as the
cavity red-shifts from the atomic transition. That dependence is visualized in Fig. 2.8. Note that for
a strong blue detuning of the cavity @ < ().5, the level ordering in the ladder structure from Fig.
2.3 is reshuffled and the analysis in th1s regime would have to be done independently.

Preservation of the ladder structure is just the necessary condition for the following analysis.
In practice, the denominators in the coefficients in Eq. (2.64) can get arbitrarily large in close
proximity of the crossing point, i.e. for gg crossing — g < 0. This condition defines the parameter
region for which the ladder structure is correctly represented in Fig. 2.4, and yields that the coupling
strength must be strictly smaller than a threshold value gg crossing — 0. We deem the distance 8 to
be safe if the energy difference of the states responsible for the first crossing (in the illustrated
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Figure 2.7: Total transition rates for each Hamiltonian contribution and for a fixed initial state
|10™): rate of the Jaynes-Cummings transitions P9J’r f{) + Py f(r) (green), diagonal coupling mechanism
Pglo+ Py 10+ Pigh (violet), and the counter-rotating transitions P}, 4-P; 1f, (red) on resonance (a)
or for the detuned case (b). Individual contributions to the diagonal coupling are resolved in panels
(c) - for the resonant, and (d) - the detuned cases, where the solid line represents the low-energy
transition rate Pfoﬁo, while the dashed (ng 1) and dotted (Pg. 1o) lines correspond to the transitions

around 2@,.
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Figure 2.8: The black line corresponds to the position of the first level crossing in function of the
relative energy of the atomic system and the cavity mode. The figure corresponds to the initial state
|10™). The black point corresponds to the first crossing in the left panel of Fig. 2.4. The structure
of Fig. 2.3 is preserved in the part of parameter space shaded in grey. and the validity of our model
is a subarea in blue where we consider the 10% of the energy difference without any coupling
(gr = 0). This analysis does not depend on ggs.

example: Efo(o) — E9Jr (0)) for a given coupling strength gg is larger than 10% of its value for gz = 0:

E” (gr) —Ey ¥ (gr) <

and the equality is achieved for gg = gr crossing — 0. Safe parameter space defined in this way is
shaded in blue in Fig. 2.8.

Preservation of state normalization

The state norm is approximately preserved for a set of model parameters sufficiently away from
an energy crossing. For the cases investigated in the main manuscript, the first energy crossing
among the investigated states appears for those corresponding to the highest manifold. In Fig. 2.9,
we plot the norm of the state [10.) in function of gg = gg. A clear divergence appears for the
coupling strengths approaching 0.14,, which results from a crossing involving higher manifolds,
in this case up to & (14). The vertical line in the figure indicates the limit for the coupling strengths
considered in the main text.

In conclusion we have applied the 2nd order perturbation theory to investigate the emission proper-
ties of a two-level system coupled to a single-mode electromagnetic field, including interaction
channels based on the Jaynes-Cummings, counter-rotating and asymmetry-related contributions. In
the electric-dipole interaction mechanism, the first two arise from the coupling of the field mode
with the induced transition dipole moment, the latter requires a permanent dipole characterizing
the system’s eigenstates. Light-matter coupling with permanent dipoles gives birth to additional
emission peaks. We have demonstrated that even though at some frequencies the asymmetry-related
contribution is weak in relative terms, the signal-to-noise ratio is comparable for all emission peaks.
Moreover, the relative strengths of the emission peaks can be modified with a suitable photonic
environment, as we have discussed for 1D systems and for a Lorentzian cavity. In the latter example
we have shown that for cavity parameters that lie well within the range of experimental capabilities,
the asymmetry-related emission channel may even dominate in absolute terms.
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Figure 2.9: Norm of the state |10,.). For coupling strengths around and above gg > 0.1®,the norm
deviates from 1, which is an indication of breakdown of the perturbation theory.

Future research: the role of the environment and canonical derivation

In the analysis of section 2.1 we solve the problem of the divergence in the longitudinal component
of the Green tensor propagator as discussed after Eq. 2.27, using the spatial extension of the
wavefunctions which provide a natural regularization of the integral momenta of the quantum
system surrounded by a continuum dispersive medium. However we can also solve the problem
considering a point-like quantum system and regularize the continuum dispersive medium such that
at higher frequencies the coupling with the quantum system is vanishing. Indeed, at this regime the
theory doesn’t work because the discretization of the atoms in the medium becomes relevant. In the
following, we suggest how to implement this idea.

We implemented the phenomenological effective Hamiltonian in Eq. 2.15. However, starting from
first principles of QED we can rewrite the creation and annihilation operators f' and £ in terms of
the noise polarization[87, 120], as follows

Py(r,o)=i h—;oe, (r,o)f (r,o), (2.73)

where g (r,®) = Ime (r, ®). The quantity rise up in the expression of the polarization due to the
presence of the bound charge in the macroscopic treatment of Maxwell equation, in the expression
of the polarization as a transfer function of the medium in the presence of an electric field[121]

Py (r,1) = / /0 X (8, E (r—s,i — 1) dtd’s+ Py (1) 2.74)
P, (k,w) = &g (k,0) (E (k,0) — 1) + Py (k, ), (2.75)

with € (k,0) = 1+ x (k,®) and the latter equation is the Fourier transform of the former. The
susceptibility ) of the medium is the response function, and it is convoluted in space and time
with the electric field E. Notice that there not exists an analogous term Py, in classical physics
where we do not applied the same concept of vacuum. Nonetheless, according to fluctuation—
dissipation theorem of classical statistical physics [2, 3], the fluctuation spectrum of a physical
quantity f can be related to the imaginary part of the susceptibility. Denoting classical fluctuations
by APy = Py — (Py),, (the noise terms vanish on the classical average (Py)[121]) the fluctuation
and dissipation theorem (Fourier transform only in time) reads

(APy (r, @) AP (F,0/)) = "0 gl (r, @) 3 (r— #') 6 (0~ o) (2.76)
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with (kp: Boltzmann constant; 7: temperature). The imaginary parts of the response functions
determine whether the medium is absorbing or amplifying. We only consider absorbing media for
which y (r, ®) has a positive imaginary part. The above equations thus reveal the intrinsic con-
nection between fluctuations and absorption: fluctuations are necessarily present in any absorbing
system at non-zero temperature. Note that the classical fluctuations vanish in the zero-temperature
limit.

On the other hands, for a system prepare in a quantum state |y) of an appropriate Hilbert
space, the quantum average observable is given by (Py) = (y|Py|y), where now Py is an operator

acting on such Hilbert space. Its quantum fluctuations can be calculated according to <(APN)2> =

<P12\,> — (Py)?, with APy = Py — (Py). Then we have that the noise polarization vanishes on its
grounds state average (Py) = 0 and its fluctuations ruled by the fluctation-dissipation theorem is

(7 (aPy (r, @) AP (F,0) ) ) = %solmx (r.0)8(r—r)8(0—o) @.77)
with . (ab) = % (ab+ ba) denotes a symmetrised operator product. Note that the average thermal
energy kg1 appearing in the classical fluctuation-dissipation theorem has been replaced with the
quantum ground-state energy %ha) of a bosonic system. The use of a noise polarisation with a
spectrum governed by (2.77) is known as Rytov theory [122], it lies at the heart of Lifshitz’ s
famous calculation of the Casimir force [123].

The imaginary part of the longitudinal Green tensor propagator for a non local susceptibility in Eq.
2.23 becomes

_ A g &g, 0)

Al
ImG' (q,0) = — +— (2.78)
a g1 |e (q.0)
In the relation of the permettivity we propose our model of suscptibility xo
ek,w)=1+xk o)=1+x(k, o) (2.79)
such that
k2
Xo (k, @) = (%0,r +i%0.1) €xp <—kQ> : (2.80)
M
This provide a convergent integral of with a cut-off paramenter ky;, as follows
- 2> Sx0(0,0) 2k
ImG', (p, ®) = 200.0) 2Ky &;(1+0(pY). (2.81)

(2r)* |1+ 0 (0, @) 3V7

Here pis the relative distance between the positive charge at the origin and the relative negative
charge.

In the end, one should be rigorous to derive the commutation relation of fand f i starting from the
Lagrangian and applied the Fano diagonalization on the Hamiltonian obtained by the Legendre
transform similarly to Ref [90].
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“Building imaging setups via imagination: noise (fluctuation of source) becomes a resource’

(Watchmen)

In this chapter we introduce the basis of optical coherence theory which, deeply involves
correlation functions to establish new methods for imaging. In particular, we discuss the working
principle of the imagine technique called Correlation Plenoptic Imaging (CPI), focusing our
attention on the case based on classical correlations between intensity fluctuations. The approach
originates from the principles of ghost imaging with chaotic light and entangled photons. We will
show that, in CPI, intensity correlation measurements between two spatially-resolving detectors
provide the imaging capabilities typical of a plenoptic device, namely, multi-perspective imaging
and refocusing. We characterize the signal-to—noise ratio for three experimental configurations
based on the CPI method. We also show an application for remote distance sensing. In the end
we discuss future research which has still a great unveil potential for the applications,as well as,
turbulence-free imaging and fundamental insights for Quantum Optics.

History and state of the art

In 1954, Robert Hanbury Brown and Richard Q. Twiss introduced the intensity interferometer,
applying an idea from the radio astronomy to the visible light range [124, 125]. The measurement
of correlations of light intensity, leading to counter—intuitive interference effects in absence of field
coherence [126, 127], has fostered the development of quantum optics [128]. In particular, the
second-order correlation measurement at the heart of HBT effect has been the working tool of all
entanglement-based protocols, from Bell’s inequality tests [16] to quantum-enhanced technologies
such as quantum imaging and lithography [129, 130], information [131, 132, 133, 134, 135],
and teleportation [136]. Even more astonishing, starting from the new millennium, many of
these effects have been replicated by exploiting the correlations of chaotic light [137, 138, 139,
140, 141, 142, 143]. Recently, novel schemes where second-order interference occurs effectively
between light propagating through two pairs of paths. The light beams are mutually incoherent.
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For more details, the theoretical suggestions are in Refs [144, 145, 146] and experimentally
realized in [147, 148, 149, 150] for both the temporal and spatial domain. The physics behind
this “second-order interference beyond coherence” phenomenon is very counter—intuitive and
requires a deeper understanding of second-order coherence with thermal light with respect to the
standard HBT paradigm [146]. On the other hand, this effect enables both sensing applications
[144, 145, 146, 147, 148, 149, 150] and the simulation of a C-NOT gate with a single chaotic
source [144, 145, 148]. In particular, in the spatial domain, it can be used for plenoptic imaging,
a recent established optical imaging technique, based on the idea of recording both the spatial
distribution and propagation direction of light in a single exposure, or to infer the feature of an
object, namely a distant double-slit mask, with respect to a reference double-slit mask [145, 147].
Future developments are going toward the experimental setup in turbulence regime. In particular,
interference was also tested in the presence of turbulence for a single mask [150].

Optical coherence theory

We discuss the properties of fluctuating electromagnetic fields, paying attention mainly to the
optical region of the electromagnetic spectrum. It seems hardly necessary to stress that every
electromagnetic field found in nature has some fluctuations associated with it. Even though these
fluctuations are usually much too rapid to be observed directly at optical frequency, one can deduce
their existence from suitable experiments that provide information about correlations between the
fluctuations at two or more space-time points. The simplest manifestations of correlations in optical
fields are the well-known interference effects that arise when two light beams that originate from
the same source are superposed at appropriate distance and controlled parameters to be visible.
With the availability of modern light detectors and electronic circuitry of very short resolving
time, other types of correlations in optical fields began to be studied in more recent times. These
investigations led to a systematic classification of optical correlation phenomena and the complete
statistical description of optical fields. The area of optics concerned with such questions is now
generally known as optical coherence theory[151].
Let us start from the description of the electromagnetic wave in the free space. Despite the
electromagnetic field has a vector structure and it should generally described with two perpendicular
polarization terms, for our purposes we assume that the polarization is not relevant and we consider
a complex scalar V
192

VvV (rt) = EEV (r,t). (3.1)
Physically, the scalar field is a fluctuation function of space and time that can be described via a
stationary appropriate ensemble. Since different frequency components of a stationary ensemble
are not correlated, it is sufficient to deal with one frequency component at a time, thus we can
assume that our ensemble consists of quasi-monochromatic components centered at the frequency
v with the spatial and temporal dependence factorized, i.e. V (r,t) = v(r)e>*"’, where v contains
the amplitude and the phase of the wave at the point r. Due to the value of optical frequencies, V
cannot be measured as a function of time, since optical periods are of the order of 10'°s, whereas
photoelectric detectors have typically resolving times of the order of 10''s. Mathematically
speaking, with the nowadays devices (V (r,7)) = 0. However, although one cannot study the rapid
time variations of the field, one can make measurements of the slowly—varying correlations of the
field at two or more space-time points, related the cross correlation function W or the Glauber
function I" that will be introduced later on (more details in [151]).
The statistical implementation of this average will be applied for the wavefield V on the source of
the light, as well as, on the emitters, because its propagation is deterministic and it comes from



3.2 Optical coherence theory 109

Eq.3.1. Hence, for monochromatic field with the dependence on the time factorized in a phase, the
Eq. 3.1 becomes

V2V (r) + K2V (r) =0, (3.2)

with k = 27V /¢, named the free-space wave number and c, the speed of light. We consider a field
that propagates along the z—axis and under the paraxial approximation, namely the field is measured
only for small angles around the z—axis. By replacing V (r) = v (r) ¢'** and neglecting the second
derivative of v with respect to z we obtain the paraxial equation

0o 9% 9?
2ik—+ ==+ |V(r)=0. 33

(‘ az+9y2+8x2) (r) 3-3)
Knowing the field in V (p),0), the value propagated at a distance z from Eq. 3.3 is determined by

the optical deterministic transfer function ¢ as follows

ik:
ke™™ iko—po? (3.4)

V(P2 = [ V(o0 (p—py) Epo. I (p—po) =5
However, to describe the propagation of the field emitted by chaotic sources, the result 3.4 can be
generalized to the case of a quasi-monochromatic random field V (p,,,0).

Now we know how the field is propagated. In the following we see what is the proper observable
for the second-order interference function.

As we have mentioned in the introduction of this chapter, interference is a measurement of
correlation, which is the key concept to achieve the characterization of the source. As a phenomena
related to the correlation, in the following we briefly recall what is the interference. Let V the field
at the coordinate (r,7) as a sum of two fields emitted from sources placed in the points r; and r; at
time #; and 1,, respectively

V(rt)= Y V(r,t—1), with t=[r —ri|/c. (3.5)
i=1,2

The instantaneous intensity is i(r,7) = V (r,1)V*(r,t) and the intensity that we measure [ (r,1) =
(i (r,1)) gives the law of interference

I(r,t) =1L(r,t—t)+ L(r,t —t) +2Re[(V(ri,t —1;)V*(ra,t —12))]. (3.6)
The cross-correlation function of the random processes V (ry,t) and V (ry,t) is
W(t)(ﬁ ,l‘1;r2,l‘2) = (V(r1 = tl)V*(rz,t — l2)> 3.7)

which is a modulation of the averaged intensity /; (r,7) and I, (r,t) rising up an energy redistribution
process.

The function W® (r1,t1;r2;12) is the main quantity of the elementary theory of optical coherence,
where the superscript points out the temporal dependence. Assuming that the optical field is
stationary, at least in the wide sense, and ergodic, then we can define also the cross-spectral
correlation density function as

<\7*(r1)\7(r2)>:W(rl,rz,v)S(v’—v), (3.8)

which comes from the Fourier transform of 3.7. Temporal and spectral spatial coherence are
characterized in terms of W) and W(V), respectively. In the first case, the dependence of the
correlation on the parameter ¢ or V is crucial, with the points in r; and in r, being coincident and
kept fixed; in the second case the dependence on the position of the two points is crucial, while, the
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Figure 3.1: Intensity distribution narrow and coherent typical of a laser beam (a), and broaden and
partially coherent source typical of pseudothermal light (b). Intensity distribution is a frame and a
speckle is intuitively defined as a part of the frame where the coherence light is uniformly bright.

time delay ¢ is kept essentially fixed. In other words, the correlation is restricted to a range that is
short compared to 1/Av. However, only in very simple cases one can sharply distinguish between
temporal and spatial coherence, whereas generally these two types of coherence are coupled (more
details in Ch.4 of [151]).

However, for our purposes, we consider only Eq. 3.7 at equal time #; = #,. The (ensemble) average
on the left-hand side is taken on the set of the different realizations of the field. More precisely, a
realization of the field is defined as a frame pattern which preserves its longitudinal coherence along
its path from the source to the detector (see Fig.3.1). Actually, we identify V as the appropriate field
variable such that the detector performs an average over a time interval that is long compared to the
time scales of the fluctuating field, i.e. long compared to the mean period and to the coherence time
of the light. Alternatively, the ensemble average of the intensity may be found from a succession of
measurements, whether the measurement times are long or short.

Considering a monochromatic planar source S to be z = 0 for convenience and defining p = (x,y)
as the two-dimensional transverse coordinate, the cross-correlation functions from Eq. 3.7 is

Ws(p1,P2) = (V(P1,0) V" (p2,0)) = (Vs (P1) Vs (P2)) - (3.9

We can always think Ws like the geometric average of the intensities from the points p, and p,
weighted by an adimensional function g which depends on the difference between p, and p,,
therefore we write

Ws(P1,P2) =1\/Is(P1)Is(P2)g (P1,P2)- (3.10)

The intensity Is (p) = (Vs (P ;) V5 (p,)) is the average value of the distribution is (p) = Vs (p;) Vs (P,)
represented in Fig. 3.1 and g, the complex degree of spatial coherence of the field across the source
satisfying g (0) = 1. Here, we make the hypothesis that V (r,7) = v (r)e'®("), namely the amplitude
of field is deterministic with a random phase, and that g depends only on the distance of the
transverse coordinates p; and p,, it can be expressed as

g(p—p,) = <ei<<p<p2>f¢(p1>>>. (3.11)

The phase ¢ is a complex function. With the dependence on the difference we are saying that only
in a neighborhood of p, there is correlation. For a lighter notation let us call ¢ = @ (p,) — @ (p;).
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Therefore, the expansion in series centered at p, yields

() =1+i} <ai¢

I=x,y

1
—22<8j¢8,-¢

iJ
i
+2;<9j9i¢

here the summation is assumed on the planar component of p, p,. Now, we assume that ¢ has a
random phase, and also its variation is random, then the second term

<8l-(]) > =0. (3.13)
Pr=p,

We also assume that the phase is homogeneously random, therefore also the last term is vanishing.
The remain terms can be rewritten as follows
2 2 2
(02 —x1)"+ (049) (y2=y1) >
P2=P; P2=P1

(&) =1—§<<ax¢>2
><xz—x1><y2—y1>+o((pz—p1>2)

>(P2—P1)l~ (3.12)
P2=P,

>(P2_p1)i(p2_P1)j

P2=pP

>(pz—pl),-(pz—pl)ﬁo((pz—pl)z),

Pr=p,

- <ax¢ay¢

P2=p;

Now, an isotropic hypothesis implies <(8X¢)2> = <(8y¢)2> =0, 2, and the hypothesis of inde-
pendence of variation along orthogonal direction gives us (¢, @) = (x¢) (dy¢) = 0. Finally,
neglecting higher order terms we have

2 2
g(Pl—Pz):l_M"'o((Pz—Pl)z)ﬁeXP <—<p2_p1)> (3.14)

2
20'g 20g

Here, the expression of g reflects the idea that close emitters on the source have non-vanishing
relative phase. In addition, from Eq. 3.10 we take Gaussian source profile

P3
e 297 f"—zz
J— — 20,
Is(ps) =Isyroze e(p)=e 7. (3.15)

This is known as Gaussian-Schell model (see details in[152]). Here, I := Is (0) is the intensity
peak, o; defines the effective width of the intensity profile and oy, the transverse coherence length
of the relative distance p between two points. Combining Egs. (3.9,3.10,3.15) the field Vs (p,) at a
point p on the source, Eq. 3.10 assume the following fashion

_p 2 (Prgé)z

Ws (Ps,P5) = (Vs(p,) Vs (p,)) =Ise *Te *Te 2% (3.16)

The equation (3.16) fully entails the characterization of the statistical model of the source, and since
the propagation is deterministic, of the entire following treatment. Moreover, the choice of the
Gaussian profile source is particularly useful, because it is preserved also for the observable that we
measure by means of the detectors through Eq(3.4). In particular, more than the mutual coherence
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function W, we are interested to measure on the detector the correlation intensity fluctuation I' that
is defined as follows

L (ri,r2) = (Ai(r1)Ai(ry)) . (3.17)

where Ai(r) =i(r)—I(r). In our scenario we assume that the full statistics of the fields V (p)
depends only on the second order moment. It can be proven that the only random variable in
agreement with such statistics must be a Gaussian probabilistic distribution. In order to evaluate I
in Eq. 3.17 we define a random vector V = (V*(ry),V (r1),V*(r2),V (r2)) such that it follows a
Gaussian probabilistic distribution. We write

1 .
Ve (D) =exp |~ (V—u) 2(V - p) (3.18)

where U is the mean vector and X is the covariance matrix. Under this conditions we can apply
the Isserlis-Wick’s theorem [153], where all even order moment can we written in terms of second
order moments.

F(rl,rg) =

(V(r)V(r).

Here, W (r1,r2) = (V*(r1)V(r2)); (V*(r1)V*(r2)) and (V (r1)V (r2)) are vanishing under the
assumption of Gaussian distribution function on the field, because for those functions the respective
phases are not in the difference. It is a straightforward calculation that here we only explain with the
intuition that for r; closer and closer to p the degree of coherence g in Eq. 3.15 must increase. But
for these case we have <eii("’(' 2)+o(r ))> ~ <eiiz"’(' 1)> = 0, because any notion of distance between
the emitters makes sense. This is also know as random phase assumption. Therefore I' becomes

C(ri,r) = |W(r,rn)?. (3.19)

Applying the correlator on two different points A and B on the detectors D, and Dy, respectively,
together with the assumption used for deriving the propagator in Eq. 3.4 along z direction, the
deterministic part goes out the average, which yields in the limit of completely incoherent source
o, — 0

- (PA*PB)2

L(pypp) =1(pa)I(pgle & (3.20)

where ¢ = Az/27mo; is the coherence area at a distance z = z; = z» from the source (an explicitly
derivation can be found in [154]). This relation entails the typical point—to—point correspondence
of an imaging setup. Basically, each point on the plane object as a corresponding transfer function
to the image plane as one can see in Fig. 3.2. This equation is the key concept of second-order
imaging ! The function I" at a given p o 1s significantly different from zero in a neighborhood of
the corresponding point p, on the other sensor. This is at the basis of the possibility to retrieve a

1Second order is referred to the correlations between intensity, and it will be at the forth order in the wavefields.
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Figure 3.2: In the simplest imaging setup, a point with coordinate p/ in the object plane (visualized
as a chaotic source) is mapped by a lens into a point with coordinate p; for the ideal case of infinite
lens (a), and in more realistic configuration to a Point Spread Function (PSF), proportional to
the Bessel function J; as in the example on the right (b). Interestingly, Eq. 3.20 enable a similar
correspondence, hence is useful for experimental imaging configurations. This is the kernel of the
second-order imaging.

“ghost” image. Let us consider Fig. 3.5-a where two holes are placed respectively in p,; and p,.
Therefore

S Ps# {Pp1:Prt
L(pa,pp) =1(ps)I(pg)e 7 ~40 py—Pp> 02 (3.21)
L(pA)I(Pg) Pa~Pp VP

The above equation clearly shows that the function I' is large in correspondence of the positions of
points where the light passes through the object mask[155, 156, 157, 158, 147]. Let us observe that
integration over the whole sensor Dy, at fixed p,, yields an incoherent image of the object, which
sets a quasi one-to-one correspondence between points p, and p,,.

As an example, to better highlight the correspondence properties between the point p, and p , of
an object described by its object transmission function A (p,) we consider Fig. 3.5-a and define

Y. (p4), the signal observable [156]
#( Mo
i, —
(2po-p)

Here [ is the Fourier transform of the Gaussian intensity profile. Up to an intensity-rescaling factor
Eq. 3.22 sets a quasi one-to-one correspondence between points of the plan of the objects p, and
the pixel of the sensor D, at p, with a spread uncertainty Ap , ~ 27cz,/ (ayDy), defined by the
effective diameter Dy ~ 27176i2 of the source in Eq. 3.15.

Up to now we provided a model of a statistical source of the light and the expression of a suitable
observable I', and it integration on the bucket to better visualize the features of the point spread
function of a simplest scenario of Fig. 3.5-a) (more details in [156]). This analysis showed how to
overpass the problem of rapidly fluctuation of the field and enable us to applying the second-order
interferometry properties for imaging setups. Let us close the section with a remark on the definition
of I'in Eq. (3.17) depending on the intensity fluctuations.

2
Z. ()= | T(Paps) pu [1A(po)L pp. (3.22)
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Figure 3.3: The lens focuses the object on a lenslet array. Each micro-lens focuses the main lens
on a macro—pixel (blue lines) of the sensor to provide directional information.

Commonly, the fluctuations of an observable are considered noise, but here such noise is properly
the resource that we will use to implement the well-know Correlation Plenoptic Imaging, and
studying its typical Signal-to-Noise ratio [159].

Correlation Plenoptic Imaging

Ordinary cameras record the total amount of light at each point on the photo—sensor. The goal of a
plenoptic camera is to acquire also the amount of light traveling along each ray that intersects the
sensor. One can also think of this as capturing the directional lighting distribution arriving at each
location on the sensor. The purpose of capturing the additional directional data is to allow us to apply
ray-tracing techniques to compute synthetic photographs flexibly from the acquired light, namely
refocusing out-of-focus parts of the scene, extending the depth of field, and performing three-
dimensional reconstruction [160]. The key feature of a plenoptic imaging device is a micro—lens
array inserted in the native image plane, between the imaging lens and the sensor. The micro—lenses
act as imaging pixels to collect spatial information of the scene. Moreover, each one of them
reproduces an image of the main lens on the sensor array (see Fig. (3.3)), thus providing the angular
information associated with each imaging pixel [160]. Despite being very useful for extending the
depth of field (DOF), the structure of plenoptic imaging devices entails a strong trade-off between
spatial and angular resolution, in the form of an inverse proportionality. Correlation plenoptic
imaging (CPI), a novel imaging technique that exploits the correlations between the intensity
fluctuations of light is proposed for overcoming this fundamental limit [161]. Therefore the leading
idea comes from the evaluation of the second-order spatial-temporal correlation properties of
light to perform spatial and directional detection on two distinct sensors: using correlated beams,
high-resolution ghost imaging is performed on one sensor while simultaneously obtaining the
angular information on the second sensor[162, 163, 164, 130]. Since two separate sensors are used,
the image resolution can reach the diffraction limit (see Fig. (3.5).

CPI takes inspiration from Ghost Imaging (GI), a quantum imaging technique experimentally
proved in 1995 [166, 167]. The first GI experiment used a source of entangled “twin" photon pairs
as a light source, characterized by strong momentum and position correlation. Such correlations
enabled to retrieve the image of an object by means of a spatially resolving detector that did not
measure photons that had propagated through the object; the photons interacting with the object, in
fact, were propagating in a “twin" beam and were collected by a bucket detector, i.e. not endowed
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Figure 3.4: Ghost Imaging work’s principle: many twin frames from a chaotic source are obtained
by a beam splitter. Each frame contains speckles that impinge on the high resolution detector D, and
the bucket detector if such speckle is transmitted through the object mask and records only the click.
This happens for each speckle of a frame with an average effective coherence length (6 = Az/2n0;
Eq.3.20) comparable with a side of the pixels. Running many statistically independent twin frames
obviously the screens are uniform behind each detectors, but apply point-to-point correlations the
screen show the restored image of the object.
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Figure 3.5: Klyshko’s pictures respectively of ghost image in Fig.(3.3) in (a) and of CPI SETUP1
in Fig. (3.6(a)) in (b) (at focus z, = zp). (Picture from [165]) In ghost imaging, a bucket detector
collects light transmitted by the object, with neither spatial nor directional resolution. In CPI, the
high-resolution detector D;, enables measuring point-by-point intensity correlations between the
two sensors and simultaneously reconstruct both the transmission profile of the object and the
propagation direction of light from the source (focusing element) to the object.
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Figure 3.6: CPI configurations: in (a) chaotic source is focused by the lens on detector Dy, while
the “ghost” image of the object rises up from the correlations in Eq3.17; in (b) the object is focused
by the lens as standard commercial cameras in D, (high resolution detector), in addition the “ghost”
image of the lens is achieved computing correlations between D, (in this case plays as “bucket
detector””) and D, (high resolution detector.

with spatial resolution. Shortly after the first experiments, it was shown that GI could be carried
over without entangled photons, but through correlation of the speckle patterns [168][169] typical
of chaotic light sources. It is using chaotic light, in fact, that CPI has been firstly implemented.
Nevertheless, the advantages that quantum imaging with entangled photons provide over imaging
with chaotic illumination, such as less noisy imaging at lower intensities and sub-shot noise imaging
[170], have led to the generalization of CPI to illumination with entangled photons [157]. Entangled
pairs can be easily produced by Spontaneous Parametric Down-Conversion (SPDC), a process in
which photons belonging to a laser beam interacting with a non-linear crystal are converted into
correlated pairs [171]. As concerns entangled photons the image of the object is retrieved because
the law rate of photons enable a coincidence process point-to-point.

Thanks to this overview of CPI, now, as a pilot in the maneuver dive with his air force aircraft, we
deeply studied two different CPI schemes based on chaotic light. Both the schemes employed ghost
imaging: for the object ( SETUP1) and for the focusing element (SETUP2). Then, we characterize
their noise reduction properties in terms of the signal-to-noise ratio (SNR) and compare their
performances.

Partially spoilering, we will find that the SNR can be significantly easier to control in SETUP2
involving standard imaging of the object; under adequate conditions, this scheme enables the
number of frames for achieving the same SNR to be reduced by 1 order of magnitude [159].

Correlation plenoptic imaging setups

We compute the signal-to-noise ratio SNR of the setups (SETUP1 and SETUP2) represented in Fig.
3.6. These configurations have been proposed in [155] and [172], respectively, and an experimental
proof of principle of plenoptic imaging and refocusing in SETUP1 has been performed [161].

The two schemes essentially differ by the way ghost imaging is employed to obtain an image of
either the object plane (SETUP1) or the focusing element, as well as a lens (SETUP2). The common
feature of the two setups is the fact that light emitted by a chaotic source is split in two paths
a and b by a beam splitter (BS) and is recorded at the end of each path by the high-resolution
detectors D, and D,,. An object is always placed in one of the two paths. More specifically, intensity
patterns i (p,,) and ip (P;,), with p,, , the coordinate on each detector plane, are recorded in time
to reconstruct the correlation of intensity fluctuations I" of Eq. 3.17 which encodes the images of
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the object plane (SETUP1) and of the focusing element aperture (SETUP2).

In SETUP1, an image of the object can be obtained only by measuring intensity correlations between
D, and D,. Along path a (the reflected path in the figure), light directly impinges on detector
D,, placed at an optical distance z, from the source. On the other side, in path b (the transmitted
path in the figure), a transmissive object lies at a distance z; from the source. A thin lens of focal
length f is placed between the object and the detector Dj, at a distance S; from the former and S,
from the latter. Such distances are chosen in order to focus the source on D; with magnification
M = S»/(S1+2); hence, they satisfy the thin-lens equation 1/S>+1/(S1+2z5) = 1/f . In the
case z, = z4, measurement of the correlation function I'sg (p,,p,) and direct integration over p,,
provides the focused ghost image of the object [143].

In SETUP2, the image of the lens is recovered from intensity correlations between D, and Dj,.
Along path b (the reflected path in figure), light directly impinges on the detector Dy, placed at
an optical distance z; from the source. In path a (the transmitted path in figure), the transmissive
object is placed at a distance z, from the source. The thin lens of focal length f lies between the
object and the detector D,, at a distance S; from the former and S, from the latter. In this case,
the setup is designed to obtain a focused ghost image of the lens on the detector D;. Therefore,
distances are fixed in order to satisfy z, = z, + S1. The object-to-lens and lens-to-D,, distances are
arbitrary. However, it is intuitive that, if S, = Sg such that 1/S;+1/ Sg =1/f, the image of the
object will be sharply focused on D,.

The refocusing capability of both setups is determined by the fact that the correlation function
I' encodes multiple coherent images of the object, one for each point p, on D;,. The images
corresponding to different pixels on D, are generally displaced with respect to each other unless
a focusing condition is satisfied. In the focused case, integration over detector D, yields an
incoherent image. In the out-of-focus cases, the collected coherent images need to be realigned
before integrating over Dy, following

Tt (Pa) = (Fap) (Pa)):  Llap) (Pa) = /D Ais (00p,+BPy) Aig (py) d*py  (3.23)

where the parameter (o, ) that approach (1,0) at focus, are properly chosen to realign the coherent
images depending on the setup [159]. When the focusing conditions are satisfied, any shift and
rescaling is required in the first argument of I', and the high resolution of detector Dj, becomes
pointless. In all other cases, the spatial resolution of Dj, is crucial to reconstruct the image of an
out-of-focus object, which, by straightforward integration over D;,, without realignment algorithm,
would be blurred.

Its fluctuations function .# is

Z(0.) = (Lap) (P )~ (Llap) () (3.24)

Let Ny the number of frames collected in time to evaluate the expectation values in Egs. 3.233.24
statistically independence each other we can define the signal-to—noise ratio as

Lot (pa)

Ked= 7500 /N,

where /.7 (p,) /Ny identifies the noise since it is the root-mean—square error affecting the
evaluation of Xs. The average are based on the previous statistical model of the source which
provides an effective description of a chaotic, named pseudothermal light source in the semiclassical
regime 0, — 0 (the quantum corrections to the derived quantities will scale like the inverse number
of photons per mode), hence from Eq. 3.16 one gets

(3.25)

B

Ws (ps,ps) = 2mollse > 8P (pg—p%) (3.26)
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under the integrals. Notice that the propagation is deterministic and to evaluation of ¥ and .%
consists of eight-point field correlators on the source. Using the Gaussian approximation, we
can apply again the Wick-Isserlis theorem as we have done in Eq.3.19 and insert the generalized
function in Eq. 3.16 to compute the two-point field correlator. Look that, according to distribution
theory the limit of 6, — 0 is performed under the integral. Mathematically speaking, the correlator
that involve an equal number of V’s and V*’s is

<ﬁlvs<p J-)Vs*(p’,->> = ;1’11 <VS(P j)Vs"(Pp;-)}, (3.27)
J= J=

with P a permutation of the primed indexes, while all other expectation values, including (V)
and (V*), vanish. Propagation from the source to the detectors along the two paths a and b is
deterministic, and depends on the transmission functions of the object and the lens.

In both setups, .#(p ) is determined with good approximation by the contribution that features
only the autocorrelations

Fo(pa) = / Tas (P, +BPy1> 0P+ BPw) BB (P11 Py) Py APy (3.28)
where

Top(P1,P2) = (Alp(p1)AI(P,)) = [(Vb(p 1)V (P2))I, (3.29)

with D = A, B. Other contributions are typically suppressed as

7 —F| 1
7, ~ A (3.30)
with .4}, the number of transverse modes that propagate towards the detector Dj,. Since this quantity
determines the number of spatial (in SETUP1) or directional (in SETUP2) resolution cells, it is
typically large in a plenoptic imaging setup, therefore, in the following, we shall approximate
F ~ %, when computing the SNR.
In Ref. [159] are shown all the details and the calculations. Here, we provide an useful estimation of
R(p,) in Eq.3.25 given by the geometrical-optics approximation, as well as, a method of steepest
descent, for both the setups.

SETUP]
As concerns the SETUP1, Eq.3.25 gives in the geometric limit

RO(p,) = V200 |1 — 2| |A(p,) 12/ L, (3.31)
a Za a ](g)
with
_ (p1—P3)°
19 = [ &p,@pola(py)A(py) e T (3:32)

Let us first discuss this result in the focused case, in which z, = z;, = z and 64 = 0 = z/k0;, which
are the coherence area at distance z. The integrand of (3.32) becomes localized around p, = p,,
and Eq. 3.31 reduces to

R® N T AP (3.33)
(pa) p— - ffd2P|A(p)|4 (pa) . :
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It is evident in Eq. 3.33 the ratio between the coherence area ~ op on the object and an “effective
area” of the object itself, given by the integral of the |A|* factor, which is equal to the actual area in
the case of binary transmission function. Since the same coherence area determines the resolution
through

(© ) 70; 2
Eref (pa) = Is 0_73 ’A(pa)’ ’ (3.34)
Eq. 3.33 entails the well-known trade—off between resolution and SNR typical of ghost imaging
[173, 174, 175, 176].
Deep in the out-of-focus regime, when o;|1 — z,/z,| becomes larger than the typical size of the
object yields

Alp,)I?
Jd*plA(p)[*

with A = 27 /k the light wavelength. This expression shows a less trivial dependence on the
longitudinal position z, of the refocused plane, but can still be interpreted in terms of the resolution—
SNR trade-off. Actually, as discussed in [155], a good estimate of the resolution of the refocused
image is given by Ax = (Az/a)|l — z/z4|, where a is the typical linear size of the smallest
transmissive parts of the object. Notice, however, that the inverse dependence on the effective
area of the object has changed with respect to the focused case(3.33). As a rule of thumb, we can
estimate the SNR of refocused images as

RE(p,)~ &A«Zb ’1 _%

3.35
> . (3.35)

R@(p,) N a2 |(Ax)?

/Ny Aobj || Aobj

a result that depends on the product of the ratios (resolution cell)/(total area) and (smallest detail
area)/(total area). In Fig. 3.7, we show the behavior of the SNR in SETUP1 as a function of the
source-to-object distance z;, comparing the result with the case of a focused ghost image taken
with z, = z;, [Eq. (3.33)]. The higher SNR of correlation plenoptic imaging is related to the lower
resolution of the refocused image with respect to the focused ghost image.

A(p,) I, (3.36)

SETUP2

In the analysis of SETUP2, the estimate of the SNR based on Eq. (3.25) is less trivial than in
SETUP1, since the denominator depends on p, and shows different spatial behaviors with varying
defocusing. The geometrical-optics expression of the SNR reads

f 2
(2) . T 1—S2/S2 _&
R (pa) —ZGB NfADbJ(g) (pa) ( SZ/SI A u

In the focused case, the above quantity reduces to the simple expression

3
=2 Np—-. 3.38
o OB/ ! An, (3.38)

A result that does not depend on p ,, since noise is proportional to the signal. The constant SNR
in (3.38) is essentially the square root of the ratio of the coherence area ~ Gl% on D;, and the area
Ap, of the same detector, which can also be interpreted as (coherence area on the lens)/(area of the
lens), in perfect analogy with Eq. (3.33), after replacing the object with the lens. The SNR thus
coincides with the one expected for the ghost image of the lens.

2
[Eelpe)r. 33

R¥(p,)
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Figure 3.7: Signal-to-noise ratio, normalized to the square root of the number of frames, for
the refocused image (3.34) obtained in SETUP1 (solid blue line). The source is characterized
by wavelength A = 532nmand a Gaussian intensity profile of width o; = 2.5mm, and is placed
at a fixed distance z, = 150mm from detector D,. The focused image, obtained at z, = z, is
characterized by resolution Ax = 10 um. The values are computed in correspondence of a totally
transmissive point (A = 1) of a binary object with transmissive area Aopj = 4mm?. The SNR for a
ghost image taken at z, = z;, as a function of z;, (red dashed line), is shown for comparison.

In the deep out-of-focus case, a background noise emerges, and the SNR becomes similar in form

to (3.35), yielding
© 7 (1-52/85\ I pIP(O)P ol (P
R §) ~20p, [Nf— PO) 1A —=2
w0 =20 (55 ) Tepmr ol (%)
The ratio between the area of the lens and the area of the object is generally large for image
magnification g 2 1, and the SNR also increases quadratically with defocusing, providing a

generally more favorable picture compared to SETUP1. A good rule to estimate the order of
magnitude of the refocused image SNR thus reads

R®)(p,) N ( S2/S1 ‘)2 03 Alens A <_pa>

\/ Nf 11— Sz/Sé Alens Aobj H
where we have assumed that the area of the detector is matched to the area of the lens. In Fig. 3.8,
we represent the behavior of the SNR in SETUP2 as a function of the object-to-lens distance Sy, and

compare the result with the case of a focused image taken with Sﬁ =S5, (notice that S£ is a function
of § 1 )

2
(3.39)

2
: (3.40)

Advantage of the schemes

The results obtained provide to the experimenter to determine the scaling of the SNR with the
number of frames, and consequently to fix the number of frames needed for a fast and accurate
imaging of the scene. The problem of optimizing the acquisition time is particularly relevant both
in view of real-time imaging and in all those cases in which additional difficulties in retrieving
intensity correlations are present, as it happens when considering unconventional sources like X
rays [177, 178] to perform CPI.

The results obtained for the SETUP2 are generally more advantageous than the SETUP1. In the
focused case, SETUP2 is characterized by the suppression of background noise, that, on the other
hand, is a typical feature affecting the ghost image obtained in SETUP1. Moreover, noise in SETUP1
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Figure 3.8: Signal-to-noise ratio, normalized to the square root of the number of frames, for the
refocused image (3.38) obtained in SETUP2 (solid blue line). The source is characterized by a
wavelength A = 532nm and a Gaussian intensity profile of width o; = 2.5mm, and is placed at a
fixed distance z;, = z, + .51 = 300mm from the detector D,. The lens has a focal length f = 75mm
and a Gaussian pupil function of width 0, = 2.5mm. Fixing the value $, = 2f = 150 mm, the
focused image, obtained at S; = S, is characterized by the same resolution, depth of field and
magnification as in the case shown in Fig. 3.7. The values are computed in correspondence of a
totally transmissive point (A = 1) of a binary object with transmissive area Aqpj = 4mm?. The SNR
for a ghost image taken at S, = § = (1/f —1/5;)~" as a function of S| (red dashed line) is shown
for comparison.

increases with improving resolution on the object, thus entailing a trade-off between resolution
and SNR trade-off. In the out-of-focus case, background noise is present in both configurations.
However, in SETUP1 it depends on small quantities, namely the ratios (Ax)2 /Aobj between the area
of an effective resolution cell and the total area of the object, and a® /Aobj, where the numerator is
the area corresponding to the size a of the finest details of the object. In SETUP2, instead, we find
that the SNR depends also on the ratio Ajeps /Aobj, a quantity that is not necessarily small. Therefore,
we expect that a smaller number of frames is needed to achieve the same resolution in SETUP2
compared to SETUP]1.

To get a quantitative hint of the SNR improvement in SETUP2, we compare the results shown in
Figs. 3.7-3.8, which are referred to two cases that are as homogeneous as possible in terms of
resolution, depth of field and magnification of the focused image. We find that he ratio between
the SNR in SETUP2 and SETUPI1 at fixed Ny is consistently larger than one: when such a ratio
reaches values around 3.2, for an object placed at z, = S; = 80mm, one tenth of the frames is
needed in SETUP2 to reach the same SNR as in SETUP1. Notice that, by considering the expressions
(3.35)-(3.39), the ratio of the SNRs for out-of-focus images is very weakly dependent of the light
wavelength and the area of the object, provided the conditions for the validity of geometrical optics
approximation are satisfied.

Correlation Plenoptic Microscope

In this section, we compare the CPI protocol with the configuration of the SETUP2 of the previous
section based on ghost imaging with a novel scheme named Correlation plenoptics Microscope
(CMP) in SETUP3 in Fig. (3.9), which is not based on the ghost imaging. Analogously to Egs. 3.35
and 3.39 respectively for ( SETUP1) and (SETUP2), also for this scheme (SETUP3) we calculate the
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Figure 3.9: CPM: The setup is arranged so that f = fp + fr, and f # fo in the most general (out
of focus) case. Lens L images lens O on detector Dy, so that 1 /sp+ 1/s; = 1/f is satisfied.

SNR out-of-focus in the geometric approximation, which is

RY (p) =1 (1 - f>2 A(pa)l* [P () [ IP, (p)Pdp .
a 5 7 |
T/ b, (750 [ T (1) 1A (9) P

with

2
|2 (k). (3.42)

T(f) = dedm(p)ﬁ A<p+{r<)

At focus f = f, supposing an infinitesimal point spread function (PSF)* we get

4

At ey
Vi@ apy/ TP e1ap |4 (~0,)|

This expression must be compared to Eqs. 3.33-3.38 respectively for ( SETUP1) and (SETUP2).

) (3.43)

ROZQ (pa) =

If we call 6, = A f,/+/ [ |A(p)|*dp considered as the effective coherence length on the objective

lens, Eq. 3.43 ultimately depends on the ratio between 6, and the radius of the objective lens
TP, (p)dp ~ /[ exp(~p?/07)dp ~ o

For 3D—-imaging applications is more useful a comparison in terms of the intensity fluctuations I’

rather than X. Therefore the corresponding fluctuation function of I" is .% which is

Fr(PurPy) = (Aia (9,) Ais (py))”) — (Ain (p,) Ais (py))
=(a(P)IB(P) +20(Py,P1))* ~ TPy Py (3.44)

2The point spread function describes the response of an imaging system to a point source (see Fig. (3.2)).
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The signal-to-noise ratio over the average value 3.17, estimated by collecting N statistically
independent frames, can be evaluated as

SNRr(p,.p,) = \/% _ ! . (3.45)
r7r(Pa:Py) 1 Pa )s( P )
\/ ’ pavpb ’ +2) B 1:|

Since CMP is a promising scheme for 3D-application, we also define a “signal-to-background
ratio”, meant as the ratio between the signal evaluated at a generic point pair (p ,,p,) and the
“pbackground” noise evaluated at a reference point (p/,p,) of the same point-of-view image in
which the signal is practically vanishing:

(pmpb)

F(pavph) (346)
Nfﬁr(pmpb)

~ L(p)Is(p,)’

SBR(paapb;pIa) =

L(p,.p,)=0

where it is evident that both quantities are fixed a ratio of the form I'/isig. In order to estimate this
ratio, we consider the cases of focused and out-of-focus image in the geometrical approximation.
In the case of CPI (SETUP2), the correlation I'(p ,, p,,) encodes the image with unitary magnification
of the object transmission function A, while intensity on the detector D, is uniform. Taking p, = 0
for definiteness, at the focused case

I(p,,0)~|A(p,)>,  ia(p,) ~ const. (3.47)
It implies
1 A 2
SNR(p,,0) ~ SBR(p,.0:0) ~ Pl (3.45)

\/Nf [(A(wl);z #2) - 1] |

Therefore, both quantities vanish if the signal is small.
For focused CPM, both I" and the intensity on D, encode an image of the object intensity profile
d,

F(pmo)N”Q{(_j:Opa) ) IA(pa)N‘Q{<_j:0pa>7 (3.49)

where fp is the objective focal length and fr the tube lens focal length. Therefore, the SNR is
approximately independent of the spatial modulation of the signal

SNR(p,,,0) ~ ! ; (3.50)

\/Nf [(“(?M) +2) - 1}

and since the intensity I4 vanishes out of the object profile,

SBR(p,,0;p’) — e if o/(p,) > 0. (3.51)

In the out-of-focus case, intensity on the spatial sensor remains uniform in the case of CPI

r(p,.0) ~ 'A (Zm) 2

, ia(p,) ~ const. (3.52)
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Figure 3.10: SNR for a triple-slit image (mediated over the central parts of the slits) for CPI and
CPM systems with Ax = 3um resolution, illuminated by light of wavelength A = 550nm. The
parameter d represents the center-to-center distance of neighboring slits.

with z, the source-to-D, distance and z;, the source-to-object distance, but tends to become uniform
even in the case of CPM

s

_Epa

with z; the distance of the sample from the objective first principal plane. Therefore, one obtains
formally similar results in one case

2
Ir'p,0)~ o ( > , ia(p,) ~ const. (3.53)

1 A )|
SNR(p,,0) ~ . SBR(p,,0:p.) ~ %, (3.54)
B(cPD ) 2 1 B
Ny | (el +2) —
and in the other
o 2
SNR(p,,0) =~ ! . SBR(p,,0:p) ~ LRSI 5 s

(CPM)
B(CPM) 2 B
\/ Ny {(m—zspa/mz +2) - 1]

Out-of-focus, the advantage of CPM depends on the detailed structure of the intensities and the
correlation function.
In Fig. 3.10 is show a comparison (Here table of all outcomes talk with Francesco).

Distance sensing

In this section, we discuss a second application also based on the second-order interference with
pseudothermal light which pretend to estimate and provide the distances in the space of the object
in remote mode. Again we evaluate the correlation between intensity fluctuations on two detectors.
We applied the simplest non trivial application concerning two double slit mask: one is the control
mask and the other is the target mask that we want to measure the distance z7 and the distance
between the pinholes as in Fig.3.11. This enables us to be sensitive to arbitrary distances between
an incoherent, i.e. pseudothermal source and an object and between an object and a detector, even
when first-order interference provides no information on such parameters.

The obtained results lay the foundations of novel protocols for distance sensing, that can integrate
and improve state-of-the-art applications, such as those based on pulsed light (e.g., time-of-flight
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Figure 3.11: Panel (a): Distance sensing interferometric scheme to measure either the distance fr or
zr, when both the reference distances f¢ and z¢ are controlled; the source emits narrow-bandwidth
thermal light; the double-slit masks are followed by two spatially resolving detectors, enabling
spatial correlation measurements. Panel (b): Case of identical distances between source and masks
(zr = zc = 2), ideal to measure only the distance fr. Panel (c): Configuration with a single mask and
the beam splitter placed after the mask, equivalent in the outcome of the correlation measurements
to the case (b) when the two masks are identical.

cameras [179]) or first-order interference (e.g., coherent LIDAR [180]), tasks in metrology and
information processing [181, 140, 182, 183, 133, 184], as well as optical algorithms [185, 186, 187,
188, 189].

Here, we shall consider the transmission function of double-slits masks of negligible thickness a,
approximated as

Aj(x,) =a [5 <x0—XJ—|—(;]> +6 <x0—Xj— cé;)] ) (3.56)

with 0 (x) the one-dimensional Dirac delta distribution, where we assume the slit distances to satisfy
the far-field condition d; < A f;, where J = C, T is the distance between the pinholes and X; the
middle point.

In general, the correlation of intensity fluctuations in Eq. (3.17) can be expressed as a finite Fourier
series:

I (xc,xr) = 14+Re

Y Fuler)exp <—ik6§fjx])

J=C,T
(s) . kdrxr | kdcxc
+ F,”(zr)exp {—1 (s +
s:Zi > (er) fr fc

. (3.57)

apart from an overall constant factor given by the zero-spatial-frequency component. Henceforth,
we will assume the case in which the two masks are centered on the respective optical axes
Xr = Xc =0, and a source with a Gaussian average intensity profile .% (x;) = exp (—x2 /267,
with the coherence length assuming the values

_zr _

= = 3.58
kcv Oc k67 ( )

or

at the two mask planes at distances zr and z¢, respectively. In this case, the Fourier coefficients in
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Figure 3.12: Density plots of the correlation function I'(x¢,x7) in Eq. (3.57), measured at different
values of the target distance zr at the output of the setup in Fig. 3.11(a), with color scale ranges
from blue (I' = 0) to white (I" equal to its maximum). The values of the relevant parameters o
and f in Eq. (3.61) are reported in captions. The case in panel (a) is obtained for z; = z¢c = z, as
in Fig. 3.11(b). The simple periodical behavior of the correlation function in this case allows to
estimate easily the length of a remote path from the detector D7 to the corresponding mask for
dedr > 63. The results in panels (b), (c), (d) are obtained for z7 /z¢c = 2.07,2.86,4.29, respectively,
and show intermediate range not particularly favorable for estimating z7. The constant parameters
are A = 980nm, dc = 0.70mm, d7 = 0.55mm, 6 = 0.55mm, z¢c = 70mm, f; = fc = 200mm.

Eq.(3.57)
2
Fic(zr) = Fir(zr) = m = Fi(zr), (3.59)
(B oy 1oy 1
F, " (zr) =1-F, (ZT)—1+eXp(a>, (3.60)

depending on the absolute difference of the coherence areas in Eq. 3.58 through two dimensionless
critical parameters

ded 1 1 —
_dedr gL 1|yl (3.61)
7 or Oc 2ric
with the rst one dened by the eective second-order correlation length
l.=+/(1+B?) ocor (3.62)

at the transverse planes at distances z¢ and zr from the source. In particular, for zy = z¢ = z, such
second-order correlation length reduces to the first-order coherence length: ¢, = z/kc. Notice also
that the Fourier coefficients in the correlation function I" in Eq.3.57 depend on the slit distances only
through their product, since the masks are both centered transverse with respect to the optical axis.
Interestingly, the terms in Eq.3.57 manifesting a correlation between the two masks, particularly
between slits on opposite sides of the optical axis (F2(+)) and between slits on the same side (Fz(f)),
fully depend on the ratio o between such a product and the squared second-order correlation length
Le.

Remarkably, the measurement of the spatial frequencies in the correlation function (3.57) allows
to infer the distance of the length f7 of the target path from the detector D7 to the corresponding
mask. Furthermore, an analysis of the Fourier coefficients allows us to extrapolate the value of the
distance zr from the source to the target mask. In Fig. 3.12, we show the behavior of the correlation
function in the (x¢,x7) plane with varying z7. We emphasize that the intensity at the detector Dy

d3 kd
I(x7) = 1+exp (—é) cos ( ;TXT> . (3.63)
T
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is highly sensitive to fr only if dr < or, and to z7 (through the coherence length or) only if
dr ~ or. Remarkable, we show now how second-order correlation measurement allows us to
retrieve this sensitivity in arbitrary ranges of o7 by a proper tuning of the parameters related to the
mask C from Eq.3.57, 3.59,3.60 and 3.61.

1. Factorized limit—The correlation function I' is factorized with respect to its two detectors

position variables iff | = 2F2(+) = 2F2(7) a < 1, aB < 1, basically when dedr < £2. and

ic ~Zr
dexT 2 dexC
r =T = 4cos” 3.64
(xc,xr) =T¢(xc,x7) = 4cos < 2y > cos e (3.64)
By considering the first order contribution in & to the Fourier coefficients
_ 2y g _ 1 o 2
Fi=1+0(a), B =3 (1 ¢5) 0(a?), (3.65)
one obtains
o kd kd,
['(xc,x7) ~ T¢(xc,xr) + = sin < TxT) sin < Cxc) . (3.66)
2 fr fe

Thus, the presence of the additional modulation in Eq. (3.66) is, at the lowest order in «, the
only indicator by which the value of z7 can be deduced.

2. The limit of highly correlated interference pattern: higher sensitivity to fr — The correlation
function I" takes the form of a correlated interference pattern when o >> 1, namely dedr >

% hence F, = FZ(H =0and Fz(f) =1,

[(xc,xr) = Lep(xc, xr) = 2cos” [k <deT - dcxc)] : (3.67)
2\ fr fc

where the orientation of the interference fringes is fixed by a specific linear combination of
the two detector variables [see Fig. 3.12(a)]. This condition is opposed to the factorized case
(3.64) and is optimal to detect the distance fr. It is sufficient to characterize the oscillation
period along any of the directions x; = pxc + v, with u # 0 and u # (dc/dr)(fr/ fc)xc,
and v arbitrary, in order to determine f7. In particular, the frequency of the second-order
interference pattern in the case xr = —(d¢/dr)(fr/ fc)xc + Vv is twice the frequency of the
pattern generated at first order by coherent light impinging the double slit mask (see also
[145, 147]). The first-order corrections in e /2

Fi =2e 2 cos(af)[1+0(e %), (3.68)
Y =1-F7 =0 (3.69)

enable one to infer (though not uniquely) the value of z7 from the amplitude of additional
uncorrelated oscillations:

I(xc,x7) =~ Tep(xc,x7) + 22 cos(atfB) Z cos kdjx]. (3.70)

J=C,T fi

However, this condition is not the most favorable for measuring z7, since the additional terms
by which it should be detected are very small; the discussed behavior is related to the presence
of plateaus around z7 = z¢ in both F; and Fz(_), observed in Fig. 3.13(a)-(b). Let us stress,
also in this case, that in order to reach ¢ > 1 it is not necessary that first-order interference is
not visible on both detectors; the behavior approximately described by Eq. (3.67) can occur
present even when the slits of one mask fall within the coherence length on their plane.
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Figure 3.13: Plots of the Fourier coefficients Fi(zr) (solid blue line) and Fz(_)(ZT) (dashed red
line), defined in Egs. (3.59)-(3.60), as functions of the distance z7 between source and target mask
T, at fixed zc = 120mm, A = 980nm d7 = 0.08 mm, d- = 0.8 mm, for two different values of the
source width ¢. The plateau around z¢ = zr in panel (a) corresponds to a range in which o > 1,
producing correlated interference patterns analogous to the one in Fig. 3.12(a). Notice that, in the
case zr = z¢ of panel (b), @ ~ 5 is not small, providing still a non-factorized pattern despite the
two slits of mask C fall within the coherence area at a distance zc.

3. The intermediate range: higher sensitivity to zr.— The situations considered in the previous
subsections represent extremal cases. These cases are not particularly favorable for measuring
the distance z7 between the target mask and the detector D7, since the asymptotic patterns
(3.64) and (3.67) are robust with respect to small variations of z7, especially in the case
a > 1, where deviations from the asymptotic pattern are exponentially suppressed. In
the case of ¢ < 1 and a8 = 1, occurring when dedr 2 6 |or — o¢| > GCGT,FZ(i) behave
as in Eq. (3.65), while F; ~ cos(af3/2) is not small. Provided one knows a priori that
of € (2nm,(2n+ 1)x), with n € N, measuring F can yield an unambiguous estimate to
the distance zr between the source and the mask 7'. In the case in which a@ ~ 1 and 8 > 1,
namely dcdy ~ K%, o |or — o¢c| 2 ocor,both the independent coefficients are sensitive to

changes in the distance zr. The detection of F; and F2(+) therefore enables a combined
estimate of z7. As one can observe from Fig. 3.13, the coefficient F; is typically more
sensitive than F, to small variations of zr; however, it is disadvantaged by being strongly
non-monotonous, as opposed to Fz(i), with monotonicity intervals typically centered around
the cosine zeros o = (2n+ 1)7, with n € N. An effective strategy for the estimation of a
completely unknown z7 can include a two-step process, in which one first performs a rougher
estimate of the range of distance through the parameter F3, less sensitive but characterized by
only two monotonic ranges, and then proceeds to a more precise estimate through Fj. Finally,
notice that both cases discussed in this subsection cannot occur when z7 is too close to z¢,
since in this case 1/ Ocq tends to vanish.

This analysis also shed new light in the understanding of the emergence of second-order coherence
with thermal light and its connection to the degree of correlation of the measured second-order
interference pattern. The results in the opposite regimes show that correlations in the interference
pattern become more relevant when the product of slit widths in the two masks (or the squared
width in the single-mask scenario) goes beyond the squared critical coherence length ¢., which
represents a novel critical parameter in second order correlations with thermal light. These findings
provide the basis for a convenient protocol to measure, even in presence of turbulence, the distance
of reflective objects, placed either on the optical path between source and mask, or on the path
between mask and detector. This works paves the way to interesting future research devoted to an
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accurate evaluation of the error affecting the remote-mask distance estimate and of the ultimate
precision bounds of the described measurement scheme [190], and the least possible error given the
state of the field, quantified by the Quantum Fisher information [191]. Moreover in the following
we show in Fig. 3.14, three results on the behavior of the coefficients F| and Fz(f) in the case
Xc = Xr =0, with varying distance of the remote slit. The three cases are referred to fixed values
of z¢ and o, with two masks whose slit distances are, compared to the coherence length at z¢, (a)

both smaller, (b) one larger and one smaller, and (c) both larger.

0 50 100 150 200 250 300 0 50 100 150 200 250 300

z7 [mm] z7 [mm]

Figure 3.14: Plots of the two coefficients F; and Fz(f) as functions of zr, at fixed zc = 120mm,
6 = 0.3mm and A = 980nm, for different values of the slit separations d7 and d¢. (a) When both
slits are smaller than the coherence length at a distance z¢, there is no plateau around zy =~ z¢ and
no oscillations in Fj. (b) If only the slit separation is smaller than the coherence length only for
mask 7, slight oscillations in /] and a plateau in both coefficients appear. On the other hand. (c) If
both slit separations are beyond the coherence length at z¢, the presence of plateaus and oscillations
in F; becomes more relevant.

Further studies: Quantum approach and Turbulence-free

In the above sections we studied four setups ( SETUP1 and SETUP1 for CPI, SETUP3 for CMP and
SETUPS4 for distance sensing) where we used the chaotic pseudothermal light source as model. It
is interesting show that the same analysis can be applied for other kind of light models in order to
answer fundamental questions, as well as, “What is the true nature of the light?” and to invent new
paradigma for new imaging applications, and it is worth to notice that a huge variety of experiments
in Physics end up with detectors sensitive to the light. Therefore analogous computation can be
performed when working with low photon fluxes or whenever quantum features of a system are of
interest. A quantum mechanical approach to photodetection is inevitable, and classical wavefields
V need to be replaced with (hermitian) quantum operators; i.e., the electric fieldis £ = E* +E~,
where

EJJr (Py17) :C/&xefiwtjg(PhK) d*kdo, Ef Py tr) = (Ef (PJJJ))T' (3.71)

A scalar approximation is assumed for E, j(i) which are the positive and negative frequency com-
ponents of the electric wavefield at each planar detector D; with each point defined by p; (with
J =A,B), t; is the corresponding detection time. C is a normalization constant, @ is the frequency,
K is the transverse momentum, dy is the canonical field operator, associated with the mode k,
which satisfies the commutation relation: [d,c,dfc,] = Ok . The three dimensional wave vector
k = (x,k;) is such that k, ~ @/c. The second-order correlation measurement between each pixel
of the sensors D4 and Dp is described by the Glauber correlation function

G (P st Pyts) = (:ia (Parta) s (Pot8) 1), (3.72)
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Turbulence

PNFC Circuit

(a) Turbulence-free camera. (b) Simplest turbulence-free scheme.

Figure 3.15: In 3.15(a) the light from the building across the turbulence which perturbs the phase
of the wavefield, but at the second order it goes away.[193]. In 3.15(b) a point with coordinate p/)
in the object plane (visualized as a chaotic source) is mapped by a lens into a point with coordinate
p;. Interestingly, Eq. 3.20 is not affected by the turbulence in particular experimental regimes.

with
b (pst) =B (p,) EST (p)1s), T =AB. (3.73)

The expectation value (') = Tr(p¢') in Eq3.72is evaluated by considering the quantum state p
of the source with normal ordered wavefield operators. This expression can be interpreted as the
probability of jointly detecting two photons at positions p 4 at time 74 and p z and time ¢, neglecting
all their possible polarization states. The same evaluation of the expectation values of the previous
section might be performed carried on an opportunely biphoton state p.

Beside the quantum approach, another extension of such outcomes goes in the direction of
adding turbulence in the setup which should reduce the seeing, as astronomers well known for
terrestrial astronomical imaging. Preliminaries and prominent works promise that the second-order
theory can be applied for high sensitivity and stability observations such as for gravitational-wave
detection [150, 192, 193] building turbulence—free setups. Roughly speaking these configurations
are not sensible to the refraction index fluctuations which usually introduce such noise in the images.
Nonetheless, just specific setups satisfied these properties as it is summarized in the Fig.3.15(a).
However a theoretical description based on a mathematical model of the turbulence is required in
order to unveil the fundamental principle that allow to avoid such noise in the optical systems. A
possible model could describe the transmission turbulence function introduce a phase variation due
to the Reyleigh scatter of the light with the atmosphere

T(p)=e?P =1+ip(p)— %¢2 (p)+0(9%),

it is modeled upon a plan with coordinate p = (x,y) ruled by the following correlation phase
function in two points of the turbulence plan

o (IJ]—PZ)2

(0(P) ¢ (py))r=04e 7

with oyrepresents the intensity of the correlation and o7 the correlation length of the two considered
points. Since the scattering is isotropic, the mean value of difference processes at any point p is
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(¢ (pZ))T = 0. Therefore up to the second order we have 7 (p) = 1 +i(¢ (p))r — 5(9*(p))r =
1— % and the correlation of two point in the transmission function, which is the crucial term in the
second order imaging reads

<T* (pl) T (P2)>T :<ei(¢(P1)*¢(Pz))>T
=1-05+ (0 (P29 (P1))7

_(Phgz)z
=1- Gdf + Gq%e or

However an interesting model which characterize the turbulence can be found in [194].






s we have seen, a new method for the detection of entanglement have been proposed

which unifies several criteria known before like, e.g., CCNR or realignment criterion, de

Vicente criterion, and derived recently separability criterion based on SIC POVMs. All

these criteria are based on the universal object—correlation matrix defined in terms of Hermitian

orthonormal basis in the operator space. It should be stressed that, unlike the well-known CMC

or LUR, these criteria are linear in the density operator. This property enables us to provide other

classes of entanglement witnesses and positive maps. Interestingly, there is a natural generalization

to a multipartite scenario using multipartite correlation matrix and multipartite generalizations of

matrix norms. Moreover, we show that our criterion is equivalent to the enhanced realignment

criterion via an educated limit which rises to a novel class of entanglement witnesses. In spite of

the enhanced realignment criterion, our results call also for a multipartite generalization where
details are postponed for a future research.

Other related quantum resources have been investigated as non locality and non contextuality. The
former suggests a way to derive a new class of Bell’s inequalities driving the question if it shows a
stronger violation than the one currently in literature. The latter show that 2% + #2 = 1 achieve
such bound if and only if the ontological model is contextual. In order to prove it we presented
some methods of investigation and how the constrains in the ontological model rise up from the
operational description of an experiment.

In the second part of the thesis we studied the dynamics of a charged system coupled to a medium-
assisted electric field, beyond the point-dipole approximation, highlighting the role played by the
finite size of the system, the dispersion and absorption by the medium and the spatial asymmetries.
The analysis focused on the determination of the decay rates and energy shifts of the bound states
of an atomic system, which have been obtained under general assumptions. The most important
among these assumptions is based on homogeneous and isotropic media. We also discussed how
to extend the theory to more general situations. The role of the asymmetry has been compared
with respect to the counter-rotating terms in a cavity system coupled with a reservoir. The analysis
shows in which regimes one can takes into account the asymmetry in perturbation theory neglecting
the counter-rotating terms. Hints for further developments are lightly presented as key—idea rather
than a detailed description.
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In the third part we have shown that performing plenoptic imaging by correlation measurements
has the potential to improve 3D imaging and microscopy, since it combines high resolution with
the possibility to gain directional information. The results obtained provide the experimenter with
rules to determine the scaling of the SNR with the number of frames, and consequently to fix the
number of frames needed for a fast and accurate imaging of the scene. We provide an outline for
our future research, where we plan to extend our analysis to the case in which CPI is performed
with entangled photons. Moreover we compare CPI systems based on ghost—imaging with CPM
protocol implemented for the microscope prototype showing pros and cons. In this part we also
show how this physics of second-order interference can estimate remote distance sheding new
light in the understanding of the emergence of second-order coherence with chaotic light and its
connection to the degree of correlation of the measured second-order interference pattern.

“Ideas are like bundles of trajectories undergoing complicated evolution.”
(G. Sudarshan)
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