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Introduction
Generally the matter is presented in the three fundamental states such as solid,
liquid and gas. In a crystalline solid the molecules are fixed in the space and located in the positions of the sites of the crystalline lattice. They have therefore a
positional and an orientational order. In the other physical state, the liquid state,
the molecules have lost any orientational and positional order. Between these two
states there is a world of systems which belong to a branch of Physics known as
Soft Condensed Matter Physics or Soft Matter Physics which studies systems with
intermediate properties between solids and liquids. In general colloids, polymer
solutions, emulsions, foams, surfactants, liquid crystals and similar materials are
gathered in the Soft Matter Physics. People have daily experience of "soft materials"
like mayonnaise, detergents, shaving foams etc.
An interesting example of Soft Matter Physics studied in this Ph.D. thesis is represented by liquid crystals. As mentioned in the name, they are liquid because
they flow like liquids but they are also "crystals" because like solids they possess
molecules, typically with rod-like or disk-like shape, with orientational but not
positional order. Nowdays they find industrial applications in the construction of
screens for monitors, computers, televisions etc. The basic element behind these
applications is the so called twisted nematic cell in which nematic liquid crystal
molecules between two plates have an helicoidal orientation. They also find important applications in photonics, optics, cosmetics etc. In this sense it is understandable the necessity to study the response of liquid crystals under electric fields
of various types. Generally the experiments are permormed on films where the
liquid crystal is placed. However it can be of great importance studying liquid
crystals in different geometries and situations like the liquid crystal droplets.
Another important theme abundantly studied in recent Soft Matter Physics deals
with the self-propulsion of droplets and particles realized in various ways. One
possibility is the Marangoni effect in which liquid droplets self-propel due to an
imbalance of surface tension caused by anisotropies in the system which can consist in gradient of temperature or inhomogeneous concentration of a tensioactive
material or surfactant. Literature is rich of past works on the Marangoni effect in
different variants but a lot more can be studied for example the interaction of more
self-propelled droplets and their related collective phenomena.
ix

Introduction

x

A possible way to study these systems consists in defining a set of coarse-grained
quantities which can be the total density, the temperature, the velocity and the concentration field. These quantities are generally called fields and consist in functions
of the points in the space and time and evolve through particular equations for example, the continuity equation for the total density field and the Navier-Stokes
equation for the velocity field. In this approach the molecular microscopic details
of the system are neglected and the attention is focused on mesoscopic elements of
the system which are little compared to the macroscopic scales but big enough to
contain a huge number of molecules.
As long as the equations mentioned before are partial differential equations and
are also coupled, an analytical treatment is difficult and so a good choice to solve
them is a numerical procedure through computer simulations with a certain tecnique. One of the most used in the scientific panorama consists in the Lattice Boltzmann method or simply LBM method. It is widely used for various reasons such as
the portability, the attitude to be parallelized in order to study bigger systems and
the possibility to simulate complex systems with various geometries. As the term
says, it is a lattice method in which the physical space is discretized through convenient lattices in which the physical quantities are functions of these lattice sites.
The term "Boltzmann" is related to the fact that the main ingredient of the method
is the introduction of a set of distribution functions, related to the physical quantities such as the total density field and the velocity field, which evolve through the
Boltzmann equation conveniently simplified for this algorithm.
The theme of this Ph.D. thesis deals with the study of single or emulsions of simple
fluid and liquid crystal droplets through computer simulations with Lattice Boltzmann method whose main results are here collected.
The thesis is organized as follows.
• In Chapter 1 a theoretical frame for the study of complex fluids is presented.
The continuity and the Navier-Stokes equations which represent the conservation laws of mass and momentum of the fluid are mathematically derived.
In the case of fluid mixture, the order parameter is scalar and consists in the
concentration field which evolve according to the convection-diffusion equation. In the case of liquid crystals, instead, the description requires a tensorial order parameter which evolves through the Beris-Edwards equation.
In the last part of the Chapter brief elements of the Landau theory and non
equilibrium thermodynamics, used for the studies collected in this thesis, are
remembered.
• Chapter 2 is dedicated to a general description of liquid crystals. It starts
with a general historical overview with a presentation of the most famous

xi
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mesophases like the nematic, cholesteric, the smectic etc. The Chapter proceeds with the definition of the tensor order parameter which consists in a
second rank, symmetric and traceless tensor. It is a powerful tool to describe
liquid crystals because it takes into account the type of alignment and also
the strenght of this one. The degree of alignment of the molecules of a liquid
crystal is defined by a vector called director which indicates the average direction of the molecules. Particular factors such as elasticity of the material,
the type of anchoring of the director, the presence of colloidal impurities and
external fields can cause the rise of topological defects which are regions in
which the order parameter is ill defined and the local orientation of the director becomes ambiguous. They are briefly described in particular the defects
of cholesteric liquid crystals (λ, τ and χ) are presented. In the last part of the
Chapter 2, the Landau-de Gennes free energy functional for liquid crystals is
introduced and all the important energetic contributions related to the bulk,
interfaces and external fields are described in detail.
• In Chapter 3 the Lattice Boltzmann method used to simulate the systems,
studied in this thesis, is described. The Chapter deals with specifically a variant of the method called hybrid Lattice Boltzmann in which the equations of
the system are divided in two groups: the continuity and the Navier-Stokes
equations are solved in the standard way instead the equation for the order
parameter of the system and other scalar fields are solved apart with a finite
difference scheme. In the first part the Lattice Boltzmann method for fluid
mixtures is described and then the version for the the study of liquid crystals
is presented. The Chapter also contains some numerical details concerning
the up-wind scheme to solve numerically the convection-diffusion equation
for the scalar concentration field for fluid mixtures and also the implementation of the rigid walls.
• In Chapter 4 the results of the simulations of a cholesteric liquid crystal droplet
under electric fields are collected. These results belong to the paper "Switching dynamics in cholesteric liquid crystal emulsions", J. Chem. Phys. 147, 064903
(2017). The Chapter starts with the introduction of the free-energy functional
of the studied system, a brief description of the typical values of the parameters used and then moves to the presentation of the results. At first the
equilibrium structures of the cholesteric droplets are described without the
electric field varying the pitch of the helix and the anchoring condition of the
director on the droplet. Then the results of the application of an electric field
are introduced firstly considering a continuous electric field and a rotating
electric field. The dynamics of topological defects of the cholesteric droplet
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is studied in detail. As regards the continuous electric field, the switching
on-off is performed at first switching on the field and letting the system relax
towards a first equilibrium state and then switching off it observing if the system regains or not the original state. This kind of analysis is also compared
to another situation in which a whole cholesteric channel is considered and
compared to the case of the droplet. Another quantitative analysis consists
in evaluating the threholds of the electric field which cause a nematization of
the droplet destroying the cholesteric order as function of the elastic constant
for various anchorings and pitches. Then the analysis of a rotating electric
field is considered computing the angular velocity of the rotating droplet as
function of the frequency of the applied field and also investigating the periodicity of the topological defects to observe if they are periodic or not with
the rotating field. The final part of the Chapter contains also the initial results
of a system of two cholesteric droplets under rotatig electric fields with surfactant of the paper in preparation, "Interacting rotating cholesteric liquid crystal
droplets". This system seems to be characterized by an interaction consisting
in a mutual rotation of the two droplets around a common centre above a
threshold value of the frequency of the applied field. The evaluation of the
angular velocity of each rotating droplet and the angular velocity of the axis
joining the two droplets as function of the frequency of the applied field is
performed.
• Chapter 5 contains the initial results of the study of a cholesteric emulsion under shear of the paper in preparation "Shear dynamics of an inverted cholesteric
emulsion". At first the numerical model with the free-energy functional is introduced and then the results are discussed. At first the simple case of a channel of isotropic fluid is considered; the system initially relaxes towards the
equilibrium, then a symmetric shear is applied and then the system reaches
the final stationary state. This simple case is used in order to establish a
unit time in function of which all the other times of the other cases will be
expressed. Another situation analyzed is the one with an isotropic droplet
in cholesteric phase subjected to a symmetric shear which slightly elongates
the droplet and reorganizes the defects in the bulk. The configurations of the
director and the velocity fields are inserted.
• In Chapter 6 the results of the simulations of simple fluid self-propelled droplets
through Marangoni effect will be presented. These results belong to the paper "Lattice Boltzmann study of chemically-driven self-propelled droplets" submitted to the journal European Physical Journal E. At first the basic concept of
the Marangoni effect for fluids in general and for droplets is defined. After
that, the system studied is introduced and the results are discussed first start-
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ing with the equilibrium properties of the system dealing the analysis of the
one dimensional profiles of the concentration fields, the surface tension and
the interface width. Then the results of the self-propelled motion of a single
droplet are discussed. The motion of the droplet through Marangoni effect is
achieved inserting specific terms of production and consumption of surfactants in the dynamic equation of the surfactant. In particular producing the
surfactant in a circular region internally tangent to the droplet and consuming the surfactant in the system creates the requested imbalance of surface
tension and the droplet finally moves. The final analysis consists in exploring two interacting droplets in different configurations. Both the cases of two
self-propelled droplets and one self-propelled and the other motionless are
considered.
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Chapter 1
Hydrodynamics of complex fluids
A continuum dynamic description requires a thermodynamic model for the studied system. The common approach for the results presented in this thesis is based
on a Ginzburg-Landau method which consists in the definition of a free-energy
expressed as a polynomial function of the invariants of the the order parameter
respect to a particular group of symmetry. From this free-energy functional it is
possibile to derive some quantities such as the chemical potential which figures
in the dynamic equations of the system. The nature of this order parameter can
be scalar, vectorial or tensorial depending by the system and by the symmetries
involved.
In the case of binary fluid mixtures, for example, there are translational and rotational symmetries and the order parameter is chosen as scalar defined as the
difference of the chemical concentrations between the two phases. In liquid crystals, instead, the order parameter must take into account the orientation of the
molecules and the strenght of the alignment so in this case the order parameter
is tensorial. In this latter case the study is complicated by the fact that in the liquid crystal systems there can be regions, the topological defects, where the order
parameter is not well defined, which play an important role in the evolution of
the system. When one defect moves, the coupling between the velocity field and
the variation of the orientation of the molecules becomes important. This effect is
called backflow and the moviment of the defect generates a variation in the orientation of molecules which produces a variation in the velocity field [1]. These
topological defects will be better introduced in Chapter 2 which is dedicated to the
description of liquid crystals and their general aspects. In case of the fluid mixtures there is something quite similar shown in Fig. 1.1. In this figure a typical
velocity field along and interface which separates two different phases is shown.
Along interfaces tangential forces rise due to different curvatures and this generates velocity fields particularly intense where the interface is convex. Passing time
the curvature is reduced until the regions are spherical and the system reaches a
1
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2

Figure 1.1: Velocity field along a flat interface which separates two different regions
of a binary mixture which acts to equalize the curvature [3].

final state where the two phases are separated. Defects are thus the sources of the
velocity field. Hydrodynamics plays an important role in leading systems towards
equilibrium removing, if possibile, defects. There are systems, for example liquid
crystal blue phases, where this is not always possible and hydrodynamics doesn’t
succeed in removing defects which remain and slow down the evolution of the
system [2].
What is important to say now is the fact that what makes some systems such as
the fluid mixtures and liquid crystals interesting is the fact that the coupling between the quantities of the system can generate important effects. In this Chapter
the hydrodynamic equations such as the continuity equation, the Navier-Stokes
equation, the convection-diffusion equation and the Beris-Edwards equation are
introduced.

3

1.1

1.1. Hydrodynamic equations

Hydrodynamic equations

In this section the hydrodynamic equations are shown.
The description of a simple fluid, for example, requires five functions with their
correspondent equations. These functions are respectively the three components
of the velocity field u( x, y, z, t), the total density field and the energy. The corrispondent equations are respectively the Navier-Stokes equation for the velocity
field and the continuity equation for the total density field. It is also necessary to
define an equation for the evolution of the order parameter; it is scalar for fluid
mixtures and consists in the concentration field instead it is tensorial for liquid
crystals and evolves through the Beris-Edwards equation.

1.1.1

The continuity equation

The first equation described is the continuity equation which prescribes the conservation of the mass of fluid [4].
If n is the density of fluid, the conservation of mass imposes that the variation in
the unit time of the mass in a volume V equals the flux of mass in the unit time
across the surface S(V ) which surrounds the volume V
Z

∂t

V

ndV = −

Z
S (V )

nu · dl

(1.1)

in which u( x, y, z, t) is the velocity of fluid in a point ( x, y, z) at time t and dl is
a vector in the normal direction of the surface element with area equals to the
modulus of dl. The positive verse is assumed the outgoing verse from the surface.
In the differential form the equation becomes
∂t n = −∂α (nuα )

(1.2)

with index α which represents the three possibile cartesian directions and the sum
on the index α is assumed. The term nu is the density mass flux. The continuity
equation (1.2) shown above is the first hydrodynamic equations and establishes
that the total mass in every element of the system can change only if matter fluxes
across the element to the outside or from the outside.
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1.1.2

4

The Navier-Stokes equation

The second equation is the Navier-Stokes equation related to the conservation of
the momentum [3, 4]. It can be seen as the Newton equation for an element of
fluid.
Starting neglecting all the dissipative effects, the total force acting on an element
of fluid is
Z
− pdl
(1.3)
where p is the pressure on the surface which surrounds the volume of the fluid.
Changing (1.3) into a volume integral it is

−

Z

pdl = −

Z

∇ pdV.

(1.4)

So on the volume element there is a force equals −∇ p. Now it is possibile to
equalize the force to the mass per unit volume (the density) times the acceleration
du/dt
du
= −∇ p.
(1.5)
n
dt
The operator du/dt which appears in the left hand side of (1.5) is the material
derivative. It does not indicate the variation of the fluid velocity in a fixed point in
space but the variation of the velocity of a particle of fluid that moves in the space.
In this sense one can observe that that the variation du of the velocity of a particle
of fluid, in the interval time dt, is determined by two contributions: the variation of
the velocity in a fixed point in the space in the time dt and the difference between
the velocity (in the same instant) in two points of the space distant dr where dr is
the distance described by the particle in the time dt [4]. The first contribution is
∂u
dt
∂t

(1.6)

where ∂u
∂t is calculated with x, y, and z costants in a certain point in the space. The
second contribution is
dx

∂u
∂u
∂u
+ dy
+ dz
= (dr · ∇)u
∂x
∂y
∂z

(1.7)

So expressing the material derivative du/dt in this way
du
∂u
=
+ u · ∇u
dt
∂t

(1.8)

n∂t uα + nu β ∂ β uα = −∂α p

(1.9)

(1.5) becomes

5
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which allows to obtain the Cauchy equation
∂t (nuα ) = −∂ β Tαβ .

(1.10)

This equation describes the reversible transfer of momentum due only to pressure
forces and mechanical movement of particle fluid. The term Tαβ is the density flux
momentum tensor and represents the momentum in the direction β which moves
across a surface element perpendicular to the α direction. In case of an ideal fluid
the explicit expression of the tensor is
Tαβ = pδαβ + nuα u β

(1.11)

in which p is the pressure that surrounds the element of fluid volume. If dissipative
effects are present it is necessary the presence of a term in the tensor which deals
with these effects. This is called viscous stress tensor and its expression is


2δαβ
∂γ uγ + ζδαβ ∂γ uγ
(1.12)
Sαβ = η ∂α u β + ∂ β uα −
d
in which η and ζ are, respectively, the dynamic viscosity and the bulk viscosity or
second viscosity. They are both poistive and d is the dimension of the problem.
Inserting this new tensor in the Cauchy equation (1.10) one obtains the NavierStokes equation with expression


 
2δαβ
∂γ uγ + ζδαβ ∂γ uγ .
∂t (nu β ) + ∂α (nuα u β ) = −∂α p + ∂α η ∂α u β + ∂ β uα −
d
(1.13)
If the fluid is not homogeneous, like multiphase mixtures, concentration gradients
must be taken into account. In this case pressure will not be equal in the zones of
the fluid and it could be dependent by concentration and its gradients. Thus the
term pδαβ shown before in (1.13) is changed with the pressure tensor Pαβ and the
Navier-Stokes equation becomes


 
2δαβ
∂γ uγ + ζδαβ ∂γ uγ .
∂t (nu β ) + ∂α (nuα u β ) = −∂α Pαβ + ∂α η ∂α u β + ∂ β uα −
d
(1.14)
In the special case of incompressible fluids, ∂α uα = 0 and the Navier-Stokes equations simplifies in
1
∂t uα + u β ∂ β uα = − ∂α Pαβ + ν∇2 uα
(1.15)
n
where ν = η/n is the cinematic viscosity.
In the case of liquid crystals the Navier-Stokes equation expression is
total
n(∂t + u β ∂ β )uα = ∂ β σαβ

(1.16)
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total is the total stress tensor for liquid crystals [5, 6]
where σαβ
total
visc
lc
int
σαβ
= σαβ
+ σαβ
+ σαβ

(1.17)

visc , σ lc and σint are respectively the viscous term, the liquid crystal term
where σαβ
αβ
αβ
and the last one takes into account the presence of interfaces. The viscuous term is
visc
= η (∂α u β + ∂ β uα )
σαβ

(1.18)

with η dynamical viscosity. The liquid crystal stress term is:
lc
σαβ
= σαβ + ταβ

(1.19)

where







1
1
1
σαβ = − P0 δαβ − ξ Hαγ Qγβ + δγβ − ξ Qαγ + δαγ Hγβ + 2ξ Qαβ − δαβ Qγµ Hγµ
3
3
3
(1.20)
is the symmetric part of the stress tensor for liquid crystals instead
ταβ = Qαν Hνβ − Hαν Qνβ

(1.21)

is the antisymmetric part of the stress tensor. The final term of the total stress
tensor is


δF
δF
δF
int
φ − F δαβ −
∂α φ −
∂α Qγµ
(1.22)
σαβ = −
δφ
δ(∂ β φ)
δ(∂ β Qγµ )
where Qαβ is the Q tensor order parameter for liquid crystals, H is the molecular
field, P0 the isotropic pressure and F is the free-energy functional of the given
system and φ is concentration field. ξ is a constant which takes into account the
aspect ratio of the molecules and is related to the rheological answer of the director
under shear. If ξ ≥ 0.6 the liquid crystal is in the flow aligning regime and there is
a stable response (the molecules form a fixed angle respect to direction of the flow
as the Leslie angle [7]) instead for ξ < 0.6 the liquid crystal is in the flow tumbling
regime and there is an unstable response (molecules continuously change their
orientation in chaotic way) [7, 8].
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The convection-diffusion equation

As introduced before, the thermodynamics of a system can be described by an order parameter; in the case for example of a binary fluid mixture it consists in a
scalar quantity corresponding to the density difference between the components.
The evolution of the order parameter is described by a convection-diffusion equation in which there is the coupling with the velocity field. In this paragraph the
convection-diffusion equation will be introduced for the simple case of binary fluid
mixtures.
In general there are two ways of variation of concentration in a mixture: the first
is mechanical and consists in the movement of little portions of fluid and the second is the diffusion consisting in the moviment of fluid molecules due to termic or
chemical gradients [3, 9]. In case of absence of diffusion the composition of each
element of fluid doesn’t change and for each component of fluid the continuity
equation is valid
∂t nk + ∂α (nk uα ) = 0
(1.23)
with k = 1, 2. Passing in the integral form and including the diffusive terms it is
Z

∂t

V0

nk dV0 = −

Z
S(V0 )

nk u · dl −

Z
S(V0 )

Jk · dl

(1.24)

which in differential form becomes
∂t nk + ∂α (nk uα ) = −∂α Jα,k

(1.25)

where the term Jk is the flux of diffusion and it depends only by termal and chemical potential gradients. Writing J = J1 = −J2 and, remembering that φ = n1 − n2 ,
subtracting the equation for k = 1 (1.25) with the one for k = 2 it results
∂t φ + ∂α (φuα ) = −2∂α Jα .

(1.26)

The term J represents the current of diffusion which, under the assumption of little
termal or concentration gradients, can be expressed as linear function of ∇µ where
µ is the chemical potential [10].
So the typical expression of the convection-diffusion equation, also called CahnHilliard equation, for binary fluid mixtures becomes
∂t φ + ∇ · (φu) = D ∇2 µφ

(1.27)

with D diffusion coefficient. The chemical potential µ depends from the order
parameter and by its gradient and represents the strenght which drives the system
towards the equilibrium. In the mean-field theories it is calculated as functional
derivative of the free energy F respect to the concentration field [3]:
µ=

δF
.
δφ

(1.28)
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The Beris-Edwards equation

In the case of liquid crystals the order parameter, which will be better described in
Chapter 2, is a second-rank, symmetric and traceless tensor with five indipendent
components which evolve through the Beris-Edwards equation [5]

(∂t + u · ∇)Q − S(W, Q) = ΓH

(1.29)

where Γ is the collective rotational diffusion constant. The left hand side of equation represents the material derivative which describes the temporal dependence
of a quantity shifted by the fluid with velocity u. The term S(W, Q) takes into account the possibility that molecules can be rotated and stretched by fluxes. The
explicit expression of S is this
S(W, Q) = (ξD + Ω)(Q + I/3) + (Q + I/3)(ξD − Ω) − 2ξ (Q + I/3) Tr (QW)
(1.30)
where D = (W + W T )/2 and Ω = (W − W T )/2 are respectively the symmetric
and antisymmetric parts of the tensor velocity gradient Wαβ = ∂ β uα and I is the
unit matrix. At the right hand side of (1.29) there is the molecular field
H=−

I δF
δF
+ Tr
δQ 3 δQ

(1.31)

which, in this case, can be interpreted as the thermodynamic force which drives the
system towards the equilibrium state with F free-energy functional of the system
in which all the thermodynamics is encoded, I identity matrix and Tr the trace of
δF /δQ.

1.4

Brief summary of Landau theory

The Ginzburg-Landau theory is a powerful tool to study phase-transitions in the
systems [11]. When a physical system is affected by a phase-transition, once a critical value of a certain control parameter (for example the temparature) is reached,
a value of a physical quantity, defined as order parameter becomes zero passing
in the disordered phase. In the case of a binary mixtures, for example, the order
parameter is assumed as the scalar concentration field which is non-zero in the ordered phase, under the critical point where the two phases are separated, and zero
above it where the phases are mixed in a unique phase.
As long as the order parameter of a system is zero in the disordered phase above
the critical point, in the vicinity of the critical point it is small and the simplest
expression of the free-energy can be written as an expansion in power-series of the
order parameter requiring particular simmetries by the system. This free-energy is
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defined as F = E − TS with E internal energy of the system, T temperature and S
entropy of the system. At equilibrium this free-energy must be minimized.
In case of the binary mixture, for example, the expression of the free-energy should
contain only even power-series terms of the concentration field φ because the symmetry for transormation φ → −φ is requested. Speaking in physical terms, if the
oil droplet in water phase is being studied, the energy must be the same of the
inverse situation of a water droplet in the oil phase. Taking into account these
aspects, the expression of the free-energy functional for binary fluid mixtures is:


Z
Z
a 2 b 4 K
2
φ + φ + |∇φ|
(1.32)
F = dV f = dV
2
4
2
where f is the free-energy density. The power-series, as said previously, contains
only even terms and is truncated to the fourth order. The last term takes into account the energetic penalty for the presence of interfaces with coefficient K [12].
From the expression of the free-energy functional, which contains all the thermodynamic information of the system, it is also possible to calculate other physical
quantities such as the chemical potential µ calculated as the functional derivative
of the free-energy respect to φ [3]
µ=

δF
= aφ + bφ3 − K ∇2 φ.
δφ

The surface tension is defined as
"
Z
σ=

+∞

−∞

  #
K dφ 2
dz f (n, φ, T ) − f (n, φ± , T ) +
2 dz
Z φ+
q
=
dφ 2K [ f (n, φ, T ) − f (n, φ± , T )]

(1.33)

(1.34)
(1.35)

φ−

in which the integral is calculated in the direction normal to the interface between
the two bulk phases φ± at temperature T [3]. Another important quantity is the
pressure tensor in which there is the information of the interactions of the components of the mixture [13]:


δF
δF
φ+
n − f δαβ + Dαβ (φ)
(1.36)
Pαβ =
δφ
δn
in which Dαβ (φ) is a symmetric tensor added ad hoc to ensure the condition of
mechanical equilibrium ∂α Pαβ = 0 [14, 15].
Generally a physical system can be subjected to various stimuli for example an
electric field, an external force, chemical reactions etc. which drive the system out
of equilibrium. In this case all the treatment described before is always valid in
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the hypothesis of local equilibrium [10] in a certain element of the system1 . One
then writes all the conservation laws such as the conservation of mass, momentum, energy etc. and also relations which relate the fluxes in the system to the
thermodynamic forces or gradients.

1 This

element in which a local equilibrium is supposed is small compared to the macroscopic
scales of the system but big from a microscopic point of view because it contains a large number of
atoms and molecules of the order of the Avogadro number NA = 6.022 × 1023 mol −1 .

Chapter 2
Introduction to liquid crystals
This chapter introduces the general aspects of the liquid crystals theory as a state
of matter with properties intermediate between solids and liquids.
Nowadays liquid crystals are used in a pletora of applications such as the production of TV screens, computer monitors, temperature sensors, optical instruments
and cosmetics [16–25]. The variety of this fields of application and the continuous evolution of the technology based on them justifies the continuous necessity
to study their properties.
After a brief initial historical overview about the most important dates that mark
the first discoveries of the liquid crystals, the Chapter proceeds describing briefly
the most important and known structures such as the nematic, cholesteric, smectic
and columnar phases also mentioning the cholesteric fingers and recent structures
such as the twist-bend liquid crystal [26, 27].
The concepts of director and tensor order parameter will be then introduced. Liquid crystals are characterized by a second rank, symmetric, traceless tensor order
parameter with five independent components in the simplest case.
After that, topological defects will be treated. They are in general regions which
can be points, lines and surfaces where the local orientation of the director becomes
ambiguous and the order parameter is ill defined. They can rise by the competition and combination of different factors such as the elasticity of the liquid crystal,
presence of boundaries and external fields, colloidal impurities etc. Thus the formalism of the tensor order parameter becomes a powerful way to detect and study
them. They will be introduced in general also defining the concept of topological
charge to quantify and qualify them.
In final part of the Chapter the Landau-De Gennes theory formalism for liquid
crystals will be analyzed describing all the energetic terms related to the bulk of
the system, the interfaces, the interaction between the liquid crystal and the external fields, the elastic distortions etc.
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(a) Solid state

(b) Liquid state
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(c) Liquid crystal state

Figure 2.1: Schematic representation of molecules in a solid (a) with perfect positional and orientational order, in a liquid or isotropic fluid (b) without any positional and orientational order and in a liquid crystal (c) where only orientational
order survives.

2.1

Historical overview

The first experimental observation of the liquid crystals is dated to late 19th century, precisely in 1888, with the austrian botanist Friedrich Reinitzer who investigated the melting transition of an organic compound (today known as cholesteril
benzoate) and observed curious things. The solid melted in a cloudy liquid at
145.5◦ C but then "melted" again in a clear liquid at 178.5◦ C. Reinitzer then reported
this result to his collegue physicist Otto Lehmann who continued the obserations
through a polarizing microscope and found other substances with a similar behaviour. In the end Lehmann and Reinetzer understood that the cloudy liquid,
which was also birifrangent, was a new state of matter Lehmann baptized "liquid
crystal". Although liquid crystals had been discovered already in the 19th century,
the sistematic study of this new state of matter started only in 1920 with G. Friedel,
followed by 50 years of inactivity. Only by 1970’s with the influence of the Nobel
prized physicist P.G. de Gennes, the study of liquid crystals became an important
and recognized field of research today still in continuous expansion even advantaged by the introduction of the computer in the science [28, 29].
Usually physics or chemistry introductory books write that matter consist in the
three states of solid, liquid and gas but this is not completely true because there are
intermediate situations between them and one interesting exemple are, indeed, the
liquid crystals.
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With this term usually it is indicated a state of matter with intermediate properties
between solids and liquids [5, 30–34]. As shown in Fig. 2.1 in a cristalline solid
atoms and molecules are disposed in the cristalline lattice in an ordered way with
positional and orientational order. The opposite situation, instead, is that of an
isotropic fluid or liquid where the molecules have lost any positional and orientational order and are distributed randomly in the space. Therefore liquid crystals
are "crystals" because their molecules don’t have any positional order but preserve
an orientational order like solids but they are also "liquids" because they flow under a shear like isotropic fluids.

2.2

General classification and mesophases

Starting with a chemical point of view, liquid crystal molecules have an anistropic
shape which can be oblate or prolate and have some rigidity conferred by biphenyl
or terphenyl groups. Liquid crystals structures can also form when amphiphilic
molecules associate to form anisotropic structures which, in turn, spontaneously
order into liquid-crystalline phases [29, 30]. Fig. 2.2 shows some examples of liquid
crystal moelecules such as N-(p-methoxybenzilidene)-p-butylaniline (MBBA), p-nhexyloxybenzilidene-p’-aminobenzonitrile (HBAB) and 4-cyano-4’ alkylbiphenyl
series, or nCB, where n is the number of carbons (typically 5-12) in the flexible "tail"
of the molecule [29]. Liquid crystals, in general, can be classified in different ways
depending by the point of view. If one consideres the shape of the molecules, they
can be classified as calamitics, with rod-like molecules, or discotics, with disk-shape
molecules. Another important difference deals with the control parameter which
induces a phase transtion; if that is triggered by a change in temperature, liquid
crystals are called thermotropic, in case of a change in the molecular concentration
they are called lyotropic [30–32].1 As regards the disposition of the molecules, liquid crystals can give rise to different and exotic structures also called mesophases
which will be introduced in the following subsections.

1 In

last years the new class of metallotropic liquid crystals or metallomesogens has been investigated. They are formed exploiting cationic surfactant templating of molten divalent metal
halides. [35]
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Figure 2.2: Molecules that form liquid crystals. N-(p-methoxybenzilidene)-pbutylaniline (MBBA), p-n-hexyloxybenzilidene-p’-aminobenzonitrile (HBAB) 4cyano-4’ alkylbiphenyl (nCB) [29].

2.2.1

Nematic mesophase

The nematic phase is maybe the most famous and simplest of the liquid crystal structures. The molecules, generally with rod-like shape, are on average directed towards a common direction, Fig. 2.3, specified by the director, a unit vector, |n| = 1,
with head-to-tail simmetry (a vector with no arrow such that n = −n) [30–32].

Figure 2.3: Nematic phase in which rod-like molecules are on average oriented
towards the common direction of the director.
Molecules such as p-azoxyanisole (PAA) or N-(p-methoxybenzylidene)-p-butylaniline
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(MMBA) shown in Fig. 2.4 are examples of nematogens. This word means that they
give rise to the nematic mesophase.

(a)

(b)

Figure 2.4: Chemical structure of p-azoxyanisole (PAA) (a) and N-(pmethoxybenzylidene)-p-butylaniline (MMBA) (b) [30].

2.2.2

Cholesteric mesophase

The cholesteric or chiral nematic phase is another important mesophase which is locally equivalent to a nematic one but not globally because molecules are arranged
in an helical structure like in Fig. 2.5. This mesophase occurs for chiral molecules2
but it is also obtained experimentally starting from a nematic liquid crystal adding
a chiral dopant. The helix is characterized by a pitch which represent the spacial
distance over that the director rotates of 2π. The wave vector q0 is defined so that
the pitch p0 = 2π/q0 . However, as long as the two orientations of the director are
equivalent (n = −n), it is also possible to define L = p0 /2 = π/q0 with pitch p0
defined as the length for which the director rotates of π or makes a twist as Fig. 2.5(a). This scale lenght has dimensions (≈ 3000Å) comparable with the wavelenght
of visible light so that cholesteric liquid crystals are well fit to be used for optical
instruments [16, 36, 37]. Finally it is important the aspect of the sign: if the xyz
frame is righ-handed, then q0 > 0 and the helix will be right-handed. This situation is verified in the cholesterol chloride. If q0 < 0, the helix will be left-handed.
Most of the aliphatic esters of cholesterol belong to this class [30–32].
Cholesterol esters, with structure shown in Fig. 2.6, are examples of twisted structures. This is the reason why the chiral nematic liquid crystals are so called "cholesterics".
Cholesteric fingers are a typical structure which appears if the liquid crystal is confined between two plates, treated anchoring the director to the plates perpendicularly or homeotropically [28]. While the director is planar the boundary conditions
are satisfied by orienting the axis of the helix normal to the plates, instead no orientation is compatible when the director is perpendicular and therefore this leads
2A

chiral molecule has a non-superposable mirror image.
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(b)

Figure 2.5: Cholesteric phase with pitch p0 = π/q0 so that the director makes a
rotation of π or a twist [30] (a) and 3D view of a cholesteric liquid crystal molecules
(b).

Figure 2.6: General structure of cholesterol esters. The rings are not aromatic and
the structure is not planar, hydrogens are not reported [30].

to a frustrated situation.
Experiments confirm that the texture strongly depends by an adimensional param-

17

2.2. General classification and mesophases

Figure 2.7: Cholesteric fingers in a wedge between crossed polarizers. From left
to right three zones are distinguishable: a black zone (homeotropic nematic), the
fingers separated by homeotropic nematic and finally adhering fingers [28].

eter C = h/p, called confinement ratio [38], where h is the thickness of the sample
and p is the pitch of the cholesteric helix. The situation reported in [28] consists in
a mixture of 96.5 wt% ZLI1981 nematic and 3.5 wt% cholesteryl nonanoate with
a pitch of 6.7 µm at room temperature placed between two plates and reported in
Fig. 2.7.
Experiments show the existence of a critical confinement ratio Cc ≈ 1.25 such that
for C < Cc the cholesteric structure is completely unwound and the director is always parallel to the axis normal to the plates whereas for C > Cc a "fingerprint"
texture appears composed of so called cholesteric fingers separated one another by
hometropic nematic for Cc < C < C ∗ and adhering together for C > C ∗ (with
C ∗ ≈ 1.65). Other experiments have been performed through the years [28] in
which the confinement ratio can be modified by changing either the thickness of
the sample or the pitch. The first one has reveled not applicable because strongly
perturbs the director instead the second way is simpler and has two variants. The
first consists in modifying the pitch changing the temperature or using an electric
field which requires the sample being prepared between two electrodes [28, 38].
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Figure 2.8: Three-dimensional periodic structure of cylinders for BPI I (a) and BPI
(b) [39].

2.2.3

Blue phases

Blue phases are particular structures of liquid crystals which live in a narrow temperature range (about 1K) between isotropic and cholesteric structure [30, 31, 39].
However more recent studies have extended this temperature range of stability
of about 60K through the introduction of colloidal impurities [40–42]. Three blue
phases are known without the action of an electric field: blue phase I (BPI), blue
phase I I (BPI I), shown in Fig. 2.8, and blue phase I I I (BPI I I). BPI and BPI I are
characterized by a three dimensional cubic array with period of the same magnitude of wave lenght of the visible light. BPI has a face centered cubic pattern;
BPI I I, instead, is different because has an amorphous structure called "blue fog".
The physical reason of the formation of the blue phases is due to the fact that
when the temperature of the system raises towards the critical point of transition
isotropic-cholesteric, the cholesteric helix in the system is a configuration no longer
energetically advantagious. So blue phases occur because the local double-twisted
structure, shown in Fig. 2.9, (i.e. local twisting in two directions, as opposed to the
single twist of cholesteric) is more energetically favoured.

Figure 2.9: The stable cylindrical region of a blue phase (a). A topological defect
casued by the double-twist of the cylinders (b). The arrows indicate the local direction of the director [43].
As long as this structure is incompatible with the requirement of continuity, this
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Figure 2.10: (a) Nematic phase with uniaxial alignment θ0 = 0, (b) twist-bend
structure with 0 < θ0 < π/2, (c) cholesteric structure θ0 = π/2 [26].

results in the formation of networks of defects that separate isolated stable regions
[39, 44]. So it can be concluded that blue phases are interesting and elegant three
dimensional structures of topological defects in nature. Another important feature of these structures is the fact that the defects have a lattice period of several
hundred nanometers of the same magnitude of wave lenght of the visible light.
For this reason they exhibit Bragg reflection in the range of visible light and find
important applications in the production of light modulators or tunable photonic
crystals [44–46]. The first experimental optical observation of a blue phase was
with a blue colour, which justifies the name, but it can vary in the visible range.

2.2.4

Twist-bend structure

As reported in paragraph 2.2.1 and 2.2.2, in the uniaxial nematic the rod-like molecules
are, on averege, parallel to the director n, instead in a cholesteric liquid crystal the
molecules are rearranged in an helical structure. However in 1973 Meyer predicted
that polar molecules interactions that favoured bend deformations could lead to
twist-bend nematic phase, in Fig. 2.10, in which the director draws an oblique helicoid manteining a constant oblique angle 0 < θ0 < π/2 with the helical axis z [26,
27]3 :
n = (sinθ0 cosφ, sinθ0 sinφ, cosθ0 )
(2.1)
3 All

these mesophases are generally identified as nematic family divided in uniaxial nematic,
biaxial nematic, chiral nematic or cholesteric, blue phase and twist-bend. The latter in [27] is
identified as the recent "fifth nematic phase".
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(b) smectic-C

Figure 2.11: Case of smectic-A (a) in which molecules are perpendicular to the
planes and smectic-C (b) in which molecules are tilted.
where φ = ttb z is the azimuthal angle, ttb = 2π/ptb with ptb pitch of the helicoid.
In this way the nematic and cholesteric phase can be considered the limiting cases
of the twist-bend structure respectively with θ0 = 0 and θ0 = π/2. A series of
studies demonstrate that this twist-bend structure seems to be facilitated by bent
(banana-like) shaped molecules [26]. Another aspect is the fact that the pitch of the
twist-bend helicoid is of the order of magnitude of 10nm instead of a cholesteric in
which the length of the pitch is of the order of 100nm [27].

2.2.5

Smectic and columnar mesophases

The smectic phase is the liquid crystal phase which is the closest to a solid structure [30, 31]. Differently from the nematic phase in which the molecules are, on
average, oriented towards a common direction, smectics are ordered in two directions. Precisely the smectic molecules are arreanged in a layered structure, as
shown in Fig. 2.11, with two different orientations. In a smectic-A, Fig. 2.11-(a), the
orientation of the molecules is perpendicular to the planes whereas in a smectic-C,
Fig. 2.11-(b), the molecules have a tilted orientation. The columnar phase is the dis-

Figure 2.12: Molecules arranged in stacks in the columnar phase.
cotic equivalent of the smectic phase in which the disk-like molecules are arranged
in stacks [30, 31] as shown in Fig. 2.12:
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Order parameter for liquid crystals

Figure 2.13: Position of the molecule, along the direction i respect to the director
n directed along z axis; θ and φ are the angles that the molecule forms with z
and x axis (a). (b) Probability distribution function of the molecular orientation
dependent from the angle θ, symmetric respect to π/2 with two maxima in 0 and
π [30, 43].
As previously said, in the nematic phase the molecules are, on averege, oriented
towards a common direction identified by the director n, a unite vector with headto-tail symmetry (it means that directions n and −n are equivalent), whereas in
the isotropic phase the molecules are oriented randomly in the space without nor
positional nor orientational order. This concept can be better expressed saying that
the nematic phase is "more ordered" than the isotropic one or has a lower symmetry. In order to express these concepts in a more quantitative way it is necessary to
introduce an order parameter which is non-zero in the nematic phase and vanishes
in the isotropic phase. This research of an order parameter can start with a simple
case [5, 30, 31, 47].
As long as liquid crystal molecules have an anisotropic structure similar to a rod,
the axis of a rod can be labelled with i. The direction of the director n is assumed
coincident to the z axis in a xyz frame. The orientation of i, respect to n, is identified
by the polar angles θ and φ, as in Fig. 2.13-(a), so that its components are
i x = sinθcosφ,

(2.2)
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iy = sinθsinφ

(2.3)

iz = cosθ.

(2.4)

and
The state of alignment of these rods can be described by a distribution function
f (θ, φ)dΩ which represents the probability of finding a rod in the solid angle dΩ =
sinθdθdφ around the direction (θ, φ). According to the properties of nematics it is
possible to impose some constraints to this function: f (θ, φ) is independent of φ
because of the cylindrical symmetry around n and f (θ ) = f (θ − π ) because the
directions n and −n are equivalent. The functions has, also, two maxima in θ = 0
and π and a minimum in θ = π/2, as shown in Fig. 2.13-(b), because in the first
cases the axis of the molecule is parallel to the director n, instead in the last case is
perpendicular. Now the function f (θ ) alone can’t give information to the state of
the alignment of the molecules so it is necessary to define a numerical associated
quantity. The first possibility could be

< cosθ >=< i · n >=

Z π
0

f (θ )cosθsinθdθ

(2.5)

but this function vanishes because it’s a product of symmetric function f (θ )sinθ
for an antysimmetric one cosθ in the interval [0; π ]. Thus the first non trivial information on the state of alignment of molecules can be found in the quadrupole
term
Z
1
1
S = < (3cos2 θ − 1) >=
f (θ ) (3cos2 θ − 1)dΩ.
(2.6)
2
2
This choice in non trivial as before because if θ = 0 or π (situation of complete
alignment), S = 1 instead if θ = π/2 (perpendicular alignment) S = −1/2. If the
molecules are randomly oriented as in an isotropic fluid ( f (θ ) independent form
θ), < cos2 θ >= 1/3 and so S = 0. Therefore this S quantity gives a measure of the
alignment of the molecules [5, 30, 31].
This approach in defining a scalar order parameter could be useful because it gives
a measure of the alignment of the molecules respect to the director but it doesn’t
give information about the orientation of the director itself which has been supposed parallel to the z axis. It’s important to generalize the definition of the order
parameter which must be independent from the choice of the frame of reference.
The approach consists in defining a tensorial order parameter related to the direction of the individual molecules


1
(2.7)
Qαβ = nα n β − δαβ
3
where the angular brackets denote a coarse-grained average. This tensor order
parameter, the Q tensor, has the following form suitable for an uniaxial nematic
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[30, 31]:


1
Qαβ = q nα n β − δαβ
3




n2x − 1/3
n x ny
n x nz
n2y − 1/3
ny nz 
= q  n x ny
2
n x nz
ny nz
nz − 1/3


(2.8)

where 0 ≤ q ≤ 2/3 represents the magnitude of the alignment. It is a 3 × 3 real
matrix, symmetric and traceless with only five independet components. However
it is possible to find a suitable coordinate system where the tensor is diagonal.4
 q

−3 0 0
q
Qαβ =  0 − 3 0 
(2.9)
2q
0
0
3
If n is along the z axis of the coordinate system. From the previous expression it
is clear that the diagonalized tensor has eigenvalues −q/3, −q/3 and 2q/3 and its
largest eigenvalue, 32 q, represents a measure of the alignement and its correspondent eigenvector defines the direction of the director n. In [48] it is demonstrated
that if q remains constant it is possible to obtain back the equations of Ericksen,
Leslie and Parodi for an uniaxial nematic.
The most general form of the Q tensor, valuable to describe the biaxial5 nematics,
is similar to the previous one but the three eigenvalues are different [28, 32, 34, 47].
In the eigenvector space (l,m,n) one writes:

 −q+η
0
0

 3
−q−η
(2.10)
Qαβ =  0
0
3
2q
0
0
3
which becomes, in an arbitrary frame of reference
1
1
2
Qαβ = − (q − η )lα l β − (q + η )mα m β + qnα n β
3
3
3

(2.11)

The tensor now has five independent components: the amplitudes q and η and
three out of the nine components of the basis vectors (l, m, n). It is also invariant
for transformation l → −l, m → −m and n → −n. Setting η = 0 one returns to
the uniaxial form is restored.
4 It

must be enphasized that the Q tensor written in (2.8) is function of the spatial coordinates.
uniaxial molecule can be thought as rod or disk with rotation symmetry about the axis of
the molecule (which explains the term uniaxial). A biaxial nematic can be thought with a shape of
a plank of wood; in this case there is not rotation axis along the long axis of the plank but there
are three axis of reflective symmetry (the long, intermediate and the short axis) [47]. In an uniaxial
arrangement the molecules are oriented, on averege, along the direction of the director whereas
for biaxial liquid crystals, with molecules of a shape of plank of wood, the long axis align in one
direction and the short axis along another direction.
5A
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Figure 2.14: Exemples of topological defects and relative topological charges. (a)
s = −1/2, (b) s = 1/2, (c) the radial hedgehog with s = +1 and (d) with s = −1.

2.4
2.4.1

Topological defects in liquid crystals
General aspects

Topological defects in liquid crystals are regions where the order parameter is not
well defined and the orientation of the director becomes ambiguous [30, 31, 49,
50]. They can form by the combination and competition of different factors such
as the elasticity of the liquid crystal, the type of anchoring of the director, the presence of boundaries in the system, external fields, colloidal impurities etc. To every
topological defects it is possible to associate a topological charge s defined as the
number of rotation of the director around a closed curve which surrounds the defect. As long as the rotation cannot be of 2π the topological charge can be integer
or semi-integer. Fig. 2.14 shows tipical defects with relative topological charge. For
exemple in Fig. 2.14-(a) the director rotates of an angle equals π so this corrisponds
to a topological charge s = −1/2 whereas in Fig. 2.14-(b) the rotation happens in
opposite verse so the sign becomes positive, s = 1/2. In Fig. 2.14-(c) it is shown
the tipical "hedgehog" defect in which the director sweeps out in all directions and
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makes a complete rotation of 2π thus in this case the topological charge is s = 1.
The formation of a topological defect in liquid crystals can be understood in terms
of the Volterra process also used to study topological defects in solids [30–32, 34].
It is shown the case for the defect with topological charge s = −1/2 in a nematic
in Fig. 2.15.

Figure 2.15: Volterra process to obtain the topological defect with charge s = −1/2.
0
00
(a) a cut of surface Σ and length L is made, (b) the lips of the cut Σ and Σ are
opened of π and extra material is added, (c) the system relaxes. (d) Burger circuit
γ which surrounds the defect and hodograph Γ [32].
Initially a piece of nematic material is considered and a cut of surface Σ with length
0
00
L is performed, Fig. 2.15-(a). Then the lips of the cut Σ, Σ and Σ , are opened of
an angle π and extra matter is introduced, Fig. 2.15-(b). The system is let to relax, Fig. 2.15-(c), and the final configuration of Fig. 2.15-(d) is obtained. As noticed
the topological charge can have a sign and the origin of it is justified considering
the travelling direction along the so called Burger circuit γ which surrounds the
defect and the so called hodograph Γ of the director. In Fig. 2.15-(d) the Burger
circuit is considered as a circle on which an arbitrary verse is fixed starting from a
point M. Each director n that is met when traversing γ is now parallel transported
to an origin O. The set of extremities traverses a circular arc oriented according
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to the construction. This is the hodograph Γ. In the case shown in Fig. 2.15-(d)
Γ and γ are oriented in opposite directions and this justifies the − sign. Usually,
for basic studying or practical application, liquid crystal is filled in between two
glass substrates. A certain treatment of the substrate surfaces allows one to obtain
different types of liquid crystal orientation. In the case of heterogeneous planar
orientation of nematics, the director n is parallel to substrates but points in different directions. Such a structure appears as a Schlieren texture (Schliere means streak
in German) between crossed polarizers in a polarizing microscope as shown in Fig.
2.16.

Figure 2.16: Typical Schlieren texture of a nematic liquid crystal; s is the topological
charge associated to the defects [45].

The schlieren texture shows dark brushes, which correspond to the extinction orientation of the nematic liquid crystal. Accordingly, the director n lies either parallel
or perpendicular to the polarizer or analyzer axes. The points, where two or four
brushes meet, correspond to the director singularities and are called disclinations
in the structure. The disclination is characterized by its strength s, which shows
how much the director rotates in each point on the closed curve around the singularity point. The disclinations with s = ±1/2, ±1 can be found in nematics.
The points where four brushes meet correspond to the disclinations with s = ±1,
and, the points with two brushes correspond to the disclinations with s = ±1/2.
Usually, neighboring singularities which are connected by brushes have opposite
signs [45]. To distinguish between the disclinations of different sign, one can use,
for example, the rotation of the sample with schlieren texture between the fixed
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crossed polarizers. When the liquid crystal sample is rotated, the black brushes
move continuously indicating a continuous change of the director n. Both twoand four-brush disclinations with a negative sign rotate in the same sense as the
sample, but the brushes of positive two-brush disclinations rotate in the opposite
sense.

2.4.2

Topological defects in presence of colloids

As introduced before a factor that can cause the rise of topological defects in a
liquid crystal is the presence of colloidal intrusions in the medium. In this paragraph the main topological defects of this situation are briefly introduced. If a
colloidal particle is placed in a liquid crystal host according to the orientation of
the director different kinds of defects can rise [49]. A particle with perpendicular or homeotropic anchoring of the director is topologically equivalent to a radial
hedgehog as shown in Figure 2.17:

Figure 2.17: Schematic representation of a radial hedgehog (left) and a particle
with normal boundary condition (right) [49].
Hedgehogs are point defects where the director sweeps out all directions an inreger number of times.
A satellite hyperbolic hedgehog can also occur when a colloidal particle with normal
boundary conditions is placed in a liquid crystal host with director aligned far
from the particle as shown in Figure 2.18:
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Figure 2.18: Hyperbolic hedgehog when a particle with normal boundary condition is introduced in a homegeneously aligned liquid crystal [49].

A Saturn ring is a topological defect with a disclination loop of strenght − 21 shown
in Fig. 2.19.

Figure 2.19: Saturn ring defect representation [49].
In general if the anchoring is weak the Saturn ring configuration is more favoured
instead if the anchoring is strong the hyperbolic hedgehog configuration occurs. If
a colloidal particle with tangential boundary conditions is placed in a liquid crystal
two defects at the poles of the particle can rise and are called boojums shown in
Fig. 2.20:
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Figure 2.20: Two boojum defects are induced on the surface of the particle for
tangential anchoring [49].

2.4.3

Topological defects in cholesteric liquid crystals

Topological defects in cholesteric liquid crystals are usually divided in λ±m , τ ±m
and χ±m with m topological charge [30–32]. These are reported in Fig. 2.21: The
λ, τ and χ are related to the three mutual perpendicular directions of the space. λ
states for longitudinal because is associated to the local longitudinal direction of
the molecules, χ instead is associated to the direction parallel or coincident to the
cholesteric helix and τ states for transverse perpendicular to the first two.
The concept of "longitudinal" and "transverse" can be understood in terms of the
Volterra process for creating them. If the cut of the material is along the molecular
axis, the disclinations which result are the λ+ or λ− with sign + or − according
if material has to be removed or added to arrive to the final configuration. If the
cut is made in the direction perpendicular to the molecular axis, instead, τ + and
τ − occur [30, 31]. λ and τ are point defects instead χ is a line defect in particular a
singular line parallel or coincident to the cholesteric axis.
As seen in Fig. 2.21 the λ defect is the only one among the three which is non
singular because the director avoids the singularity escaping in the third direction;
τ and χ, instead, are singular because in the cores, depicted with the red spots in
Fig. 2.21, there is the singularity and the director is undefined. For this reason λ
defects, which are coreless, possess lower energy than the correspondent τ.
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Figure 2.21: Representation of λ±m , τ ±m and χ±m defects. The director is depicted
as blue cylinders while red spheres characterize regions with lower order parameters. The core of the χ disclination is drawn as a black line. [51].
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2.4.4

Twist-disclinations

Twist disclinations occur when following the Burger circuit enclosing the defect,
the director, n, is viewed continuosly rotating about a direction perpendicoular to
the line. In general they rise when the twist constant K2 is smaller than the splay
and bend constants K1 and K3 which will be treated in the paragraph 2.5.2.
A schematic view of a twist disclination can be the following: attaching to each
point of the circuit the director that meets it at that point and considering the ribbon formed by the circuit and those attached directors. This is the Möbius ribbon
with charge |s| = 1/2 with total rotation ±π as shown in Fig 2.22 [32].

Figure 2.22: A schematic view of twist disclination of charge s = 1/2 [32].
The concept of twist disclination can again be understood in terms of the Volterra
process. A piece of the liquid cystal material of cylindrical form is considered like
in Fig. 2.23 associating the vertical axis with the z direction and the section of the
cylinder as the xy plane and is cut.

Figure 2.23: Volterra construction of wedge and twist disclinations [34].
If the two phases of the cut rotate or move in the xy plane a wedge disclination will
be formed; in contrast if the the moviment of the two faces of the cut is no longer
in the xy plane a twist disclination will be formed [30–32, 34].
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Free energy of liquid crystals

The properties of liquid crystals can be described, following a Landau-de Gennes
approach, building a free energy functional obtained with a series expansion of
terms of the order parameter invariant respect to rotations with terms related to energetic costs of elastic deformations, anchoring conditions, presence of boundaries
and external fields. In the following subsection the various terms of the free energy
density are considered in details and are suitable to describe the phase-transition
liquid crystal isotropic phase which is an example of first order transition.6

2.5.1

The Q bulk, the scalar field and the interface terms

The request in the construction of a free energy density is the invariance of the
system for rotations. A scalar is surely a rotation invariant but the order parameter
described before is a tensor so the simplest way to pass from a matrix to a scalar
is considering the trace of the tensor. Remembering that Q tensor is traceless and
expanding the free energy density in terms of powers of the traces of Q tensor the
expression becomes [30, 32, 34]
f bulk =

γ
A0 γ
A0 γ
A0 
1−
Qαβ Q βα −
Qαβ Q βγ Qγα +
( Qαβ Q βα )2
2
3
3
4

(2.12)

which is the most general form of the free energy functional which describes the
isotropic-nematic or the isotropic-cholesteric transition. A0 is a pressure and the
parameter γ corresponds to a temperature or a concentration.
In the bulk free energy term there are respectively the traces of Q2 , Q3 and Q4
which are:
2
2
4
TrQ2 = q2 , TrQ3 = q3 , ( TrQ2 )2 = q4
(2.13)
3
9
9
So the bulk free energy becomes
f bulk =

A0 
γ 2
2
A0 γ 4
1−
q − A0 γq3 +
q
3
3
27
9

(2.14)

The first-order isotropic-nematic transition takes place at the critical temperature
γ = γc . Now the critical values of γc and qc can be calculated analitically assuming
that the isotropic and nematic free energies are equal at the critical point and at the
6A

first-order transition is a kind of phase transition in which the order parameter is a discontinuos function of the control parameter like the temperature while second-order phase transitions
are characterized by a continuous order parameter. The classic examples of first order phase transitions are the transitions liquid/gas/solid while the ferromagnetic/paramagnetic transition is a
second-order one.
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Figure 2.24: Free energy as function of the order parameter q for various temperatures. The values γ∗ and γ∗∗ represent respectively the metastability limits
of isotropic and nematic phase. γc is the coexistence line of liquid crystal and
isotropic phase with two minima of the density free energy one for q = 0 and
q = 1/3 = 0.33 [43].

equilibrium the free energy is minimized so the free energy is minimal respect to
q. These two conditions give rise to a system of two equations in varibales γ and q
A0 
γ 2
2
A0 γ 4
1−
q − A0 γq3 +
q = 0,
(2.15)
3
3
27
9
∂ f bulk
2A0 
γ
2
4A0 γ 3
=
1−
q − A0 γq2 +
q =0
(2.16)
∂q
3
3
9
9
One trivial solution of the system is for q = 0 which identically satisfies the system
but it must be avoided because it physically correponds to the isotropic phase. The
non trivial solution of the system is for
qc =

1
= 0.33,
3

(2.17)
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= 2.7.
10

(2.18)

The value of γ for which the quadratic term, q2 , vanishes is γ∗ = 3. This value
physically represents the metastability limit of the isotropic phase; for values γ >
γ∗ there is only the liquid crystal nematic phase as shown in Fig. 2.24. For γ > γ∗
the free energy density has only one minimum whereas for γ = γ∗ there is a
stationary point in q = 0. When γ < γ∗ the isotropic phase starts to form which
substitutes the nematic phase at γ = γ∗∗ . This value γ∗∗ = 8/3 corresponds
to the metastability limit of the ordered phase. For values of γ < γ∗∗ the freeenergy density has only one minimum at q = 0. The values of the order parameter
correspondent to the two minima for γ∗∗ ≤ γ ≤ γ∗ are:
qiso = 0,
qnem

1 3
= +
4 4



8
1−
3γ

(2.19)
1/2
.

(2.20)

The value γ∗∗ defined above mathematically corresponds to the annulment of the
square root in. For γc = 2.7 < γ < γ∗ = 3, qnem is a global minimum of the free
energy and for γ > γ∗ is the only minimum of the free-energy [30, 34].
As previously said, the liquid crystal system is characterized by the tensor order
parameter Q with a corrispondent bulk term in the free energy density but if a
system like a liquid crystal droplet in an isotropic phase is considered one must
introduce a scalar field φ(r) which represents the liquid crystal fraction with a
corrispondent bulk term similar to the Landau free-energy of fluid mixtures [8]:
fφ =

a 2
φ (φ − φ0 )2
4

(2.21)

where φ0 the value of the concentration field of the liquid crystal phase with also
an energetic penalty related to the presence of the interface which separates the
liquid crystal region from the isotropic host
fi =

κφ
( ∂ α φ )2 .
2

(2.22)

As said in the previously, the parameter γ can be a temperature or a concentration.
In the particular case of lyotropic liquid crystal γ must be related to the scalar
concentartion field in a certain manner. The analitical expression which relates γ
with φ is generally assumed linear following [6, 8].
γ = γ0 + γs φ.
where γ0 and γs are constants controlling the coexistence region.

(2.23)
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Figure 2.25: Representation of the three elastic distortions in liquid crystals [52].
The director is depicted with red rods.

2.5.2

Elastic distortions in liquid crystals

The presence of surfaces in the system originates elastic distortions in the bulk
known as splay, twist and bend, portayed in Fig. 2.25, so they must be represented
by and energetic penalty in the free-energy system [5, 30, 31]. This free energy
term is built assuming that the variations of n are small on molecular scales i.e.
a∇n << 1 where a represents the tipical dimension of a molecule.
The free energy term must be even in n, as long as states with n and −n are energetically equivalent, and must contain power series of ∇n. Terms linear in ∇n
are absent. The only terms that are invariant for rotations are ∇ · n and n · ∇ × n;
the first is ruled out because it is not even in n and the second one too because it
changes sign for parity transformations (x → − x, y → −y, z → −z). Therefore
summing all these aspects the final expression of the free energy density for elastic
distortions is:
1
1
1
(2.24)
f EL = K1 (∇ · n)2 + K2 (n · ∇ × n)2 + K3 (n × ∇ × n)2
2
2
2
where K1 , K2 and K3 are respectively splay, twist and bend constants. Dimensionally they are energies for unitary length or forces (energy/cm or dynes) with tipical
values of the same magnitude.
For PAA (p-azoxyanisole), for example, at temperature of 120◦ C the elastic constants are:
K1 = 0.7 × 10−6 dyn,
(2.25)
and

K2 = 0.43 × 10−6 dyn

(2.26)

K3 = 1.7 × 10−6 dyn

(2.27)

It must be emphasized that the bend constant K3 is greater than the two others.7
7 In

the cgs system unit the dyn is the unit of the force. Respect to SI unit 1 dyn = 10−5 N.
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These elastic constants decrease with the increase of the temperature but their ratio is almost independent by the temperature [30]. As long as the three elastic
constants are of the same magnitude order, in simulations and other studies it is
commonly used the one constant approximation in which all the elastic constants
are set equal each other
K1 = K2 = K3 = K
(2.28)
In terms of gradients of the tensor order parameter Q the expression mostly used
is
1
(2.29)
f EL = K (∂α Q βγ )2
2
This treatment here is particularly suitable with nematic liquid crystals. However
cholesteric liquid crystals are locally nematic but globally different with a director
which describes an helix in the space so this is traduced in a supplementary term
in the free energy density
f EL =

1
1
1
K1 (∇ · n)2 + K2 (n · ∇ × n + q0 )2 + K3 (n × ∇ × n)2
2
2
2

(2.30)

where q0 = 2π/p0 and p0 is the pitch of the helix. The correspondent expression
in terms of gradients of the Q tensor is [7, 53]
f EL =

1
K [(∂α Qαβ )2 + (ε αξδ ∂ξ Qδβ + 2q0 Qαβ )2 ]
2

(2.31)

where ε αβγ is the completely antisymmetric Levi-Civita tensor. It must be noted
that a nematic can be considered as the limit case of cholesteric with infinite pitch
so for nematics the term q0 = 2π/p0 = 0.
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Figure 2.26: Schematic representation of homeotropic (perpendicular) (a) and tangential (b) anchoring of the director (black bars) on the surface of a circular droplet.

2.5.3

The anchoring energy

In the case of the study of a liquid crystal droplet, a term which represents the energetic cost to anchor the director to the interface of the droplet must be considered
with the following expression which couples the Q tensor to the interface ∇φ [6,
8]:
f a = W (∂α φ) Qαβ (∂ β φ)
(2.32)
with constant W which represents the strength of the anchoring of the director to
the interface of the droplet with dimensions of an energy per unit area. The sign of
W, also, suggests the type of anchoring which can be planar or tangential, if W > 0,
or homeotropic or perpendicular, if W < 0. Fig. 2.26 shows a schematic representation of the director in the hometropic and tangential cases. The system considered
can also present boundaries represented by rigid walls the director could be anchored to, so another anchoring term must be considered of this type:
f aw =

W0
( Qαβ − Q0αβ )2
2

(2.33)

where the physical meaning of W0 is similar to the previous constant W and Q0αβ =
q0w (n0α n0β − 31 δαβ ) which is the Q tensor to the wall with q0w the magnitude of the surface order and n0α the director to the boundary. In this case the anchoring is said to
be strong if W0 >> 1.
In the study of a liquid crystal droplet in an isotropic host for example, following [6], one could define an adimensional parameter to quantify how much strong
or weak is the anchoring of the director to the interface of the droplet. The expression is
WR/K
(2.34)
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(b)

Figure 2.27: A molecule of liquid crystal with positive (a) and negative dielectric
constant (b) [45]. µ indicates the electic dipole.
where W is the anchoring strengt defined bove, R is the radius of the droplet and K
is the elastic constant for the bulk elastic deformations. If WR/K < 1 the anchoring
is defines weak whereas if WR/K >> 1 the anchoring is said to be strong. A
limiting case is when the adimensional quantity WR/K = 0 which correspond
to the physical situation in which the director is completely decoupled from the
interface [6, 50].

2.5.4

Interaction with an electric field

Another important energetic term comes from the presence of external magnetic
or electric fields the liquid crystal could interact with [7, 30, 53]. The cause of the
interaction, for example with an electric field, is due to the fact that liquid crystal molecules are electric dipoles and they answer to the presence of an eventual
electric field. The contribution to the free energy is:
fE = −

ε
Eα Qαβ Eβ
12π

(2.35)

where E is the electric field and ε is the dielectric constant calculated as ε = ε || − ε ⊥
where the last two terms in the difference are the dielectric constants in the direction parallel and perpendicular to the field respectively. The sign of ε suggests the
answer of the director to the applied electric field. If ε > 0, the director orientates
parallel to the field whereas if, ε < 0, the director orientates perpendicular to the
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Figure 2.28: Pear and banana shaped molecules in which flexoelectric effect occurs [31].

field [30, 31]. The reason of this behaviour can be found exploring the microscopic
details of the liquid crystals molecules. They possess, in fact, an electric dipole,
µ, along or across the molecular axis as shown in Fig. 2.27. If this electric dipole
is parallel or nearly parallel to the molecular axis ε k > ε ⊥ , ε = ε k − ε ⊥ > 0 and
thus the director aligns parallel to the field as long as the effect of an electric field
is orienting the electric dipole. If instead the electric dipole is perpendicular to the
axis it is ε k < ε ⊥ , ε = ε k − ε ⊥ < 0 and the director aligns perpendicular to the
field [45].

2.5.5

Flexoelectricity in liquid crystals

Flexoelectricity of liquid crystals is a phenomenon in which an elastic deformation
such as splay or bend can polarize the material and conversely an electric field can
induce a deformation. This situation, which resembles the piezoelectric effect in
solids, occurs for liquid crystal molecules which have a polar shape, for example
a banana or a pear, as in Fig. 2.28, in addition to the permanent electric dipole [30,
31].
To take into account the flexoelectricity in liquid crystals one must add to the free
energy density a flexoelectric term which couples the Q tensor to the external field
E with the following expression [7, 53, 54]:
f f l = εbf l Qαβ ( Eα ∂γ − Eγ ∂α ) Q βγ

(2.36)
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(b)

Figure 2.29: Twisted nematic display device in normally black mode (a) and in normally white mode (b). Black arrows show transmission axes of polarizers; violet
stripes represent polarized light [45].
where εbf l > 0 is the bulk flexoelectric constant. In this expression each term of
the flexoelectric coupling is linear in Eα and quadratic in Q. This term in the free
energy density is important when one wants to take into account the flexoelectricity in liquid crystals. In most applications this term is absent and it will not be
considered in this thesis.

2.6

The twisted nematic cell

The development of the principles of operation of the twisted nematic (TN) liquid
crystal display device made a crucial impact on the development of the liquid crystal displays technology of the present days. The TN device, Fig. 2.29-(a)-(b), consists of the twisted nematic liquid crystal confined between two glass substrates
with homogeneous planar orientation: the orientation of the director n on one
substrate is rotated by 90◦ with respect to n on another substrate. Such a design
induces 90◦ twist of the nematic liquid crystal. The cell with twisted nematic liquid
crystal is placed between two polarizers: the polarizer P on the input end and the
analyzer A on the output end of the TN device. The director n on the input end is
parallel to the transmission axis of the polarizer. Two operation modes of the TN
device are possible depending on the orientation of the analyzer transmission axis.
If the analyzer is parallel to the polarizer it is called a normally black (NB) mode Fig.
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2.29-(a). If the analyzer is perpendicular to the polarizer it is called a normally white
(NW) mode, Fig. 2.29-(b).
• TN display device in normally black mode
When no voltage is applied, the polarized light after polarizer enters the TN
cell and, following the twisted orientation of the liquid crystal molecules,
change its polarization by 90◦ Fig. 2.29-(a). On the TN cell output the light
polarization is perpendicular to the analyzer transmission axis; therefore, the
light is blocked on the device exit by the analyzer. When voltage is applied,
the liquid crystal molecules align along the electric field and the polarization
of the light passing through the TN cell does not change. Thus, light passes
through the device because its polarization is parallel to the analyzer transmission axis.
• TN display device in normally white mode
When no voltage is applied to the TN device, the polarized light after the
polarizer enters the TN cell and, following the twisted orientation of the LC
molecules, change its polarization by 90◦ Fig. 2.29-(b). On the exit from the
TN cell, the light polarization is parallel to the analyzer transmission axis,
therefore, the light passes through the system. When voltage is applied, the
LC molecules align along the electric field and the polarization of the light
passing through the TN cell does not change and is perpendicular to the
analyzer transmission axis. Thus, light is blocked by the analyzer on the
device output.

2.7

Summary

In this Chapter an introductory description of the physics of liquid crystals and the
theoretical model to describe them were presented.
At first the most important mesophases were presented, the most important of
which is the cholesteric one which is the theme of the results collected in Chapter 4. Liquid crystals in general are characterized by a tensorial order parameter
which is a powerful tool to describe them because it takes into account the orientation of the director and also the strenght of alignment. For this reason with the Q
tensor formalism it is possibile to detect the dynamics of topological defects which
can arise in the systems.
The type of description which is widely used and was presented in this thesis
and was also used in the work "Switching dynamics in cholesteric liquid crystal emulsions", whose results will be described in detail in Chapter 4, consists in building a
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Landau-de Gennes free energy functional in terms of the power series of the trace
of the Q tensor parameter with the addition of other terms which take into account various aspects such as the interfaces, the elastic distortions, the presence of
boundaries and external fields.
Chapter 3 is dedicated to the introduction of the Lattice Boltzmann method for
both fluid mixtures and liquid crystals instead Chaper 4 collects the main results
related to the study of a cholesteric liquid crystal droplet under electric fields.

Chapter 3
Lattice Boltzmann Method
In this Chapter the Lattice Boltzmann method, or simply the LBM method, used
in computer simulations is presented [3, 55]. Lattice Boltzmann is a modern and
powerful tool to study fluid and soft matter systems for its attitude to allow simulations of systems with different geometries, to solve correctly the hydrodynamics
of the velocity field, for its portability and its possibility to be parallelized in order
to study very large systems.
LBM method, through the years, has been developed in many contests: for multiphase fluids [55–59], domain growth in separation process in binary mixtures [60],
porous media [61, 62], thermal fluids [63, 64], magnetohydrodynamics [65–67],
quantum fluids [68–72], relativistic hydrodynamics [72–76], holographic fluids
[77–81], and liquid crystals [48] as examples. Through the years hybrid versions
of this method have been developed and widely used which solve hydrodynamics
in the standard way and the convection-diffusion equations with finite-different
schemes; this variant of the LBM method allows a significative saving in computational memory [14, 82]. This variant has also been used in my research for the
results collected in this thesis. A very interesting recent paper which summarizes
the state of the art and presents the future challenges of LBM method is [83].
The Chapter is divided in two parts: after a brief historical backgroud to clarify
the steps which carried the rise of this metod, in the first one the general aspects of
the hybrid Lattice Boltzmann method are presented for the study of fluid mixtures
and in the second one, the corrispondent method for the study of liquid crystals is
described.
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Brief historical background

The Lattice Boltzmann method is an algorithm used to solve the Navier-Stokes
equation and is a mesoscopic tecnique that avoids the analysis of microscopic details of the system. The main advantages of this tecnique are the portability of the
code, the possibility to be parallelized in order to study very large systems and the
possibility to study complex geometries.
Historically the LBM method is an upgrade of the Lattice-Gas Automaton [84] in
which the Navier-Stokes equation could be obtained, in the continuum limit, exploiting the mass and momentum conservation during the collision steps of the
model dynamics. This method consists of particles that move on lattice sites, indicated with index i, and collide when two or more of them are on the same site.
There is a boolean field n(r, t) that assumes two different values associated to presence of absence of the particle in a site of position r at time t. The equation that
governs the evolution of the particles is
ni (r + ei , t + 1) − ni (r, t) = Ωi (n(r, t))

(3.1)

where Ω(n(r, t)) is the collisional operator and vectors ei are lattice velocities. The
evolution happens in two steps: the propagation in which each particle moves
towards an adiacent site in the direction of lattice velocity ei and the collision in
which two or more particles in the same site scatter changing velocities and directions according to certain rules. The main drawback of this method was the
excessive noise of statistical fluctuations associated to the boolean variables later
changed with average values [85].
Indeed, successively Higuera and others [86, 87] introduced a new model in which
distribution functions, f i , were defined and in which the collision operator is lineq
eq
earized around an equilibrium value f i written as Ωi = Hij ( f j − f j ) where Hij
is the scattering matrix that defines the type of collision and chosen to conserve
mass and momentum. A simplified version is the one in which the collision opereq
ator is written as Ωi (r, t) = −( f i − f i )/τ [87] where τ is the relaxation time for
eq
the distribution functions f i to relax towards the equilibrium f i always chosen to
conserve mass and momentum [88, 89]. The models of this kind have been introduced to study for example immiscible binary fluids [90] and miscible ones [91].
A generalization and upgrade of this approach consists in introducing a free energy functional which encodes the thermodynamics of the system so that the equilibrium state can be identified as the minimum of this energy [92–96]. The main
advantage of these, so called free-energy based methods, is the fact that one can
calculate analitically the equilibrium state of the system and keeping under control
the system equilibrium features.
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Figure 3.1: Typical lattices mostly used in Lattice Boltzmann simulations: D2Q9
(left) and D3Q15 cells (right). In the D2Q9 0 site is the center of the cell, 1, 2, 3, 4
sites are the first neighbours and 5, 6, 7, 8 sites the second neighbours. In the
D3Q15 0 site is the center of the cell, 1, 2, 3, 4, 5, 6 sites are the first neighbours and
7, 8, 9, 10, 11, 12, 13, 14 sites the second neighbours.

3.2

Lattice Boltzmann method for a single fluid

The basic idea of the LBM method, for the simple case of a single fluid, is discretizing the physical space with lattices with convenient geometry. Fig. 3.1 shows two
typical lattices: the lattice D2Q9, in the bidimensional case, in which the square
elementary cell has nine sites first and second neighbours and the lattice D3Q15,
in the tridimensional space, with cubic elementary cell with fifteen sites first and
second neighbours. A set of distribution functions f i (r, t) defined on sites of position r and t that move along the directions of a lattice fixed by the velocity vectors
is then introduced. The sum of the distribution functions along the directions i
represents the density of fluids whereas the first order momentum is related to the
velocity of the fluid
n=

∑ fi ,
i

nu =

∑ f i ei .

(3.2)

i

These distribution functions evolve with the lattice Boltzmann equation
eq

( fi − fi )
f i (r + ei ∆t, t + ∆t) − f i (r, t) = −
τ

(3.3)

Chapter 3. Lattice Boltzmann Method

46

where ∆t is the time step of the simulation and the right hand side of the equation
is the collision operator in the BGK approximation [88]. The ei (with i = 0, 1, .., 8)
denote the nine velocity vectors in the D2Q9 lattice connecting first and second
neighbours:


i=0
(0, 0)
ei = (±e, 0), (0, ±e) i = 1, 2, 3, 4
(3.4)


(±e, ±e)
i = 5, 6, 7, 8.
√
They have modulus |ei | = ∆x
2e for i = 5, 6, 7, 8
∆t = e for i = 1, 2, 3, 4 and |ei | =
where ∆x and ∆t are the spatial and time steps of the lattice, respectively. The null
vector velocity in the center of the cell e0 is also considered.
eq
f i are the equilibrium distribution functions chosen to guarantee mass and momentum conservation laws

∑( f i

− f i ) = 0 ⇒ ∑ f i = n,

(3.5)

− f i )eiα = 0 ⇒ ∑ f i eiα = nuα .

(3.6)

eq

∑
i

i
eq
( fi

eq

i

eq

i

eq

τ, in (3.3), is the time for the f i to relax towards f i . A suitable choice for the exeq
pression of these f i consists in expanding them to the second order in the velocity
eq

f i = Aσ + Bσ eiα uα + C σ u2 + D σ (eiα uα )2

(3.7)

in which the index σ denotes, for the case D2Q9
here reported, the coefficients
√
correspondent to the velocity moduli 0, e and 2e in particular


0 if i = 0
σ = 1 if i = 1, 2, 3, 4 (first neighbours)


2 if i = 5, 6, 7, 8 (second neighbours)
The calculus of the coefficients is now neglected but the general idea is using the
(3.7) and imposing the relations of (3.5)-(3.6). After some algebra, the complete list
of coefficients will be [3]
n
A0 = n − 20A2 ;
A1 = 4A2 ;
A2 = ,
(3.8)
36
B0 = 0;
C0 = −

2n
;
3e2

D0 =0;

B1 = 4B2 ;
C1 = 4C2 ;
D1 = 4D2 ;

B2 =

n
,
12e2
n
,
24e2

(3.10)

n
.
8e4

(3.11)

C2 = −
D2 =

(3.9)
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Hybrid Lattice Boltzmann for fluid mixtures

In this paragraph the hybrid Lattice Boltzmann method for fluid mixtures is discussed considering the lattice D2Q9. The distribution functions f i (r, t) are always
related to the physical quantities the total density and the momentum in a different
way
n=

∑ fi ,

1

∑ fi ei + 2 F∆t

nu =

i

(3.12)

i

where u is the velocity field and F is the density force which acts on the fluid and
contains as well as of any external force information of the interactions among the
component of the mixtures [14, 97]. The distribution functions evolve according
the lattice Boltzmann equation, previously seen, but now modified adding a forcing term Fi in the right hand side of the equation [14]
eq

( fi − fi )
+ ∆tFi (r, t)
f i (r + ei ∆t, t + ∆t) − f i (r, t) = −
τ

(3.13)

to be properly determined. The evolution of the distribution functions proceeds
in two different steps. In the first phase, the collision, the distribution functions
collide in the same lattice sites and evolve as
f ic (r, t) = f i (r, t) −

∆t
eq
( f i (r, t) − f i (r, t)) + ∆tFi (r, t),
τ

(3.14)

in the second moment they propagate to the neighbour sites as
f i (r + ei ∆t, t + ∆t) = f ic (r, t)

(3.15)

The choice of the equilibrium distribution functions is made in order to ensure that
the density and momentum conservation laws are verified. This requires to fix the
first two moments of the equilibrium distribution functions

− f i ) = 0 ⇒ ∑ f i = n,

(3.16)

− f i )eiα = 0 ⇒ ∑ f i eiα = nuα .

(3.17)

∑( f i

eq

i

∑( f i

eq

i

eq

i

eq

i

The second order moment is chosen so that the hydrodynamic equations are correctly obtained in the continuum limit

∑ fi

eq

i

eiα eiβ = nc2s δαβ + nuα u β

(3.18)
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√
where cs = e/ 3 is the sound speed in this model.
The explicit expression of the equilibrium distribution functions in the D2Q9 model
is obtanied from a second order expansion in the velocity of the Maxwell-Boltzmann
distribution


ei · u uu : (ei ei − c2s I)
eq
f i = ωi n 1 + 2 +
(3.19)
cs
2c4s
where I is the unit matrix and ωi are weights with values ω0 = 4/9, ωi = 1/9 for
i = 1, 2, 3, 4, and ωi = 1/36 for i = 5, 6, 7, 8.
The force term is written as power series of the lattice velocity to the second order
[98]


B · ei C : (ei ei − c2s I)
(3.20)
Fi = ωi A + 2 +
cs
2c4s
where A, B and C are functions of F to be determined requiring that the hydrodynamic equations are correctly recovered in the continuum limit.
By performing the Chapman-Enskog expansion (Appendix A for details), the continuity and Navier-Stokes equations are obtained. The density force has to be
Fβ = ∂α (nc2s δαβ − Pαβ )

(3.21)

where nc2s is the ideal gas pressure and Pαβ is the pressure tensor which appears in
the right hand side of the Navier-Stokes equation and whose analytical expression
is [3, 14]


δF
δF
Pαβ = φ
+n
− f (φ) δαβ + Dαβ .
(3.22)
δφ
δn
where F is the free energy functional which encodes
R the thermodynamics of the
system, f is the free energy density such that F = f dV and Dαβ is a symmetric
tensor inserted in order to ensute the condtion of mechanical equilibrium ∂α Pαβ =
0 [3, 14].The expressions of the coefficents of the force Fi are




∆t
∆t
F,
C = 1−
(uF + Fu)
(3.23)
A = 0,
B = 1−
2τ
2τ
which appropriately inserted in (3.20) give

 

∆t
e i − u ei · u
Fi = 1 −
ωi
+ 4 ei · F.
2τ
c2s
cs

(3.24)
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Up-wind scheme for convection-diffusion equation
in 2D lattice

Particular attention must be spent on the numerical implementation of the convection-diffusion equations like the one presented in Chapter 1
∂t φ + ∇ · (φu) = D ∇2 µφ .

(3.25)

In this paragraph the most important aspects are considered following [99]. Let
g( xi , yi , tn ) = gijn be a generic function discretized at time tn = n∆t with n =
1, 2, 3, ..., on the node ( xi , y j ) of a 2D lattice where i = 1, 2, .., L x and j = 1, 2, ..., Ly
with L x and Ly the dimensions of the lattice. Here ∆t and ∆x are the same space
and time steps of the LBM. The update of φ from time tn to time tn+1 goes in two
steps in which the convective part is first integrated and then the diffusive one;
this approach allows a better numerical stability of the simulation. The convective
part is integrated with the Euler method [100]
φn+1/2 = φn − ∆t(φn ∂α unα + unα ∂α φn )

(3.26)

where the velocity u comes from the Navier-Stokes equation. The derivatives are
discretized as
unx,(i+1) j − unx,(i−1) j
n
,
(3.27)
∂ x u x |ij =
2∆x
∂ x φ|ijn
∂ x φ|ijn

=
=

φijn − φ(ni−1) j
∆x
φ(ni+1) j − φijn

, unx,ij > 0,

(3.28)

, unx,ij < 0,

(3.29)
∆x
and the same procedure applies for the derivative along the y direction. The next
step consists adding the diffusive part
φn+1 = φn+1/2 + ∆tD ∇2 (µn+1/2 ).

(3.30)
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Boundary conditions for fluid mixtures

In some systems rigid walls can be present and for this reason, the definition of the
distribution functions along the walls and in the angles must be wise and careful
[101–103]. In this section the implementation of the bottom wall, the left wall, and
the angle within is considered.
In the case of the bottom wall after the propagation the distribution functions f 0 ,
f 1 , f 3 , f 4 , f 7 , f 8 are known instead f 2 , f 5 and f 6 are unknown. Requiring the conservation mass of the fluid and the velocity along the wall to be zero, it is
f 2 (t) + f 5 (t) + f 6 (t) = n − [ f 0 (t) + f 1 (t) + f 3 (t) + f 4 (t) + f 7 (t) + f 8 (t)]

(3.31)

1
(3.32)
f 1 (t) − f 3 (t) + f 5 (t) − f 6 (t) − f 7 (t) + f 8 (t) = − ∆tFx
2
1
f 2 (t) − f 4 (t) + f 5 (t) + f 6 (t) − f 7 (t) − f 8 (t) = − ∆tFy
(3.33)
2
Adopting the bounce-back-rule, f 2 (t) = f 4 (t) for the distribution functions normal
to the boundary while mass conservation requires that
n̂(t − ∆t) = f 0 (t − ∆t) + f 4 (t − ∆t) + f 7 (t − ∆t)
+ f 8 (t − ∆t) + f 1 (t) + f 3 (t) + f 4 (t) + f 7 (t) + f 8 (t)

(3.34)

where the quantities at time t − ∆t are computed at the previous time step and
have not been propagated over the lattice. Requiring n = n̂ and introducing f 0 (t)
as independent variable, solving (3.31)-(3.33), one obtains a set of solutions for the
unknown distribution functions
f 0 (r, t) = n̂ − [ f 1 (r, t) + f 3 (r, t)] − 2[ f 4 (r, t) + f 7 (r, t) + f 8 (r, t)] +
1
f 5 (r, t) = f 7 (r, t) − [ f 1 (r, t) − f 3 (r, t)] −
2
1
f 6 (r, t) = f 8 (r, t) + [ f 1 (r, t) − f 3 (r, t)] +
2
f 2 (r, t) = f 4 (r, t).

∆t
( Fx + Fy ),
4
∆t
( Fx − Fy ),
4

∆t
Fy ,
2

(3.35)
(3.36)
(3.37)
(3.38)

The implementation of the distribution functions at the left vertical wall is similar
to the previous one. In this case the functions f 1 , f 5 and f 8 are unknown. Adopting
here the bounce-back rule f 1 = f 3 it is
n̂(t − ∆t) = f 0 (t − ∆t) + f 3 (t − ∆t) + f 6 (t − ∆t)
+ f 7 (t − ∆t) + f 2 (t) + f 3 (t) + f 4 (t) + f 6 (t) + f 7 (t),

(3.39)

f 1 (r, t) = f 3 (r, t),

(3.40)
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1
f 5 (r, t) = f 7 (r, t) + [ f 4 (r, t) − f 2 (r, t)] −
2
1
f 8 (r, t) = f 6 (r, t) − [ f 4 (r, t) − f 2 (r, t)] −
2

∆t
( Fx + Fy ),
4
∆t
( Fx − Fy ),
4

(3.41)
(3.42)

∆t
Fx . (3.43)
2
In the case of the angle between the walls considered before, the functions f 1 , f 2 ,
f 5 , f 6 , and f 8 are unkwown. Requiring that f 2 = f 4 and f 1 = f 3 it is now
f 0 (r, t) = n̂ − [ f 2 (r, t) + f 4 (r, t)] − 2[ f 3 (r, t) + f 6 (r, t) + f 7 (r, t)] +

n̂(t − ∆t) = f 0 (t − ∆t) + f 6 (t − ∆t) + f 3 (t − ∆t)
+ f 4 (t − ∆t) + f 8 (t − ∆t) + f 7 (t − ∆t)
+ f 3 (r, t) + f 7 (r, t) + f 4 (r, t),

(3.44)

f 2 (r, t) = f 4 (r, t),

(3.45)

f 1 (r, t) = f 3 (r, t),

(3.46)

f 5 (r, t) = f 7 (r, t) −

∆t
( Fx + Fy ),
4

n̂ 1
− f 0 (r, t) − f 3 (r, t) − f 4 (r, t) − f 7 (r, t) +
2 2
n̂ 1
f 6 (r, t) = − f 0 (r, t) − f 3 (r, t) − f 4 (r, t) − f 7 (r, t) +
2 2
f 8 (r, t) =

3.5

(3.47)
∆t
Fy ,
4
∆t
Fx .
4

(3.48)
(3.49)

Hybrid Lattice Boltzmann for liquid crystals

Computer simulations for the study of liquid crystal have been performed using
a hybrid LBM method analogous to the one used for fluid mixtures. In this paragraph the most important features are presented [48, 82, 104].
As the previous method, introduced for fluid mixtures, it is called hybrid because
the continuity and Navier-Stokes equations are solved by LBM whereas the scalar
concentration field and the Q tensor equations are solved with a finite-difference
scheme.
The hybrid Lattice Boltzmann method for liquid crystals is built considering a
three dimensional lattice with geometry D3Q15 and introducing a set of distribution function f i (r, t) along with a set of velocity vectors:


(0, 0, 0)
ei = (±e, 0, 0), (0, ±e, 0), (0, 0, ±e)


(±e, ±e, ±e)

i=0
i = 1, ..., 6
i = 7, ..., 14.

(3.50)
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√
with moduli |e0 | = 0, |ei | = ∆x
3e for i = 7, 8, ..., 14
∆t = e for i = 1, 2, ..6 and |ei | =
where ∆x and ∆t are the spatial and the time lattice steps. The distribution functions are, as usual, related to total density fluid and velocity by the relations
n=

∑ fi ,

nu =

i

∑ f i ei

(3.51)

i

and evolve according to the lattice Boltzmann equation
∆t
[C (r, t, f i ) + C f i (r + ei ∆t, t + ∆t, f i∗ )]
2 fi

f i (r + ei ∆t, t + ∆t) − f i (r, t) =

(3.52)

where C f i is the collision operator with single relaxation time τ
1
eq
C f i = − ( f i (r, t) − f i (r, t)) + Fi (r, t, f i )
(3.53)
τ
with Fi driving force in the right hand side of the equation. In this case the resolution of the Boltzmann equation is supplemented by the predictor-corrector method
[100]. In the first step, the predictor phase, the distribution function f i∗ is calculated
as first order approximation
f i∗ (r + ei ∆t, t + ∆t) = f i (r + ei ∆t, t + ∆t) = f i (r, t) + ∆tC f i (r, t, f i )

(3.54)

and with the trapezoid rule
f i (r + ei ∆t, t + ∆t) = f i (r, t) +

∆t
(C f i (r + ei ∆t, t + ∆t, f i∗ ) + C f i (r, t, f i )).
2

(3.55)

The value f i∗ , calculated in (3.54), at time t + ∆t has been used to calculate C f i at
time t + ∆t. This last passage is called corrector because it improves or corrects the
iterated value f i∗ .
As already seen for fluid mixtures, the LBM method requires a proper definition
of the equilibrium distribution functions which must satisfy the constraints of conservation of mass and momentum. This requires

∑ fi

eq

∑ fi

eq

= n,

i

eiα = nuα

(3.56)

i

whereas for the second-order moment it has to be

∑ fi

eq

eiα eiβ = σαβ + nuα u β

(3.57)

i

with σαβ symmetric part of the liquid crystals stress tensor presented in Chapter
1. A constraint of the third order moment is also necessary to get an isotropic
Navier-Stokes equation via the Chapman-Enskog approximation

∑ fi

eq

i

eiα eiβ eiγ =

nτ
(uα δβγ + u β δαγ + uγ δαβ ).
3

(3.58)
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The contraints on the force Fi are

∑ Fi = 0;

∑ Fi eiα = ∂β ταβ − ∂β

i

i

δf
∂α Qγν
δ∂ β Qγν

∑ Fi eiα eiβ = 0;

!

− ∂ α f ≡ bα ,

∑ Fi eiα eiβ eiγ = 0

(3.59)

(3.60)

i

i

where ταβ and f are the antisymmetric part of the liquid crystal stress tensor and
the free-energy density of the system. The equilibrium distribution functions are
chosen as a opwer series expansion truncated to the second order in velocities
eq

f i = Aσ + Bσ uα eiα + Cσ u2 + Dσ uα u β eiα eiβ + Eσ,αβ eiα eiβ + Gσ bα eiα

(3.61)

where σ = 0, 1, 2 if ei2 ∈ {0, 1, 3} identifies separate coefficients for different square
absolute values of velocities. The coefficients are determined required the (3.56)(3.60). A possible adopted choice of coefficients is [82]
A2 =

nT
;
10
B2 =

C2 = −

A1 = A2 ;
n
;
24

n
,
24
D2 =

E2αβ = −

G2 =

A2 = n − 14A2 ,

B1 = 8B2 ,

C1 = 2C2 ;

C0 = −

(3.62)

(3.63)
2n
,
3

(3.64)

n
;
16

D1 = 8D2 ,

(3.65)

1
σ ;
16 αβ

E1αβ = 8E2αβ ,

(3.66)

1
;
24

G1 = 8G2 .

(3.67)

By a Chapman-Enskog expansion, in the continuum limit it is possible to obtain
the continuity and Navier-Stokes equations [48].
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Boundary conditions for liquid crystals

In this section the implementation of the boundary conditions for a system confined between two horizontal parallel walls is illustrated following [104]. The vertical direction is assumed the z direction with walls at z = 0 and z = Lz .
No flux across the wall at z = 0 implies ∑i f i eiz = 0 and hence
f 5 + f 7 + f 8 + f 9 + f 10 = f 6 + f 11 + f 12 + f 13 + f 14 .

(3.68)

For no slip along the x direction it has to be ∑i f i eix = 0 or
f 1 + f 7 + f 10 + f 11 + f 14 = f 3 + f 8 + f 9 + f 12 + f 13 .

(3.69)

Fixing the velocity uy along y direction ∑i f i eiy = nuy or
f 2 + f 7 + f 8 + f 11 + f 12 − f 4 − f 9 − f 10 − f 13 − f 14 = nuy .

(3.70)

At the wall z = 0 there are five unknown distributions f 5 , f 7 , f 8 , f 9 and f 10 . To
determine them, two constraints are required. Simmetry suggests:
f 7 − f 8 = f 10 − f 9

(3.71)

The conservation of mass is easily obtained by choosing
f5 = f6
Solving the equations (3.68)-(3.72), one obtains


f5 = f6,



1


 f 7 = 4 (− f 1 − f 2 + f 3 + f 4 − f 11 + f 12 + 3 f 13 + f 14 + nuy ),
f 8 = 14 ( f 1 − f 2 − f 3 + f 4 + f 11 − f 12 + f 13 + 3 f 14 + nuy ),



f 9 = 14 ( f 1 + f 2 − f 3 − f 4 + 3 f 11 + f 12 − f 13 + f 14 − nuy ),



 f = 1 (− f + f + f − f + f + 3 f + f − f − nu ).
y
2
3
10
1
4
11
12
13
14
4

(3.72)

(3.73)

55

3.6

3.6. Summary

Summary

In this Chapter the Lattice Boltzmann method for fluid mixtures and liquid crystals was introduced.
The particular type of the method here presented and adopted for simulations,
was the so called hybrid version. The adjective hybrid is related to the fact that
the method is used to solve the fluid at the Navier-Stokes level and is coupled to a
finite-difference method to solve the equations for the order parameters. The main
advantage of this version is a considerable saving in computational resources and a
better numerical stability. As previously described, the basic idea of the method is
to discretize the physical space with lattices and definig a set of distribution functions for the fluid which evolve in time with a discretized Boltzmann equation.
These distribution functions are related to the density and velocity of the fluid.
A full treatement of the full set of equations by the Lattice Boltzmann method,
would require to define more increasing memory storage and time of the simulation. Solving apart the equations for the order parameters, allows bigger or three
dimensional systems to be studied more easily.
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Chapter 4
Cholesteric liquid crystal droplet
under electric fields
This chapter collects the main results of the study of a cholesteric liquid crystal droplet in isotropic host subjected to the action of electric fields of the work
"Switching dynamics in cholesteric liquid crystal emulsions" published on The Journal of
Chemical Physics. As described in Chapter 2, liquid crystals, due to polar nature of
their molecules, answer to electric fields in different ways with the director which
orientates for the field. During the evolution of the system, the presence of electric
fields, boundaries such as rigid walls, anchoring and elasticity can induce the rise
of topological defects. The goal of the work has been the detection of these defects
when the cholesteric droplet feels the action of different types of electric fields. The
chapter is organized as follows.
At first the free-energy of the system is introduced. Then some aspects related to
cholesteric liquid crystals are introduced such as the phase diagram which marks
the cholesteric, isotropic and blue phases regions which must be always kept in
mind in order to choose the parameters of the system wisely so that the cholesteric
region is correctly considered. After that, the results of the computer simulations
are considered and analyzed in detail. At first the equilibrium structure, before
switching on the field, of cholesteric droplets are shown and then the results of
the application of continuous and rotating fields are described. In the former case
the switching on-off of the field has been considered, describing the evolution of
the topological defects, also comparing the situation of the droplet with a different
geometry represented by a channel of cholesteric and analyzing the field tresholds
that break the helix and turn the cholesteric droplet into a nematic one. In the latter
case the effect of rotating fields is considered computing quantitatively the angular
velocity of the droplet and analyzing the periodicity of the topological defects.
57

Chapter 4. Cholesteric liquid crystal droplet under electric fields

4.1

58

Liquid crystals droplets

Chapter 2 introduced the general aspects of liquid crystals presenting the most
important mesophases such as the nematic, the cholesteric, the recent twist-bend
structure, the smectic and columnar phases. The cholesteric phase, in particular, in
which the molecules are arranged in a three-dimensional helix with a certain pitch
will be the theme of the results collected in this Chapter. As also reported liquid
crystals are of fundamental importance in technological applications in the production of TV, calculator, computer screens bases on the TN cell element, optical
instruments, sensors etc.
In the years the attention has moved to the study of liquid crystal droplets and
the discoveries to possibile practical applications related to them. The possibile
applications are various [105]; liquid crystal droplets can be used as microresonators, droplets with concentric package of cholesteric layers can be used as tunable onion-like Bragg microresonators and cholesteric droplets prepared as polymer dispersed liquid cystals can also be used for lasing [25, 37] also droplets used
for the production of filaments [105]. This pletora of possible applications explains
why studying liquid crystal droplets is useful and important.
Various studies were performed about liquid crystal droplets in various situations:
isotropic droplet in nematic host under electric fields [6], isotropic droplets in nemtaic host under shear [8] and typical structures of cholesteric droplets at equilibrium [51, 105–108] without electric fields.
Another important study on which scientists are focusing deals with the Lehmann
effect in cholesteric liquid crystals [109–126] consisting in a rotation of a cholesteric
liquid crystal droplet due to a thermal gradient first observed by Lehmann in 1900
[30, 31]. In [109] in particular the inverse Lehmann-type effect is described. It,
inversly, consists in a process in which a molecular field associated with orientational degrees of freedom arises when there is a pattern forming non-equilibrium
situation. This molecular field, in turn, gives rise, to concentration, heat or electric
currents across a freely suspended film of liquid crystals. As final result of this
kind of process a pumping force arises which can be used to push particles and
ions for length scales of the micron.
Starting from [51] in particular, the goal of the work, whose results are collected in
this Chapter, is to explore the dynamics of topological defects and the typical structures of cholesteric liquid crystal droplets under electric fields for different pitches
of the helix, for different anchoring situations and different types of electric fields.
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4.2

4.2. The numerical model

The numerical model

R
The free-energy functional, F = f dV, which encodes all the thermodynamics of
the problem, whose energetic terms were already considered in Chapter 2, adopted
in this system is:
f =

κφ
a 2
φ (φ − φ0 )2 +
|∇φ|2
4  
2

1
γ(φ) 2 2
γ(φ)
γ(φ)
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12π

(4.1)

with γ(φ) = γ0 + γs φ with constants γ0 and γs which mark the stable phase.
The variables of interest in this situation are the total density field n( x, y, z, t) , the
velocity field u( x, y, z, t), the scalar concentration field φ( x, y, z, t) and the Q( x, y, z, t)
tensor order parameter [48, 104]. The dynamic equations of the system, already
presented in Chapter 1, are the Beris-Edwards equation for the Q tensor order parameter [5]
(∂t + u · ∇)Q − S(W, Q) = ΓH
(4.2)
with molecular field
H=−

I δF
δF
+ Tr
δQ 3 δQ

(4.3)

with complete explicit expression
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(4.4)
The explicit calculus of the various terms of the molecoular field is treated in [6].
The concentration scalar field φ is described by the Cahn-Hilliard equation:
∂t φ + ∂α (φuα ) = D ∇2 µ

(4.5)

In the end there are the continuity equation and Navier-Stokes equation for the
total density field n and the velocity field u:

∇·u = 0

(4.6)
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total
n(∂t + u β ∂ β )uα = ∂ β σαβ
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(4.7)

total contains the viscous, the liquid crystal and the interface terms prein which σαβ
sented in Chapter 1. This set of coupled equations were solved numerically through
hybrid Lattice Boltzmann Method for liquid crystals described in Chapter 3.

4.3

Phase diagram of cholesteric liquid crystals

In order to choose wisely the numerical values for the parameters of the system in
the computer simulations, the phase diagram of cholesteric liquid crystals, shown
in Fig. 4.1, must be kept in mind. This phase diagram of [127], was obtained in
the case of the study of liquid crystal blue phases under electric field and used as
guide in the choice of the paramaters of the simulations. It is defined by the three
following parameters:
s
κ=

108Kq20
A0 γ

(4.8)

τ=

27(1 − γ/3)
γ

(4.9)

e2 =

27ε
Eα Eα
32πA0 γ

(4.10)

where κ is the chirality which is related to q0 and so to the cholesteric pitch and
tells how much the system is twisted, τ is the reduced temperature and e2 , related
to the electric field E, is the effective field strength.
Looking the left panel in Fig. 4.1 if γ = 3 (for γc = 2.7 there is coexistence of
isotropic-nematic phases, if γc < 2.7 there is the isotropic phase, for γc > 2.7 there
is the cholesteric one), τ = 0 and so κ ≈ 0.5 and this value was chosen as treshold
to mark the separation between cholesteric phase from the BPI one. Therefore the
parameters of the simulations A0 , the bulk constant, the elastic constant K, and the
inverse of the pitch q0 = 2π/p0 with p0 pitch of the helix were chosen following
this criterion.

4.4

Initial conditions

In the computer simulations, a cholesteric droplet with radius R = 32 lattice sites
is accomodated at the center of a periodic lattice in all directions with dimensions
L x = 1 × Ly = 128 × Lz = 128. The set of values is: αφ = 0.07, κφ = 0.14, A0 = 1,
K = 0.03, Γ = 1, η = 1.67, D = 0.05, ξ = 0.7, ε = 41.4 and |W | = 0.04. This values
of the parameters are expressed in simulation units and can be mapped in SI units
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Figure 4.1: Phase diagram in the chirality-temperature plane with e = 0 which
marks the division of the cholesteric, isotropic, BPI and BPI I phases [127].

in the following way: ∆x = 1 ∼ 0.1µm, ∆t = 1 ∼ 1µs, n = 2 ∼ 103 kgm−3 , K =
10−2 ∼ 10−11 N, W = 102 ∼ 106 Jm−2 , R = 10 ∼ 1 − 10µm and ε ∼ E ∼ 1V/µm [6,
44, 128, 129].
As a measure of the relative size of the droplet with respect to the chiral pitch it
can be introduced the following adimensional quantity [51]
N = 2R/p0

(4.11)

with R radius of the droplet and p0 pitch of the helix. It represents the number
of 2π turns of the helix in a droplet of radius R. Alternatively, remembering in
Chapter 2 that the two directions of the director are equivalent (n = −n), the same
parameter can rewritten as
N = 4R/p0
(4.12)
which corresponds to the number of π turns or twists of the helix in the same
droplet. The concentration field φ and the Q tensor components are set to zero
outside the droplet. Inside the droplet, instead, φ has been set equal to a value φ0 =
2 and the five components have been chosen in order to accomodate the cholesetric
helix with helical axis parallel to the horizontal y direction. The components are:
Q xx = (c0 − c1 /2)cos(2q0 y) + c1 /2,

(4.13)

Qyy = −2c1 ,

(4.14)

Q xz = −(c0 − c1 /2)sin(2q0 y)

(4.15)

where c0 = 0.546, c1 = 0.272 while Q xy = Qyz = 0.
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Droplets at equilibrium

Each simulation is run for 4 × 105 time-steps, until the droplet is completely equilibrated. This is determined by looking at the relaxation behavior of the free energy
towards a constant minimum value. In Fig. 4.2 a set of equilibrium configurations
obtained in absence of surface anchoring (top row) and by imposing either tangential anchoring (middle row) or homeotropic anchoring (bottom row) is shown.
Two cases are considered: the first one with q0 = 2π/64 giving a helical phase
with N = 2π twists (left column) and the second one obtained with q0 = 2π/32
and hence a helical phase with N = 4π twists (right column of Fig. 4.2). The figure
shows a clear dependence of the equilibrium configuration both on the anchoring
and on the number of twists accommodated inside the droplet. As expected, for
very weak anchoring the director field orients itself continuously at the boundary
to satisfy the natural curvature of the droplet. Hence the resulting equilibrium
configurations are defect-free (Fig. 4.2-(a)-(d)). For strong anchoring, frustration
between the cholesteric order inside the droplet and the imposed direction at the
surface is present and equilibrium configurations with defects are expected [6, 51,
128]. Defects can result either from sharp changes in orientation of the director
in the interior of the droplet, or due to conflict with the anchoring close to the
boundary. Their number and position also depend on the anchoring direction and
strength, as well as on the number N of cholesteric twists in the droplet. As reported in Chapter 2, defects in cholesterics are usually classified into λ±m , τ ±m ,
χ±m defect lines (with m topological charge) and twist disclinations [31, 32]. While
disclination lines of type χ±m requires a full 3D system and are not observed here,
λ±m and τ ±m defects appear. Fig. 4.8 reports the most typical combinations of λ
and τ defects encountered in the simulations.
The λ defect, for example, emerges in Fig. 4.2-(b) and the first row of Fig. 4.3. Instead, for a τ defect the director field is singular, so that the (in-plane nematic)
orientational order drops at the core (Fig. 4.3 second row). As a consequence, the
location of τ defects can be detected numerically and visible by the "brown" spots
encircled in red in the pictures. On the contrary, λ defects are more difficult to detect exactly andmust be recognized "by eye".
In the case of strong tangential anchoring and N = 2 (Fig. 4.2-(b)) the helical structure bends significantly in a circular fashion forming a quasi-planar configuration
with the director field that escapes into the third dimension only in proximity of
the droplet center forming a λ+1 disclination.
If, on the other hand, the number of twists increases to N = 4, the twist energy is
too large to be overcome by the bending one and the configuration with the minimal free energy has four defects with topological charge −1/2 (lying fully in the
yz plane) and three regions of topological charge +1 (the stretched stripes in which
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Figure 4.2: Equilibrium configurations (taken at simulation time t = 4 × 105 ) of a
cholesteric droplet in an isotropic fluid. The radius of the droplet is R = 32 lattice
units and the cholesteric pitch is q0 = 2π/64 ((a)-(b)-(c)) and q0 = 2π/32 ((d)-(e)(f)). In (a) and (d) no anchoring is set, in (b) and (e) strong tangential anchoring
is set while in (c) and (f) strong homeotropic anchoring is chosen. Topological
defects, formed nearby the surface (namely τ and twist disclinations), are highlighted with red circles. The color map represents the largest eigenvalue of the
Q tensor and ranges from 0 (the black region outside the droplet) to ' 0.33 (the
yellow region inside the droplet). The color map applies to all figures.
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Figure 4.3: Schematic representation of topological defects λ±m and τ ±m and their
combination found in most of our simulations. Black dots and lines represent the
local director field, perpendicular to and on the plane, respectively. Unlike green
dots, the red ones correspond to a real singularity of the director field [51].
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the director lies along the x direction, (Fig. 4.2-(e))1 .
In Fig. 4.2-(c) the equilibrium configuration with homeotropic anchoring and N =
2 is shown. In this case a thin +1-charge region forms in the center of the droplet
(along the diameter in the north/south direction), and is sustained by two twist
disclinations of charge −1/2 firmly anchored at the interface (also represented in
Fig. 4.3, fourth row). On both sides of this region, the director displays two symmetric splay-bend deformations in order to accommodate the orientation imposed
by the homeotropic surface anchoring. This determines the formation of two further defects, τ 1/2 disclinations, located symmetrically along the equator. As required of any 2D pattern with these boundary conditions, the total topological
charge is therefore again +1 [130–132]. Finally when N = 4, two more +1-charge
regions appear symmetrically located with respect to the central one, and eight
disclinations form nearby the interface. Two of these are τ 1/2 disclinations (those
along the equator) whereas the remaining ones are twist disclinations of charge
−1/2. In proximity of the two τ 1/2 defects, the strong bend distortions of the director field protrude well inside the center of the droplet, especially for N = 2.

4.6

Switching on-off of a DC electric field

In this section the switching on-off dynamics of a continuous electric field is described. Starting from the equilibrated droplet configurations described in the previous section, a uniform electric field whose direction is either parallel (along the
horizontal y axis) or perpendicular (along vertical z axis) to the helical axis is first
switched on and the dynamics of the defects is studied until the system reaches a
steady state (ON state). Then the field is switched off towards a zero field (OFF)
final state. The electric field is of type E = ∆VL with potential ∆V chosen in order to produce an appreciable variation in the dynamics of defects and also low
enough to prevent the complete destruction of the helix and the consequent nematization of the droplet. At first the results for a droplet with no anchoring (defectfree droplet) are presented then moving to the cases in which homogeneous and
homeotropic strong anchoring are set.

4.6.1

W=0, free anchoring

Fig. 4.2-(d) deals with the case where a cholesteric phase with N = 4 is embedded
in a droplet of radius R. Since W = 0 the director field at the droplet surface is free
to rotate and no defects are present. When, in this case, an electric field is switched
on along the helix (y-axis), the director field gradually aligns along the same direction by following a complex dynamics involving the formation and annihilation
1 From

this point for brevity a +1 λ-region can indicate a λ+1 defect or a pair of λ+1/2 defects.
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of defect pairs. In steady state (when the field is ON) the droplet is oriented almost completely to yield a 2D nematic state – the exception is the equatorial line
in which the director field is oriented out of the plane (Fig 4.4-(c)). When the electric field is switched off (Fig. 4.4-(d)-(f)) the director relaxes to the initial (field-off)
equilibrium cholesteric arrangement but with the helix axis now oriented along
the z-axis. A further ON-OFF cycle, in which the field is first switched on along
the z-direction, drives the system back to the initial equilibrium state (Fig. 4.4-(a)).
The OFF states are of course equivalent as they differ solely by a rotation of the
helical axis, and indeed the values of the field-off free-energy configurations are
equal (Fig. 4.5).
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Figure 4.4: Switching dynamics of a cholesteric droplet with N = 4 under an electric field applied along the y-direction with ∆V = 5 and W = 0 (no anchoring).
The field is ON in (a) (t = 4 × 105 ), (b) (t = 4.05 × 105 ) and (c) (t = 7 × 105 ) and
OFF in (d) (t = 7.01 × 105 ), (e) (t = 7.05 × 105 ) and (f) (t = 106 ). Here t is the
simulation time. In particular (c) and (f) represent steady states achieved when the
electric field is ON and OFF, respectively. After one switching cycle the director
reacquires a cholesteric arrangement with the helix axis parallel to the direction of
the electric field.
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Figure 4.5: Total free-energy vs simulation time for the case W = 0 and N = 4
(a). The field is switched on at t = 4 × 105 and switched off at t = 7 × 105 during
the first cycle. During the second cycle it is switched on at t = 1 × 106 and off at
t = 1.3 × 106 . Here t is the simulation time. In the inset (b) the two minima of the
free-energy are equal.
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4.6. Switching on-off of a DC electric field

W=0.04, tangential anchoring

The case of strong tangential anchoring is now discussed.
The two equilibrium starting configurations are those reported in Fig 4.2-(b)-(e)
with cholesteric helices respectively of N = 2 and N = 4 twists. In both cases
∆V = 3. The case N = 2 (Fig. 4.2-(b)) is akin to that of a simple nematic droplet.
In fact, regardless of the direction of the applied electric field, the director, in the
ON steady state, aligns almost everywhere along it, the only exception being a thin
stripe passing through the centre of the droplet, in which it orients out of the plane,
along the x-direction. When the electric field is switched off, the system relaxes
back quite rapidly to the initial field-off equilibrium state as shown in Fig. 4.6 with
final elastic energies equal to the ones of the initial equilibrium configuration as
reported in Fig. 4.7.
A richer behaviour is observed for the cholesteric phase with N = 4 and when
the electric field is applied along the helix (y) axis (Fig. 4.8). During the ON dynamics, as the director starts to align along the direction of the electric field, the
four defects abandon the droplet surface and move towards the inner region of
the droplet. While the director field near the droplet surface remains almost everywhere tangential, inside the droplet it undergoes pronounced symmetric bend
distortions that move along the y axis in opposite directions (Fig. 4.8-(a)-(b). At the
steady state the bend distortions are confined near the interface and in between
the defects, while the director is almost fully parallel to the y-direction in the bulk,
with the exception of the equatorial line and of the opposite sides of the in-plane
topological defects, in which it is oriented off plane (Fig. 4.8-(c)). These patterns
are associated with three +1-charge regions. In the ON steady state the initial
equilibrium helical order (with axis along the y-direction) has been replaced by a
novel arrangement in which a cholesteric-like structure, with the axis now along
the z-direction, emerges.
When the field is switched off, the director gradually relaxes towards a new steady
state in which the helical arrangement is almost restored. While the position of the
in-plane defects remains overall unaltered with respect to that achieved at the ON
state, the position of the three +1-charge regions is restored almost in the configuration they had in the equilibrium field-off state, as they follow the rearrangement
of the director field. This new OFF state is metastable, as it is characterised by an
elastic free energy higher than that of its equilibrium counterpart (Fig. 4.9). The
higher value of the free energy achieved by this OFF steady state is due to the
additional elastic energy necessary to bend the director in proximity of the defects.
If the electric field is switched along the z-direction, the dynamics observed is overall less rich than the previous case. ∆V = 5 was chosen, as for lower values of the
electric field the effects on the defects dynamics are really negligible. After the electric field is switched on, the in-plane defects are soon pushed towards the interface

Chapter 4. Cholesteric liquid crystal droplet under electric fields

E=0

(a)

70

(d)

E=0

(e)

E=E

(f)

E=0

z

y

(b)

E=E

(c)

E=0

y

z

Figure 4.6: Switching dynamics of a cholesteric droplet with N = 2 under an electric field applied along the y ((a)-(c) and z direction ((d)-(f)) with ∆V = 3 and
W = 0.04 (strong tangential anchoring). (a)-(d) (t = 4 × 105 ), the field is ON in
(b)-(e) (t = 7 × 105 ) and OFF in (c)-(f) (t = 106 ) where t is the simulation time. The
final states (c) and (f) are equal to the initial state (a).)
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Figure 4.7: Elastic free energy of the droplet during a switching dynamics, with the
electric field applied along y-direction (red curve, plusses) with voltage ∆Vy = 3
and along the z-direction (green, crosses) with voltage ∆Vz = 3, both for N = 2
(q0 = 2π/64) and strong tangential anchoring (W = 0.04). The field is switched on
at simulation time t = 4 × 105 and switched off at t = 7 × 105 . The final elastic free
energies for both cases are equal the one of the equilibrium.
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Figure 4.8: Switching dynamics of a cholesteric droplet with N = 4 under an electric field applied along the y-direction with ∆V = 3 and W = 0.04 (strong tangential anchoring). The field is ON in (a) (t = 4 × 105 ), (b) (t = 4.5 × 105 ) and (c)
(t = 7 × 105 ) and OFF in (d) (t = 7.05 × 105 ), (e) (t = 7.5 × 105 ) and (f) (t = 106 ),
where t is the simulation time. In particular (c) and (f) represent steady states
achieved when the electric field is ON and OFF, respectively. At the end of the
cycle the droplet is stuck into a novel metastable state achieved through a complex
internal rearrangement of the topological defects.
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Figure 4.9: Elastic free energy of the droplet during a switching dynamics, with the
electric field applied along y-direction (red curve, plusses) with voltage ∆Vy = 3
and along the z-direction (green, crosses) with voltage ∆Vz = 5, both for N = 4
(q0 = 2π/32) and strong tangential anchoring (W = 0.04). The field is switched on
at simulation time t = 4 × 105 and switched off at t = 7 × 105 . In the former case
the final field-off state has higher elastic free-energy than the initial one.
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of the droplet as the director aligns parallel to the z-direction, while the +1-charge
regions slightly stretch along the field direction. When the field is switched off the
in-plane defects migrate back to the initial position driving the system to a new
final metastable state (Fig. 4.9), whose director arrangement is similar to the initial
equilibrium state.
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4.6.3

4.6. Switching on-off of a DC electric field

W=-0.04, homeotropic anchoring

A much richer phenomenology is observed when the surface anchoring is homeotropic.
In the case with N = 2 where the defect arrangement of the equilibrium configuration (Fig 4.2-(c)) is simpler. Its switching on-off dynamics is reported in Fig. 4.10
when the electric field is applied along the y-direction. During the first half cycle
in which the electric field is on (Fig. 4.10-(a)-(c)), while the director aligns along the
direction of E, a temporary in-plane defect of charge −1 emerges at the centre of
the droplet. This defect is unstable and later on it splits into two twist disclinations
of charge −1/2 each. The initial +1-charge region switches to two separate double
twist regions, separated by a hyperbolic hedgehog in the centre (whose topological
charge is −1). Due to the alignment of the director field along the direction of E
the defects near the surface change their topological charge and their nature. The
two τ 1/2 defects along the equator became two twist disclinations of charge −1/2,
whereas the two twist disclinations of charge −1/2 (located along the north/south
direction) turn into two τ 1/2 defects. Although the switching-off protocol has negligible effects on the defect dynamics, it favours the formation of two large symmetric splay-bend deformations spanning the whole droplet (Fig. 4.10-(d)-(f)). The
defects nearby the interface return to their initial field-off configuration whereas
those in the bulk turn into two fully in-plane −1/2 defects.
The case with N = 4 starts from an equilibrium configuration characterised by
a large number of defects, which makes the switching dynamics more complex
due to the onset of new metastable states. This is expecially true when the electric
field (∆V = 5) is applied along the helix axis (Fig. 4.11). Indeed after the field
is switched on (Fig. 4.11-(a)-(c)), the director undergoes a complex reorientation
dynamics ending with an almost fully nematic ON state (along the y-direction)
decorated with several defects. In particular several pairs of twist disclinations of
charge −1/2 are anchored to +1-charge regions (and usually are pinned there by
λ+1/2 defects immediately nearby each of the defect). These structures span the
bulk of the droplet, while two τ 1/2 disclinations are stuck at the interface. After
the field is switched off (Fig. 4.11-(d)-(f)), the liquid crystal relaxes towards a new
metastable state in which some defects cluster deep inside the droplet while the
remaining ones are located close to the interface. The director, in turn, develops a
more intricate profile, in which pronounced bend distortions in the vicinity of the
defects are spaced out by +1-charge regions.
If the field, instead, is applied along the z-direction, a less complex, but more
intriguing dynamics is observed. During the ON dynamics, while the director
progressively aligns along the direction of the electric field, the defects located
symmetrically in the north and south part of the droplet move towards its centre, leaving a characteristic straight stripe signature which identifies regions where
the director lies along the x-direction (Fig. 4.12-(a)-(c)). If the electric field is strong
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enough the final ON state is an almost nematic phase aligned along the z-direction,
in which a central stripe with out-of-plane director orientation is sustained by two
twist disclinations of charge −1/2. The two τ 1/2 defects that survive in the ON
state are those located along the equatorial line, whose position was unaffected
by the switching on dynamics (Fig. 4.12-(c)). During the switching OFF relaxation
(Fig. 4.12-(d)-(f)), the two defects inside the droplet move back to the interface
while the director gradually relaxes into a final state in which splay-bend distortions emerge as a result of the strong homeotropic anchoring. Regardless of
the direction of the applied field, after one cycle the liquid crystal gets stuck into
a metastable state, whose elastic free-energy is higher than the equilibrium one
(Fig. 4.13) and is very similar to the equilibrium one for N = 2 (Fig. 4.2-(e)).
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Figure 4.10: Switching dynamics of a cholesteric droplet with N = 2 under
an electric field applied along the y-direction with ∆V = 2.5 and W = −0.04
(homeotropic anchoring). The field is ON in (a) (t = 4 × 105 ), (b) (t = 4.15 × 105 )
and (c) (t = 7 × 105 ) and OFF in (d) (t = 7.02 × 105 ), (e) (t = 7.08 × 105 ) and
(f) (t = 106 ), where t is the simulation time. In particular (c) and (f) represent
steady states achieved when the electric field is ON and OFF, respectively. After
one switching cycle two in-plane −1/2 defects form in the centre of the droplet
sustained by intense bend distortions induced by the surface homeotropic anchoring.
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Figure 4.11: Switching dynamics of a cholesteric droplet with N = 4 under an
electric field applied along the y-direction with ∆V = 5 and W = −0.04 (strong
homeotropic anchoring). The field is ON in (a) (t = 4 × 105 ), (b) (t = 4.03 × 105 )
and (c) (t = 7 × 105 ) and OFF in (d) (t = 7.01 × 105 ), (e) (t = 7.08 × 105 ) and (f)
(t = 106 ), where t is the simulation time. In particular (c) and (f) represent steady
states achieved when the electric field is ON and OFF, respectively. A complex dynamics is observed during the entire switching cycle. The initial symmetric defect
arrangement is destroyed by the electric field and, during the off dynamics, the
droplet relaxes towards a new metastable state with several defects.
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Figure 4.12: Switching dynamics of a cholesteric droplet with N = 4 under an electric field applied along the z-direction with ∆V = 5 and W = −0.04 (homeotropic
anchoring). The field is ON in (a) (t = 4 × 105 ), (b) (t = 4.1 × 105 ) and (c)
(t = 7 × 105 ) and OFF in (d) (t = 7.01 × 105 ), (e) (t = 7.08 × 105 ) and (f) (t = 106 ),
where t is the simulation time. The defect dynamics is overall simpler than the
previous case (Fig. 4.11); indeed a cholesteric-like fashion of the director field is
obtained after one switching cycle.
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Figure 4.13: Elastic free energy of the system when a uniform electric field is
switched along y-direction (red curve) with voltage ∆Vy = 5 and along the zdirection (green) with voltage ∆Vz = 5, both for N = 4 (q0 = 2π/32) and strong
homeotropic anchoring (W = −0.04). The field is switched on at simulation time
t = 4 × 105 and switched off at t = 7 × 105 . The field-off states (before and after
one switching cycle) have different values in both cases.
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Nematization thresholds study

As reported in Chaper 2, the elastic constant is related to the elastic distortions of
the liquid crystal but also is related to the resistance of the liquid crystal under the
action of electric fields. The higher the value of the elastic constant, the higher will
be the threshold to destroy the cholesteric helix and to nematize the system.
It is known in literature that if the magnetic reaches a critical value or treshold
it can unwound the helix and the cholesteric liquid crystal becomes a nematic.
These results present in literature were obtained by experiments with choelesteric
samples subjected to an external magnetic field perpendicular or parallel to the
helix [30, 31] and the relation between the critical acting magnetic field with the
elastic constant is of kind
1
(4.16)
Hc ∼ k22
where k2 is the elastic constant related to the twist distortions.
The purpose of this kind of simulations, in the case of cholesteric liquid crystal
droplet, was to find the electric field tresholds for different values of the elastic
constants for fixed values of the anchoring strengths and pitches of the helix and
discover the relation between the electric treshold with the elastic constant working always in one constant approximation.
The elastic constants were varied in the range [10−4 ; 10−1 ] in the simulations, with
anchorings |W | = 0.04, W = −0.1, W = 0.4, W = 0, always keeping in mind the
phase diagram of liquid crystals to ensure the permanence in the correct cholesteric
region.
The plots of the thresholds as function of the elastic constants for fixed values of
the pitch and anchoring strength are reported in Fig. 4.14 and 4.15 for both cases
N = 4 (q0 = 2π/32) and N = 2 (q0 = 2π/64) for both the directions of the electric
field. A possible reason is the fact that in the first case, the field must destroy two
twists of the helix instead of four as in the second case.
The thresholds for N = 2, in Fig. 4.15-(a)-(b) for the electric field along the y
and the z directions respectively, are slightly lower than the ones for N = 4, Fig.
4.14-(a)-(b). Another difference is the fact that the cases for homeotropic anchoring nematize more easily than the correspondent tangential cases. The limiting
case of W = 0 seems to be intermediate between the extremal cases of tangential
and homeotropic ones. A crude physical explanation for this behaviuor can be
the following: the effect of the electric field is the alignment of the director in the
same direction (for positive dielectric constant) and then the field must be strong
enough to destroy the helix. Thus if the anchoring of the director on the droplet
is homeotropic, the director is already "partially aligned" with the field and so the
value of the voltage to nematize the cholesteric is lower than the corresponding
tangential case. In this situation in fact the director lies on the surface of the droplet
and so the electric field has to be stronger in order to let the director to go out the
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surface, to align with the field and to destroy the cholesteric helix. The particular
case of W = 0 is characterized by the fact that the Q tensor is decoupled from the
intarface of the droplet and the director is free to reorganize in the droplet assuming an intermediate structure "partially tangential" and "partially homeotropic".
Fits of the simulation data with the relation
aK b

(4.17)

of the elastic constant K with parameters a and b to be fitted were performed. All
the values of the parameters are contained in Table 4.1, for N = 4, and Table 4.2,
for N = 2. For fixed anchoring and pitch, there is no big difference between the
threshold values for the field along the y and the z directions; instead the factors
which surely influence the variations of the values are the type of pitch and the
type of anchoring.

W

ay

by

az

bz

0
0.04
0.4
-0.04
-0.1

17.5594 0.29174 30.5737 0.373217
41.7276 0.417452 44.911 0.432591
40.8096 0.417452 44.241 0.427791
24.6439 0.432882 24.0987 0.426673
25.2599 0.439411 24.0096 0.426899

Table 4.1: Fit parameters for various anchoring for helical pitch q0 = 2π/32. ay , by ,
az , bz are respectively the fitted coefficients; the subscript y or z refers to the case of
electric field switched along the y or z directions.

W

ay

by

az

bz

0
0.04
0.4
-0.04
-0.1

13.5476 0.286681 24.1122 0.355319
35.5689 0.414693 35.0191 0.409268
35.5689 0.414693 35.8414 0.417557
9.23196 0.335771 9.89511 0.342129
9.56097 0.343773 11.4406 0.384937

Table 4.2: Fit parameters for various anchoring for helical pitch q0 = 2π/64. ay , by ,
az , bz are respectively the fitted coefficients; the subscript y or z refers to the case of
electric field switched along the y or z directions.
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Figure 4.14: Nematizing tresholds for pitch q0 = 2π/32 as function of the elastic
constant K if the electric field is switched along y-direction (a) or z-direction (b).
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Figure 4.15: Nematizing tresholds for pitch q0 = 2π/64 as function of the elastic
constant K if the electric field is switched along y-direction (a) or z-direction (b).
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Switching dynamics for a cholesteric channel

This section analyzes the role played by the curvature of the boundary in the
switching dynamics by looking at the simpler case of a cholesteric phase confined
between straight walls and comparing the results with the analogous cases of a
droplet.
The two parallel walls were located at z = 0 and z = 64 lattice units instead along
the y-direction periodic boundary conditions were considered. The equilibrium
configuration corresponds to a full cholesteric phase (namely φ ' φ0 everywhere)
with helix axis along the y-direction and N = 4 (Fig. 4.16-(a)). Strong tangential
anchoring has been set at the walls as well as no-slip condition for the fluid velocity (uw = 0). Because of the conflict orientation between the cholesteric phase
at the boundary and the tangential anchoring, this set up favours the formation of
eight defects of topological charge −1/2 pinned at the walls and four +1-charge
regions in the bulk (each of these has two λ+1/2 defects at its boundary). Differently from the droplet of Fig. 4.2-(a), the planar wall set up can accomodate all the
eight defects expected for a helix with N = 4 twist. When the field is switched
on along the y-direction, defects located on opposite sides approach each other, as
the director aligns parallel to E by starting from the wall and then penetrating into
the bulk (Fig. 4.16-(b)). The defect motion persists until they get stuck roughly at
the middle of the cell (Fig. 4.16-(c)-(d)), by which time each has rotated by almost
90◦ . When the field is switched off (Fig. 4.16-(e)-(h)), the defects rotate and migrate back towards the wall; however they get stuck before reaching it, so that the
cholesteric only partially recovers its twisted arrangement. This is because there is
not enough driving force to twist the director field close to the walls, where there
is strong tangential anchoring.
Therefore, while within the droplet, of Fig. 4.8, a cholesteric order is restored almost completely after a switching cycle (Fig. 4.8-(h)), with flat walls this is not the
case: in this case, curvature facilitates going back to the equilibrium (field off) pattern. The equilibrium elastic free energy of the two cases (droplet vs flat planes) is
different (Fig. 4.17 and Fig. 4.9): in particular, lower values of the free energy are
reported for flat walls, as weaker distortions are formed there. Indeed, the presence of regions of different orientation of the director field (due to the presence
of topological defects) appears to be more favoured within higher curvature domains.
Another comparison was performed between the case of Fig. 4.18 with the case of
the channel with homeptropic anchoring to walls in Fig. 4.12.
At first in the equilibrium case of Fig. 4.18 the homeotropic condition of the director to the walls favours the formation of eight twist disclinations (four per wall) of
charge −1/2 and four central λ regions of charge +1. The swithching on of a field
along the z direction with voltage ∆V = 5 determines the complete destruction of

Chapter 4. Cholesteric liquid crystal droplet under electric fields

86

the defects and consequent nematization of the channel with director everywhere
parallel to the vertical axis. After the switching off of the field the system reshapes
and acquire a distorted structure defect free.
In this case the curvature of the system is important because the droplet of Fig. 4.12
resists to complete nematization and preserves its cholesteric structure with defects, the channel becomes nematic with elastic free energy lower than the case of
the droplet (Fig 4.19 and Fig. 4.12).
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Figure 4.16: Switching dynamics of a cholesteric liquid crystal confined between
two flat solid walls and under an electric field applied along the y-direction, with
∆V = 3, strong tangential anchoring to the walls, Lz = 64 and Ly = 128. The field
is ON in (a) (t = 105 ), (b) (t = 1.05 × 105 ), (c) (t = 1.1 × 105 ) and (d) (t = 4 × 105 )
and OFF in (e) (t = 4.01 × 105 ), (f) (t = 4.05 × 105 ), (g) (t = 4.1 × 105 ) and (h)
(t = 7 × 105 ), where t is the simulation time. In particular (d) and (h) represent
steady states achieved when the electric field is ON and OFF, respectively. After
one switching cycle a cholesteric arrangment is almost restored in the bulk of the
cell, but not close to the boundaries.
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Figure 4.17: Elastic free energy of cholesteric liquid crystal when confined between
flat walls. The electric field is switched on along the y-direction (with ∆Vy = 3) at
simulation time t = 105 , and switched off at t = 4 × 105 .
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Figure 4.18: Switching dynamics of a cholesteric liquid crystal confined between
two flat solid walls and under an electric field applied along the z-direction, with
∆V = 5, strong homeotropic anchoring to the walls, Lz = 64 and Ly = 128. (a)
(t = 105 ), (b) (t = 4 × 105 ) field ON, (c) (t = 5 × 105 ) and (d) (t = 7 × 105 ) field OFF
where t is the simulation time. The field in this situation nematizes the structure.
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Figure 4.19: Elastic free energy of cholesteric liquid crystal when confined between
flat walls. The electric field is switched on along the z-direction (with ∆Vz = 5) at
simulation time t = 105 , and switched off at t = 4 × 105 .

91

4.9

4.9. Effect of a rotating electric field

Effect of a rotating electric field

In this section the dynamics in presence of a time-dependent non-uniform, periodically rotating electric field at constant frequency ω is introduced. This is achieved
by setting
Ey = −∆Vy sin(ωt)/Ly ,

Ez = ∆Vz cos(ωt)/Lz ,

(4.18)

with ω frequency, which determines a counterclockwise rotation.
Applying a rotating field is another way of achieving the Lehmann effect, also
called electric Lehmann effect, which arises due to a torque term, proportional to
n × E, in the expression of the molecular field of the Leslie-Erickes theory which
wasn’t treated in this study [133]. Fig. 4.20 and Fig. 4.21 show the dynamics
of a cholesteric droplet subject to a rotating electric field with ∆Vy = ∆Vz = 4,
ω = 5 × 10−3 and with strong tangential anchoring at the droplet surface. The
initial configuration is the equilibrium one reported in Fig. 4.2-(e) for a cholesteric
phase with N = 4 and helix axis along the y-direction. Under the action of the
electric field the four defects, initially located at the droplet surface (Fig. 4.20-(a))
start to rotate counterclockwise (Fig. 4.20-(b)) and then move towards the centre
of the droplet. The +1 charge regions also reshape, and the cholesteric layers temporarily align along a common direction (Fig. 4.20-(c)) and then merge. The electric
field, in turn, tends to destroy the initial cholesteric order, and to favour the formation of regions in which the director is aligned along its direction (Fig. 4.20-(c)-(d)),
except nearby the interface where strong anchoring keeps the director fixed. The
corresponding velocity field is reported in Fig. 4.20-(e)-(h) characterized by a vortex pattern that is almost negligible at the droplet centre and higher in proximity
of the interface.
If homeotropic anchoring is set on the surface, with ω = 10−3 , the equilibrium
state has eight defects at the droplet surface (Fig. 4.2-(f)) and three +1-charge regions in its bulk. This structure leads to a more complex dynamics under a rotanting electric field (Fig. 4.21-(e)-(h) right column). If it rotates counterclockwise, defects near the interface rotate coherently but, unlike the previous case, they remain
close to the interface and reduce first to six and finally to four. Interestingly though,
a twisted-like arrangement is still observed during a rotation; regions in which the
director is almost fully aligned are spaced out by +1-charge regions with λ defects,
where the director escapes out of the plane. This structure appears periodically
during the rotation, approximately after each half turn of the director field.
The case for N = 2 and tangential anchoring of Fig. 4.22-(a)-(d) left column is
trivial because starting from the original equilibrium configuration, of Fig. 4.2-(b),
with central λ+1 region, the rotating field splits the defect in a +1-region which
periodically rotates in time.
In the analogous case for homeotropic anchoring of Fig. 4.22-(e)-(h) right column
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Figure 4.20: Dynamics of a cholesteric droplet (with N = 4) under a counterclockwise rotating electric field. The reduced potential is with ∆Vy = ∆Vz = 4,
ω = 5 × 10−3 and W = 0.04 (strong tangential anchoring). The left column displays director and defect dynamics; the right column displays the velocity field.
The green arrow indicates the direction of the electric field. Corresponding simulation times are t = 4 × 105 for (a)-(e), t = 4.1 × 105 for (b)-(f), t = 4.3 × 105 for
(c)-(g), and t = 4.75 × 105 for (d)-(h).
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Figure 4.21: Dynamics of a cholesteric droplet under a counterclockwise rotating
electric field. The left column (a)-(d) refers to the case for N = 4 and W = 0.04 for
frequency ω = 5 × 10−3 and the right column (e)-(h) for N = 4 and W = −0.04
for frequency ω = 10−3 . The reduced potential is with ∆Vy = ∆Vz = 4. The green
arrow indicates the direction of the electric field. Corresponding simulation times,
for left column, are t = 4 × 105 for (a), t = 4.1 × 105 for (b), t = 4.3 × 105 for (c) and
t = 4.75 × 105 for (d). For the right column t = 4 × 105 for (e), t = 4.5 × 105 for (f),
t = 5.6 × 105 for (g) and t = 7 × 105 for (h). t is in simulation time.
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Figure 4.22: Dynamics of a cholesteric droplet under a counterclockwise rotating
electric field. The left column (a)-(d) refers to the case for N = 2 and W = 0.04 and
the right column (e)-(h) for N = 2 and W = −0.04 both for frequencies ω = 10−3 .
The reduced potential is with ∆Vy = ∆Vz = 4. The green arrow indicates the
direction of the electric field. Corresponding simulation times, for both columns,
are t = 4 × 105 for (a), t = 4.5 × 105 for (b), t = 5.6 × 105 for (c) and t = 7 × 105 for
(d). t is in simulation time.
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the field destroys the helix turning the bulk into a nematic and leaving only the
two τ +1/2 extremal defects which rotate periodically in time.
A quantitative analysis related to the rotating electric field consisted in computing
the angular velocity of the droplet, ω ∗ , as function the frequency ω of the electric
field as
R
dVφr × u
∗
(4.19)
ω = R
dVφr2
where r is the vector position of a lattice site respect to the center of mass of the
droplet calculated as follows
rCM (t) =

∑ijk φijk r(t)
∑ijk φijk

(4.20)

where i, j, k are the indexes of a lattice site and the sum is performed inside the
droplet.
In Fig. 4.23-(a)-(b) the curves for all the cases are shown with Fig. 4.23-(b) showing an inset for N = 4 for |W | = 0.04 and N = 2 for W = −0.04. In all the
cases shown there is a general trend to rise reaching a maximum value for approximately ω = 10−2 as sign that the droplet rotates faster increasing the frequency
of the field but then, for higher frequencies (ω > 10−2 ), inertia dominates and the
droplet doesn’t rotate fast with the field or doesn’t rotate anymore. The case for
N = 2 and W = 0.04 of Fig. 4.23-(a) seems to be the fastest case with values of
ω ∗ one order of magnitude greater than the case for N = 4 and W = 0.04. This
could be crudely explained with the fact that the case N = 2 with W = 0.04 the
structure of the topological defects is simple consisting in the starting λ+1 defect
which splits in the +1 region and for higher frequencies (' 10−2 ) the bulk structure is practically nematic. The homeotropic cases are also slower than the correspondent tangential cases; this difference could be crudely explained in terms of a
permeation-like effect. Indeed a vortex flow field, typically tangential nearby the
interface, would encounter a larger resistance (namely an increased viscosity) if
strong surface homeotropic anchoring is set rather than tangential due to the conflict bewtween the local direction of the velocity field and that of the director. A
deeper investigation in this analysis could be done exploring the role of the defects
during the rotation and how much they can affect the rotation. As long as the case
N = 2 for W = 0.04 seems a bit different from the other cases a starting analysis
could consist in repeating the computation of ω ∗ for the case of an initially nematic
droplet, which after the equiliration, is set in rotation.
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Figure 4.23: Angular velocity ω ∗ of a rotating cholesteric droplet as function of the
frequency ω of the rotating field for the cases considered N = 2, 4 and |W | = 0.04
(a) and inset (b) for N = 4, |W | = 0.04 and N = 2, W = −0.04.
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4.9.1

Periodicity of topological defects with rotating field

In general, as described in Chapter 2, the director of the liquid crystal aligns with
the direction of the field (for positive dielectric constant) which can reorganize
topological defects present in the system and if the intensity of the field is "critical",
it can destroy the helix and forms a nematic structure aligned with the direction of
the field. Thus if the electric field is rotating it is natural to think that the director
and also topological defects rotate as consequence of the interaction with the field.
In the particular case of a droplet in which a cholesteric liquid crystal is placed
inside it with a certain number of twists (N = 2, 4 considered) and type and intensity of the anchoring of the director (|W | = 0.04), one could ask if the topological
defects, during the dynamics, could follow or not the rotating field and rotate with
the same frequency or behave in a different way. So the goal of this section is to
explore and find these kinds of different behaviours.
The analysis of the periodicity of topological defects was performed considering
an "easy" direction of the electric field (for example the vector of the rotating field
which is horizontal or vertical) and looking the successive director configurations
in time. As long as for frequencies greater than ω = 10−2 the inertia dominates
in the rotation of the droplet, the frequencies chosen to study the periodicity of
the defects were ω = 10−3 , 5 × 10−3 and 10−2 which respectively correspond to
a period of the rotating field of T = 2π/ω = 3.6 × 105 , 7.2 × 104 and 3.6 × 104
timesteps of the simulation. The interval time of the simulations was chosen to be
approximately 2 × 106 timesteps.
In general for values of frequencies of ω = 10−3 and N = 4 and N = 2 twists of the
cholesteric helix for |W | = 0.04, the system reaches a situation in which topological
defects form periodic structures which reappear in time with the same period of
the rotating field. The most interesting and particular cases correspond to N = 4
with |W | = 0.04 for frequencies of the rotanting ω = 5 × 10−3 and ω = 10−2 . In
these cases three different behaviours are recognizable:
• the system is periodic for a time, then non periodic and in the end becomes
periodic again,
• the system becomes periodic after a transient where is non periodic,
• the system is characterized by topological defects with an intrinsic periodicity not equal to the one of the rotating electric field.
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The first case considered is for N = 4, W = 0.04 and frequency of the field
ω = 5 × 10−3 . This case corresponds to the first mentioned situation.
The system at time t = 4 × 105 is relaxed with structure portraied in Fig. 4.2-(e).
Then a rotating field with components of Eq. (4.18) is switched on and the droplet
rotates. Times t = 4.31 × 105 , t = 5.03 × 105 and t = 7.19 × 105 of Fig. 4.24-(a), (b)
and (c) correspond respectively to the first time of electric field pointing upwards,
first period and fourth periods. These states are characterized by four defects of
charges −1/2 and three λ regions of charges +1 which rotate in the time and in
particular the λ regions reshape in time. Fig. 4.24-(b)-(c) are characterized by a
couple of defects −1/2 which is exchanged with a couple of twist disclinations
of charge −1/2. At time t = 1.367 × 106 of Fig. 4.24-(d), the rotating field has
performed 13 periods, and only two defects of charge −1/2 survive with two λ
regions, instead of the original three, leaving always the total charge unchanged
equals +1. This structure of Fig. 4.24-(d) repeats periodically three periods of the
field and then the system renters in a non periodic regime in which different configurations of the director and defects apper. One of these corresponds to time
t = 1.943 × 106 , the 21st period od the field, of Fig. 4.24-(e) characterized by two
defects of charge −1/2 close each other and two +1 regions symmetrically disposed respect to the two ones. Then at time t = 2.591 × 106 of Fig. 4.24-(f), the
29th period of the field, the same structure of time t = 1.367 × 106 of Fig. 4.24-(d)
reppear and repeats for three more periods of the electric field.
The case for N = 4, W = 0.04 and frequency of the rotating field ω = 10−2 of
Fig. 4.25, assuming as reference direction of the rotating field the horizontal direction pointing to the left, corresponds to the second mentioned situation. The
system after the relaxation, switching on the rotating field, initially evolves passing through a series of different configurations which are non periodic with the
field and finally reaches a situation from which the rotation becomes periodic.
Fig. 4.25-(a), (b), (c), (d) and (e) represent the system at times t = 4.05 × 105 (first
configuration with field pointing to the left), t = 6.21 × 105 (sixth period of the
field), t = 6.93 × 105 (eighth period of the field), t = 7.29 × 105 (nineth period of
the field) and t = 7.65 × 105 (tenth period of the field) respectively. The general
structure sees four encircled topological defects of charge −1/2 alternated by three
+1 regions rotating in the time and moving inside the droplet with the +1 regions
which continuosly reshape elongating in the time. The topological total charge is
+1. When the system reaches the time t = 1.161 × 106 of Fig. 4.25-(f), correspondent to 21st period of the rotating field, the four defects of charge −1/2 vanish and
only one λ region of charge +1 remain which repeats periodically 34 times until
the end of the interval time of the simulation.
The cases for N = 4 , W = −0.04 and frequencies ω = 5 × 10−3 and ω = 10−2
represented in Fig. 4.26 and Fig. 4.27 respectively deal with the last mentioned situation in which the system rotates because of the field generating configurations
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which are non periodic in time but possess an "intrinsic" periodicity which is different from the one of the applied field. The system initially relaxes until time
t = 4 × 105 portraied in Fig. 4.2-(f) and then the rotating field is switched on.
Fig. 4.26-(a), (b), (c), (d), (e) and (f) correspond to times t = 7.19 × 105 (fourth
period of the rotating field), t = 7.91 × 105 (fifth period of the rotating field),
t = 8.63 × 105 (sixth period of the rotating field), t = 1.223 × 106 (eleventh period of the rotating field), t = 2.015 × 106 (22nd period of the rotating field),
t = 2.087 × 106 (23rd period of the rotating field) respectively. In Fig. 4.26-(a),
(b), (c), (d) and (f) the two extremal original τ +1/2 defects, two couples of twistdisclinations alternated by +1 λ regions are recognizable. In Fig. 4.26-(e) instead
three τ +1/2 defects appear. In particular they seem to be distributed at two sides of
the droplet alternated by a region in which the director seems to be nematic pointing towards the direction of the field. In this situation the system seems to have
0
an intrinsic periodicity of the topological defects of about T = 2.16 × 105 , after
which the defects reapper identically, against the peridicity of T = 7.2 × 104 of the
applied rotating field. Fig. 4.26-(d) there are four λ +1 regions which become three
in Fig. 4.26-(e) and two again in Fig. 4.26-(f).
Fig. 4.27-(a), (b), (c), (d), (e), (f) correspond to times t = 6.93 × 105 (eighth period of
the rotating field), t = 7.29 × 105 (nineth period of the rotating field), t = 7.65 × 105
(tenth period of the rotating field), t = 8.01 × 105 (eleventh period of the rotating
field), t = 8.37 × 105 (twelveth period of the rotating field) and t = 8.73 × 105
(thirtheenth period of the rotating field) respectively. In Fig. 4.27-(a)-(b) originnaly there are four +1 λ regions with six twist disclinations of charge −1/2. In
Fig. 4.27-(c) there are only two λ +1 regions plus two new τ +1/2 extremal defects,
one on the left and the other on the right. In Fig. 4.27-(d) one τ +1/2 defect has
vanished and changed by a λ +1 region. A similar situation of Fig. 4.27-(c)-(d)
repeats also in Fig. 4.27-(e)-(f). This case is characterized by an intrinsic periodicity
0
0
T = 8.64 × 105 . The configurations shown reappear of T = 8.64 × 105 .
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Figure 4.24: Dynamics of a cholesteric droplet (with N = 4) under a counterclockwise rotating electric field. The reduced potential is with ∆Vy = ∆Vz = 4,
ω = 5 × 10−3 and W = 0.04 (strong tangential anchoring). The green arrow
indicates the direction of the electric field. Corresponding simulation times are
t = 4.31 × 105 for (a), t = 5.03 × 105 for (b), t = 7.19 × 105 for (c) , t = 1.367 × 106
for (d), t = 1.943 × 106 for (e) and t = 2.591 × 106 for (f) with t simulation time.
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Figure 4.25: Dynamics of a cholesteric droplet (with N = 4) under a counterclockwise rotating electric field. The reduced potential is with ∆Vy = ∆Vz = 4, ω = 10−2
and W = 0.04 (strong tangential anchoring). The green arrow indicates the direction of the electric field. Corresponding simulation times are t = 4.05 × 105 for (a),
t = 6.21 × 105 for (b), t = 6.93 × 105 for (c) , t = 7.29 × 105 for (d), t = 7.65 × 105
for (e) and t = 1.161 × 106 for (f) with t simulation time.
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Figure 4.26: Dynamics of a cholesteric droplet (with N = 4) under a counterclockwise rotating electric field. The reduced potential is with ∆Vy = ∆Vz = 4,
ω = 5 × 10−3 and W = −0.04 (strong homeotropic anchoring). The green arrow
indicates the direction of the electric field. Corresponding simulation times are
t = 7.19 × 105 for (a), t = 7.91 × 105 for (b), t = 8.63 × 105 for (c) , t = 1.223 × 106
for (d), t = 2.015 × 106 for (e) and t = 2.087 × 106 for (f) with t simulation time.
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Figure 4.27: Dynamics of a cholesteric droplet (with N = 4) under a counterclockwise rotating electric field. The reduced potential is with ∆Vy = ∆Vz = 4, ω = 10−2
and W = −0.04 (strong homeotropic anchoring). The green arrow indicates the direction of the electric field. Corresponding simulation times are t = 6.93 × 105 for
(a), t = 7.29 × 105 for (b), t = 7.65 × 105 for (c) , t = 8.01 × 105 for (d), t = 8.37 × 105
for (e) and t = 8.73 × 105 for (f) with t simulation time.
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Two interacting rotating droplets

In this section the dynamics of two cholesteric liquid crystal droplets in isotropic
phase with surfactant under rotating electric fields is briefly discussed.
The results which are introduced here deal with a study in preparation "Interacting
rotating cholesteric liquid crystal droplets". The goal of this paper is to study a system
of two and more cholesteric liquid crystal droplets subjected to rotating electric
fields and analyzing the mutal interactions. This study can be thought as an expansion of the first study of the single cholesteric droplet already analyzed in the
paper "Switching dynamics in cholesteric liquid crystal emulsions", J. Chem. Phys. 147,
064903 (2017).
This system differs from the one of "Switching dynamics in cholesteric liquid crystal
emulsions" for the presence of a component of surfactant,
to prevent the coalescence
R
of the droplets, in the free energy functional F = f dV with
f =

(κ φ + κ c c )
a 2
φ (φ − φ0 )2 +
|∇φ|2 + c ln c
4  
2

1
γ(φ)
γ(φ)
γ(φ) 2 2
2
+ A0
1−
Qαβ −
Qαβ Q βγ Qγα +
( Qαβ )
2
3
3
4
i
Kh
+
(∂ β Qαβ )2 + (ε αζδ ∂ζ Qδβ + 2q0 Qαβ )2
2
ε
Eα Qαβ Eβ .
(4.21)
+W (∂α φ) Qαβ (∂ β φ) −
12π

In this free energy functional c represents the concentration of surfactant coupled
to ∇φ with a linear relation
(κ φ + κ c c )
|∇φ|2
(4.22)
2
with coefficient κc < 0 which favours a migration of surfactant towards the interface of the droplet [134, 135]; the term c ln c is an entropic term added in the functional to ensure consistency to the model. The concentration of surfactant evolves
in time through the following equation
∂t c + ∇ · (cu) = ∇ · [ L(c)∇µc ]
0

0

(4.23)

where L(c) = D c with D diffusion coefficient of the surfactant. This way of coupling the surfactant to the scalar field φ and the equation for c were taken from
[136]. The other equations of this system, the continuity, the Navier-Stokes equation, the Beris-Edwards and the Cahn-Hilliard equations are the same for the system of the single droplet and are always numerically solved with hybrid Lattice
Boltzmann method described in Chapter 3.
The system consists in a quasi-2D square periodic lattice with dimensions L x =
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1 × Ly = 250 × Lz = 250 in order to accommodate two droplets and the component of surfactant which migrates to the interfaces of the two droplets used to
avoid a possible coalescence of the two ones. The parameters used for the study
of this system are the same used for the study of the single droplet: αφ = 0.07,
0
κφ = 0.14, κc = −1.3, A0 = 1, K = 0.03, Γ = 1, η = 1.67, D = 0.05, D = 0.1,
ξ = 0.7, ε = 41.4 and |W | = 0.04.
The initial conditions of the system consist in two droplets placed at half-height
of the lattice with a horizontal distance of about 84 lattice sites between the two
centers of mass with φ = 2 inside the droplet and φ = 0 outside; the surfactant
instead is initially set c = 0.02 all over the lattice. The cholesteric liquid crystal is
always accommodated inside each droplet with helix along the horizontal y direction with components of (4.13)-(4.15) and 0 outside.
Starting with these initial conditions the system at first relaxes approximately at
time t = 4 × 105 . Fig. 4.28 shows the surfactant which migrates at interfaces of
the two droplets at equilibirum for t = 4 × 105 . Fig. 4.29-(a), instead, shows the
diretor structure of the two cholesteric droplets at the same time.

z

y

Figure 4.28: Contour plot of the concentration of surfactant for the two droplets
at equilibrium at t = 4 × 105 . The choice of κc = −1.3 favours the migration of
the surfactant to the interfaces of the two droplets. The yellow color of the rings
around the droplets corresponds to a value of c = 0.025 instead the dark region to
a value of c = 0.0195.
After the relaxation of the system, a rotating electric field with the same components of (4.18) is switched on and the two droplets rotate. However this new case
introduces a new kind of interaction: the two droplets rotate around their own cen-
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Figure 4.29: Cholesteric droplets with N = 4, W = 0.04, frequency of the field
ω = 10−2 and reduced potential ∆Vy = ∆Vz = 7.84. Left column (a)-(b) displays
the droplets with the director field at times t = 4 × 105 (a) and t = 6.5 × 105 (b).
The right column the droplets with the velocity field for correspondent times. The
green arrow indicates the direction of the rotating field. t is in simulation units.
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ter of mass but also they start to rotate each other around a common center which
approximately correspond to the center of the lattice. Fig. 4.29-(d) shows the two
rotating droplets at time t = 6 × 105 ; Fig. 4.29-(c) shows the two vortices inside
each droplet which interact each other and determine a mutual rotation of the two
droplets. So the quantitative analysis which was performed and which is reported
here, consisted in computing the angular velocity of rotation of the single droplet
with the relation (4.19)
R
dVφr × u
∗
(4.24)
ω = R
dVφr2
and also computing the angular velocity of rotation of the the axis joining the two
centers of mass of the two droplets with
ω ∗∗ =

dθ
dt

(4.25)

with θ angle the axis forms with the horizontal y direction as function of the frequency ω of the applied field.
These two plots are represented in Fig. 4.30-(a)-(b) for the case of N = 4, W = 0.04
and V = 7.84.
The peculiarity of this process is the fact that it seems to have a threshold. For
fixed frequency of the applied field, each droplet rotate but the common rotation
is visibile only for frequencies of the field ω ≥ 10−3 . Fig. 4.30-(a) shows the two
superposed curves of the angular velocity of each droplet. Like the case of the
single one there is an initial region of low frequecies (ω ≤ 10−2 ) in which the ω ∗
rises. The faster the rotating field, the faster the rotation of the single droplet. In
the region of higher frequencies (ω ≥ 10−2 ) the two curves seems to decrease as
signature that inertia starts to dominate the dynamics.
Fig. 4.30-(b) shows the angular velocity of rotation of the axis which joins the two
centers of mass of the two droplets. Even in this case there is a region of low
frequencies (ω ≤ 10−2 ) in which ω ∗∗ rises reaching a maximum value and then
decreases as consequence of the rising of the inertia in the system. The ω ∗∗ is also
one order of magnitude less than the correspondent ω ∗ .
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Figure 4.30: Angular velocity of each droplet as function of the frequency of the
applied field (a) and angular velocity of rotation of the axis of the two centers of
mass of the two droplets as function of frequency of the applied field (b) for N = 4,
W = 0.04.
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4.11. Summary

Summary

In this Chapter the results of the study of a cholesteric liquid crystal droplet in
isotropic host under electric fields have been collected.
Factors like elasticity of the material, type of anchoring, cholesteric helix encapsulated in the droplet and presence of external fields can cause the rise of topological
defects whose dynamics is studied. Two typical situations have been considered:
the one consisting in the switching on-off of a continuous electric field and the application of a rotating one. In general the switching on-off of the field causes a reorganization of the defects and the director in the bulk of the droplet and if the field
is particularly strong can destroy every defect and the helix turning the cholesteric
into a nematic. As regards the rotating electric field, a quantitative analysis was
performed computing the angular velocity of the rotating droplet as function of
the applied field and observing the existence of a regime of high frequencies in
which inertia of the droplet starts to dominate.
The final part of the Chapter presented the initial results of a new kind of study
consisting in the analysis of the interactions between two interacting cholesteric
droplets under rotating electric fields with the presence of the surfactant which
avoids the coalescence between the two droplets. In particular an interesting interatction seems to emerge consisting in a common rotation of the two droplets
around a common centre and also a threshold value of the frequency of the field
below which the effects is absent. The future goal of this study will consist to explore deeper this kind of interaction for the homeotropic anchoring and other values of the cholesteric pitch also investigating the interactions between more than
two droplets.
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Chapter 5

Cholesteric emulsion under shear

This chapter describes briefly the dynamics of a cholesteric emulsion represented
by an isotropic droplet in cholesteric host under shear.
The results presented in this paper represent a part of a new paper in preparation,
"Shear dynamics of an inverted cholesteric emulsion", for the journal Fluids. The goal of
the paper is to investigate the dynamics of a direct (cholesteric droplet in isotropic
phase) and an inverted emulsion (isotropic droplet in cholesteric host) for different conditions of anchoring of the director on the droplet and the walls, different
pitches of the choelsteric helix, different directions of the helix and different shear
rates. In particular it is known in literature the phenomenon known as permeation
consisting in an enormous increase in the viscosity of the cholesteric liquid crystal
under shear parallel to the helix which is one of the goals of the paper.
The results presented in this Chapter deal with the case of an isotropic droplet
in a cholesteric channel with helix parallel to the horizontal direction subjected
to a symmetric shear parallel to the helix that slightly distorts the droplet. In the
Chapter the configurations of the director and the velocity for different times will
be presented discussing the evolution of the system until the achievement of the
stationary state. In general the shear distorts the droplet and also reorganizes the
topological defects in the cholesteric phase. The sections of the three components
are also showed.
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Numerical model

The system, consisting in an isotropic
R droplet in the liquid crystal host, is described
by the free energy functional F = f dV with f
f =

κφ
a 2
φ (φ − φ0 )2 +
|∇φ|2
4  
2

1
γ(φ)
γ(φ)
γ(φ) 2 2
2
1−
Qαβ −
Qαβ Q βγ Qγα +
( Qαβ )
+ A0
2
3
3
4
i
Kh
(∂ β Qαβ )2 + (ε αζδ ∂ζ Qδβ + 2q0 Qαβ )2
+
2
W
+W (∂α φ) Qαβ (∂ β φ) + 0 ( Qαβ − Q0αβ )2
2

(5.1)

also used in the previous study [8]. As reported in Chapter 2 the term
W0
( Qαβ − Q0αβ )2
2

(5.2)

describes the energetic cost to anchor the director to the rigid walls of the system
with constant strength W0 and Q0αβ which is the value of the Q tensor to the walls.
The dynamic equations which describe the system are the same of Chapter 4 and
are always solved through computer simulations with hybrid Lattice Boltzmann
method.
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Initial conditions

As already mentioned in Chapter 4, the choice of the parameters in the computer
simulations must be wise in order to be sure to stay in correct cholesteric region of
the phase-diagram reported in Fig. 4.1.
In the computer simulations, an isotropic droplet with radius R = 32 lattice sites is
accomodated at the center of a lattice with rigid horizontal walls with dimensions
L x = 1 × Ly = 300 × Lz = 100. The set of values is: αφ = 0.07, κφ = 0.14, A0 = 1,
K = 0.03, Γ = 1, η = 1.67, D = 0.05, ξ = 0.7, |W | = 0.04 and W0 = 0.4. This values
of the parameters are expressed in simulation units. The quantity
N = L/p0

(5.3)

with L characteristic lenght of the system (if the helix is along the horintal y direction it is L = Ly ) and p0 pitch of the helix represents the number of 2π turns of
the director along the lenght L. The concentration field φ and the Q tensor components are set to zero inside the isotropic droplet. Outside the droplet, instead, φ
has been set equal to a value φ0 = 2 and the five components have been chosen in
order to accomodate the cholesteric helix with helical axis parallel to the horizontal
y direction as Eq. (4.13)-(4.15) of Chapter 4. The components of the Q tensor in the
cholesteric phase, Q0αβ , at the top wall z = Lz , are:
Q0xx = c2 (sin(θz )sin(θz )cos(θ xy )cos(θ xy ) − 1/3),

(5.4)

Q0xy = c2 (sin(θz )sin(θz )cos(θ xy )sin(θ xy ) − 1/3),

(5.5)

Q0yy = c2 (sin(θz )sin(θz )sin(θ xy )sin(θ xy ) − 1/3),

(5.6)

Q0xz = c2 (sin(θz )cos(θz )cos(θ xy )),

(5.7)

Q0yz = c2 (sin(θz )cos(θz )sin(θ xy )),

(5.8)

with c2 = 0.5, θz = 0 the angle the director forms with the vertical z axis and
θ xy = π/2 tha angle with the x axis. The same conditions apply also for the bottom
wall z = 0. These conditions are suitable to ensure a perpendicular anchoring of
the director to the two walls.

5.3

Channel of isotropic fluid

In this section the situation of a channel of isotropic fluid is considered setting
initially φ = Q = 0 in the whole system. The system then evolves and reaches
an initial equilibrium at time t = 105 represented in Fig. 5.1-(a). The the two
horizontal rigid walls at z = 0 and z = Lz are set symmetrically in motion with
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a shear rate γ̇ = 2u/Lz being |u| = 0.002. The sheared system then evolves in
time and reaches a final stationary state represented in Fig. 5.1-(c) correspondent
at time t = 2 × 105 . The panel of Fig. 5.1 represent the velocity field which exhibit
the typical pattern of a sheared system with velocity which is maximum at the two
moving walls and zero at the centre of the channel [4, 137]. This is also visible
in Fig. 5.2 in which the three section of the components of the velocity field are
plotted as functions of the vertical coordinate z. The x and z components are zero
instead the y component of the velocity has a linear trend being zero at half height
of the lattice and maxima, in absolute value, the two walls. After the relaxation,
which is achieved at time ti = 105 , and the application of the shear, the system
arrives in a final stationary state at time t f = 2 × 105 ; so the interval time ∆t =
t f − ti = 105 is now assumed as unit time for the successive studies.

5.4

Isotropic droplet in cholesteric channel

In this section the results of the simulation of an isotropic droplet in a cholesteric
liquid crystal host is discussed.
In this case an isotropic droplet or radius R = 32 is placed at the center of the
channel in which a cholesteric liquid crystal with N = 4 twists and homeotropic
anchoring on both the droplet and the walls is accommodated with W = −0.04
and W0 = 0.4.
Fig. 5.3 reports the configurations of the droplet in the time. The presence of the
two confining walls determine an equilibrium structure in Fig. 5.3-(a) for time
t = 4 × 105 characterized by three twist disclinations on each wall with topological charge −1/2, two defects of charge −1/2 at each side of the droplet along the
equatorial line and three λ regions each of charge +1. The total topological charge
is −1.
After time t = 4 × 105 , a symmetric shear is applied moving the two walls with
velocity |v| = 0.002.
The imposed shear causes a reorganization of the structure of the channel; in fact,
only four twist disclinations survive, two τ +1/2 defects appear at each wall, the
defects at the two poles of the droplet rotate, two couples of twist disclinations
at the two opposite parts of the droplet alternated by a λ region and a defect, on
the right, in which the director enters in the plane of charge −1. The droplet also
starts to slightly elongate in the direction of the shear [138], Fig. 5.3-(b), for time
t = 6 × 105 ). After some time the twist disclinations at the walls turn into two
defects of charge −1/2 (Fig. 5.3-(c) for time t = 8 × 105 ), at the center of the channel the λ stretches and in the end the droplet reaches the stationary state of Fig.
5.3-(d) for t = 1.4 × 106 . The time requested by this kind of system to reach the
final stationary state, expressed in ∆t units of the previous section, is t = 14∆t.
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Figure 5.1: Velocity field configurations of a channel of isotropic fluid for times
t = 105 at equilibrium (a), t = 1.5 × 105 (b) and t = 2 × 105 (c) where shear is
active.
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Figure 5.2: Sections of the three components of the velocity fields as function of the
vertical coordinate z obtained fixing the value of y = Ly /2.
Fig. 5.4 shows the plot of the droplet with superposed velocity fields for the correspondent times of Fig. 5.3. The plots show a velocity field which is intense near
the moving walls and form a vortex inside the droplet [8].
Fig. 5.5 shows the sections of three components of the velocity field calculated at
y = Ly /6, y = Ly /2 and y = 5Ly /6. The profiles for y = Ly /6 and y = 5Ly /6
show a parabolic trend for uz similar to the one in [139] as signature of a little permeation effect. The profiles of uy and uz for y = Ly /2 seem a bit distorted due to
the presence of the interface of the droplet which induces elastic distortions in the
cholesteric phase which change the velocity profile.
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Figure 5.3: Configurations of an isotropic droplet in a cholesteric liquid crystal
host for N = 4, W = 0.04 and W0 = 0.4 with superposed the director field. The
topological defects are highlighted with red circles. The times are t = 4 × 105 the
equilibrium (a), t = 6 × 105 (b), t = 8 × 105 (c) and t = 1.4 × 106 (d) when shear is
active. The color map represents the largest eigenvalue of the Q tensor and ranges
from 0 (violet region inside the droplet) to 0.33 (yellow region outside the droplet).
t is in simulation units.
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Figure 5.4: Configurations of an isotropic droplet in a cholesteric liquid crystal host
for N = 4, W = 0.04 and W0 = 0.4 with superposed the velocity field. The times
are t = 4 × 105 the equilibrium (a), t = 6 × 105 (b), t = 8 × 105 (c) and t = 1.4 × 106
(d) when shear is active. The color map represents the largest eigenvalue of the Q
tensor and ranges from 0 (violet region inside the droplet) to 0.33 (yellow region
outside the droplet). t is in simulation units.

119

5.4. Isotropic droplet in cholesteric channel

0.002

ux
0.0015 uy
uz
0.001

ux
0.0015 uy
uz
0.001

0.0005

0.0005

0

0

u

u

0.002

−0.0005

−0.0005

−0.001

−0.001

−0.0015

−0.0015

−0.002

−0.002
0

0.2

0.4

0.6

0.8

1

0

0.2

0.4

z/Lz

0.6

0.8

1

z/Lz

(a)

(b)
0.002

ux
0.0015 uy
uz
0.001

u

0.0005
0
−0.0005
−0.001
−0.0015
−0.002
0

0.2

0.4

0.6

0.8

1

z/Lz

(c)

Figure 5.5: Sections of the three components of the velocity field for y = Ly /6 (a),
y = Ly /2 (b) and y = 5Ly /6 (c).
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Summary

In this chapter the first results of the simulations of a cholesteric emulsion under
shear were collected. These results belong to the paper in preparation "Shear dynamics of an inverted cholesteric emulsion".
The case of an isotropic channel and the isotropic droplet in choelesteric phase
were considered. The future studies will consist in analyze deeper the behaviour
of the droplet under shear for different types of anchoring and directions of the
helix. A quantitative calculus which can be performed following [8] consists in
evaluating the Taylor deformation parameter, D, as function of the capillary number Ca varying the shear rates. An important effect of cholesteric is the permeation
consisting in an enormous increase of the viscosity when a shear is applied along
the direction of the helix. Thus starting from these initial results the future simulations will be focused on these directions.

Chapter 6
Self-propelled droplets through
Marangoni effect
In this Chapter the main results of the self-propelled motion of a single and a couple of droplets through Marangoni effect, contained in the paper "Lattice Boltzmann
study of chemically-driven self-propelled droplets", are collected.
At first the basic concepts like the surface tension and the surfactants are introduced; then the Marangoni effect is described. It is a physical effect consisting in
the rise of a tangential force to an interface, which separates different fluids, due to
an imbalance in the surface tension of the system which then results in the moviment of the fluid. In the case treated in the Chapter, a key ingredient to generate
the imbalance in the surface tension is an anisotropy of the concentration of surfactant present in the system.
After that, the numerical model of a self-propelled droplet is introduced and then
the results of the simulations. At first for the equilibrium case is considered and
then the dynamic case when a chemical reaction scheme of production and consumption of the surfactant in the system is implemented to generate the propulsion due to the Marangoni effect. Choosing the production of the surfactant in an
internal circular region of the droplet and consuming it in the system creates the
requested imbalance in the surface tension which then generates the Marangoni
flow which causes the moviment of the droplet.
In the final part of the Chapter the case for two droplets is considered in different
geometries in order to investigate the mutual interactions. The cases of two selfpropelled droplets is considered and also the cases in which one of the two is motionless. The typical geometries which are presented consist in two approaching
collinear droplets, two approaching non collinear ones and two vertical droplets.
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(a)

122

(b)

Figure 6.1: (a) Schematic view of a single surfactant molecule and organization of
surfactant molecules in water solutions (b).

6.1

Surface tension and surfactants

The surface tension, σ, is defined as the energy per unit area or a force per unit
lenght to contract the interface with relation
σ = ∂F/∂A

(6.1)

where F = E − TS is the Helmholtz free energy with E internal energy, T temperature, S entropy and A the area of which the surface contracts.
For liquids in general the surface tension is a decreasing function of the temperature [140].
Surfactants are particular materials which have the property to spread at interfaces
of systems and lower the surface tension [29, 141].
From a chemical point of view surfactant molecules are tipically amphiphilic which
means that they possess hydrophilic groups, which "love" water, chemically bonded
to lypophilic groups, which "hate" water. An example of a surfactant molecule consists in a hydrocarbon chain of 8-20 carbon atoms of lenght, also called surfactant
"tail" linked to the hydrophilic "head" as shown in Fig. 6.1-(a). Fig. 6.1-(b) shows
a typical structure in water solution which sees the polar heads of the surfactant
molecules near the water and the hydrophilic tails inside the structure.
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The Marangoni effect

Spatial variations in the surface tension at liquid-gas interface, for example, result
in added tangential stresses at the interface and hence a surface tractive force that
acts on the adjoining fluid, giving rise to fluid motions in the underlying bulk of
the liquid. This motion induced by tangential gradients of surface tension is usually termed Marangoni effect after scientist C. Marangoni whose initial work on this
theme appeared in 1871. This spatial gradients in the surface tension may arise
from a variety of causes, including spatial variations at the interface in temperature, in surface concentration of a tensio-active substance like the surfactants or in
electric charge. The resulting flows are termed respectively, thermocapillary flow,
diffusiocapillary flow and electrocapillary flow [140, 142, 143].
The analytical expression which relates the tangential force to the gradient of the
surface tension is
f = ∇σ.
(6.2)
The fact that the force is in the same direction of the gradient means that the force
and so the flow, near the interface, is directed in the verse of higher surface tension
as shown in Fig. 6.2 . However, due to the incompressibility of the fluid, a bulk
motion of the fluid in the opposite direction arises [144].

Figure 6.2: The Marangoni effect in the case of anisotropy of surfactant which results in a gradient in the surface tension. As long as surfactants lower the surface
tension, the highest tension occurs in those regions where the surfactant density
is lower; thus the restoring force acts in the opposite direction to the surfactant
density gradient [144].

An interesting example of the Marangoni effect in everyday life is the so called
"tears of wine"- the formation and motion of drops of wine and other spirits in the
internal walls of a glass observed since the early history of humanity and also cited
in the Bible. Myths talked of "tears" but the scientific and physical explanation
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of the phenomenon can be searched in surface tension gradients arising due to
the evaporation of alcohol from the mixture with the water in the thin part of the
meniscus where wine wets the glass surface- this in turn generates a gradient in
surface tension and drives the fluid upward leading he formation of tears of wine
[145] as shown in Fig. 6.3.

(a)

(b)

Figure 6.3: Schematic view of the phenomenon of the "tears of wine". When
ethanol evaporates from the thinner region of the meniscus, a surface tension gradient is generated and the liquid climbs the glass spontaneously forming a film
and then, thanks to gravity, tears. (b) Photo of a glass of wine with the "tears of
wine" [145, 146].
Another example in which the Marangoni effect is visible is the soap boat [147] as
shown in Fig. 6.4. If a small floating object such as a toothpick is placed on a water
surface with one end dipped in soap, the surface tension at the clean end is greater
than that at consiquently propels the object away from the soap.

Figure 6.4: Marangoni propulsion of a "soap boat" and "Microvelia". The latter
releases a small amount of surfactant and the resulting surface tension gradient
propels it forward.
A similar mechanism is used by water walker insects to propel. Billard and Bruyant
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(1905) observed this when terrestrial insects accidentally fell onto water surface. In
fact releasing a surfactant, it was able to propel itself forward and up the meniscus bordering land and return to its preferred terrestrial environment. Marangoni
propulsion of the rove beetle was observed with also other semi-acquatic insects
for example Microvelia and Velia. The composition of the rove beetle’s secreted surfactant was analyzed and it resulted with low solubility in water and reduced the
surface tension from 72 to 49 dynes/cm with peak speeds, during the Marangoni
propulsion for Microvelia, of approximately 17cm/s [147].

6.2.1

The Marangoni effect for droplets

Various studies were performed in the past considering different variants like
a droplet under temperature gradient [148] and with surfactants due to chemical reactions that establish an anisotropy which causes the rise of the Marangoni
flow [136, 146, 149–162]. In [146], for example, authors perform studies on selfpropelled droplets through Marangoni effect induced by an imbalance in the surface tension created by an anisotropy in the concentration of surfactant in the system. Fig. 6.5 shows the mechanism of moviment of the droplet.
As shown in Fig. 6.5-(top), if the concentration of surfactant is isotropic around the
droplet there will be no gradient in the surface tension and thus no motion will occur. In order to observe the motion of the droplet, the key ingredient is creating an
anisotropy in the concentration of surfactant. This can be achieved in two different
ways shown respectively in the center and the bottom of Fig. 6.5.
In the former case, the anisotropy is created manually inducing the surfactant to
be more concentrated at one side of the droplet than the other and this results
in the Marangoni flow which points in the verse of the side with less surfactant
molecules (higher value of surface tension). The latter case corrisponds to a situation in which a chemical reaction, for example the bromination of the surfactant,
determines the formation of inert products (the black circles in Fig. 6.5-(center))
which accumulate at one side of the droplet and thus creating again an imbalance
in the surface tension which results in the Marangoni flow always pointing in the
verse of higher surface tension. The bottom of Fig. 6.5 is the scheme of the flow
of the self-propelled droplet: points A and B in this case are stagnation points
with surface tension is A higher than B, the black lines represent the direction of
the Marangoni flow instead the big arrow indicates the verse of the motion of the
droplet.
Various are also the experimental realization of self-propelled droplets using oil
or water ones [163–172]. An experiment which will be described is [163] and is
shown in Fig. 6.6.
In this experiment oil droplets are considered which exhibit self-propelled motion
consuming a hydrolyzable surfactant as "fuel" which is supplied by the acqueous
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Figure 6.5: Top panel: surfactant molecules isotropically distributed around a
droplet. Central panel: surfactant concentration becomes inhomogeneous (left)
or a chemical reaction has occurred; the grey arrows indicate the verse of the
Marangoni flow pointing in the direction of higher surface tension. Bottom panel:
flow field of a droplet with points A and B with surface tension in A higher than
B and; Marangoni flow indicated by the black lines and the big arrow which indicates the direction of motion of the droplet [146].
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Figure 6.6: (a) Self-propelled oil droplet consuming "fuel" surfactant and producing "waste" oily droplets at the trailing edge. (b) Snapshots of of consequent moviment of the droplet which moves in the verse of the black arrow pushing the waste
tiny droplet backwards and expelling it [163].

dispersion. After mixing acqueous dispersion of fuel surfactant N-(4-[3-[trimethylammonio]ethoxy]benzylidene)-4-octylaniline bromide), most of the floating
droplets, with diameters in the range 10-140µm move autonomously with initial
speeds of 3-40µms−1 . The origin of the self-propelled motion consists of three
stages. In the first one, the hydrolysis of the fuel occurs at the surface of the oil
droplet containing the catalyst. A fluctuation rate of the hydrolysis leads to the
symmetry-breakege of the oil droplet and the products of the recation accumulates in the most reactive sites. In the second step the symmetry-breakage of the
oil droplet causes an imbalance in the interfacial tension between the product accumulaing sites and the nonaccumulating sites, and the lateral moviment of the
product is evoked at the surface of the oil droplet through the Marangoni instability. Another aspect is the fact that the lipophilic products generated by the hydrolysis of the surfactant aggregate forming tiny droplets as waste. The interfacial
energy of the leading edge of the oil droplet becomes lower than the of the trailing
edge and this is accompained by the motion of the droplet. In the last stage, the
leading edge of the droplet continue to take additional fuel surfactant converting
it into lipophilic product as the droplet moves. Meanwhile, the products of the reaction that aggregated forming tiny droplets are pushed backwards of the droplet
and then released. Authors of the work observe that until the environment is rich
of fuel surfactant the moviment continues with the droplet which sustains its unidirectional self-moviment consuming the fuel surfactant.
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The practical applications on the self-propelled motion of droplets and particles in
general are various and here some of them will be briefly mentioned. Sometimes
literature uses terms like "smart devices" and "dream nanomachines" [173] to indicate the power and the potentiality of these systems and possible intense use in a
future.
These applications go from the monitoring and water remediation [174–176], transport of a cargo [177, 178], extraction of rare-earth metal ions [179] to medical applications [180–182].
The self-propelled droplet via Marangoni effect induced by an anisotropy of the
concentration of the surfactant established by a chemical reaction can be viewed as
an interesting example of "active" system. The Active Matter is an interdisciplinary
branch of research which studies "active" systems which exhibit self-propelled motion converting the energy supplied directly, isotropically and independently at
the level of the individual constituents from a form into another. The key aspects
which make "active " these systems is the fact that they are force free and constantly out of equilibrium as long as they continuosly convert the energy [153, 183,
184]. The self-propelled droplet through Marangoni effect is thus an active system
because constantly converts chemical energy deriving by the chemical reactions of
the surfactant into mechanical energy and so motion.

6.3

The squirmer model

The world of microorganisms, due to the little size of these kind of organisms, is
characterized by low values of the Reynolds number1 defined as
Re =

nLv
.
η

(6.3)

where v and L are the velocity and the dimension of the organims, n is the density
of the fluid and η is the dynamical viscosity. It represents the ratio between the
inertil forces and the viscous ones. If it is low it means that inertia is negligible and
instead the viscous forces dominate.
This fact has important consequences because the Navier-Stokes equation which
is the equation for the velocity field of a fluid becomes simpler in the form of the
Stokes equation

∇ p = η ∇2 u + f ,

∇·u = 0

(6.4)

This equations are linear and more tractable mathematically.
In [150] it is shown how with the model of the self-propelled droplet due to Marangoni
1 For

low values it means Re << 1, ' 10−4 .
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effect it is possible to mimick the locomotion of this microorgnanisms. Another
common model widely used is the so called squirmer model.
The squirmer model represents a particular class of swimmers particulary used
because they admit exact solution and because this model can help in taking into
account the hydrodynamic effects [149, 185–195]. This model was first introduced
by Lighthill and Blake [196, 197]. It consists in a spherical particle with a prescribed
tangential velocity distribution on its surface assuming absent the radial component of the velocity. The polar velocity is expressed as expansion of the Legendre
polynomials
∞
0
2
sinθPn (cosθ )
(6.5)
u(θ ) = ∑ Bn
n ( n + 1)
n =1
where the coefficient Bn can depend on time.
In the simplest approximation Bn = 0 with n > 2, the only coefficient that are
really important are the first and second order. So the expression above becomes
1
u(θ ) = B1 sinθ + B2 sin2θ
2

(6.6)

B1 and B2 have both a precise physical meaning. B1 in the squirmer model is
related to the physical velocity of motion of the swimmer as
u=

2
B1
3

(6.7)

instead the coefficient B2 is related to the stresslet or force dipole2
From B1 and B2 it is possible to build an adimensional parameter
β = B2 /B1 .

(6.8)

This ratio can have a sign and its value determines the type of swimmer.
If β > 0 the squirmer is called puller or polar contractile squirmer since it pulls the
fluid inwards along its body axis; algae like Chlamydomonas reinhardtii are examples
of pullers. If, instead, β < 0 the squirmer is a pusher or polar extensile squirmer since
it pushes fluid outwards along its body axis.
Two limiting cases are represented by β = 0 (B2 = 0) and β = ∞ (B1 = 0). The
former case correspond to a neutral squirmer which develops a potential flow;
in absence of stress the features of propulsion are analogous to the transport of a
charged colloid under electric fields [187]. Tha latter case, instead, corresponds to
a "shaker" e.g. a microorganism which does not propel but puts the fluid in motion
shaking it [187–189, 191].
2 The

stresslet is the singular solution of the Stokes equation associated with no net force or
moment to the fluid.
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Figure 6.7: Flow streamlines of a polar contractile squirmer or puller, β > 0), (top
left); polar extensile squirmer or pusher, β < 0, (top right); neutral squirmer, β = 0
(bottom left); shaker, β = ∞ (bottom right) . The velocity fields are shown in the
squirmer frame of reference [187].
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Figure 6.8: Polar velocity u(θ ) as function of the polar angle θ on the surface of
the squirmer for a puller (β > 0), a pusher (β < 0) and for a neutral squirmer
(β = 0) [189].

Fig. 6.7 reports all the types of squirmers and their typical velocity pattern, in the
squirmer moving frame, and Fig. 6.8 shows the polar velocity u(θ ) for a puller,
pusher and a neutral squirmer.
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Numerical model of a self-propelled droplet

The systems consists in a ternary fluid mixture with free energy functional like the
one used by authors in [136]


Z
B(c)
2
F = dr nT ln n + f GL (φ) +
(∇φ) + c ln c ,
(6.9)
2
where φ is the local concentration difference of two immiscible components of the
mixture, c is the concentration of surfactant (the third component), T is the temperature, assumed fixed in the following, and n is the total density of the mixture.
The term depending on n gives rise to the ideal gas pressure pi = nT which does
not affect the phase behavior. The free-energy density f GL (φ) = 2a φ2 + 4b φ4 corresponds to the polynomial part of a Ginzburg-Landau free energy describing the
bulk properties of the system [9]. The coefficient b is always positive while a allows to discriminate between a disordered (a > 0) mixture and an ordered one
(a < 0), where
the two components coexist with equilibrium values φ = ±φeq
√
being φeq = − a/b [14]. The interfacial properties of the mixture are controlled
by the gradient term where the coupling B(c) is assumed globally positive with
expression B(c) = B0 + B1 c. The coefficient B1 determines whether the surfactant
migrates to the interface (B1 < 0) or away from it in the bulk (B1 > 0) [134, 135].
The logarithmic term f 0 = c ln c arises from the translational entropy of the dilute
amphiphilic component [136].
The time-evolution of φ is described by the convection-diffusion equation
∂t φ + ∇ · (φu) = ∇2 µφ

(6.10)

where µφ is the chemical potential with expression
µφ =

δF
= aφ + bφ3 − B(c)∇2 φ − B1 ∇φ · ∇c.
δφ

(6.11)

The dilute component c of surfactant obeys a convection-diffusion equation as well
∂t c + ∇ · (cu) = ∇ · [ L(c)∇µc ]

(6.12)

where L(c) = Dc and D is the diffusion coefficient for the surfactant. The quantity
µc is the chemical potential of the surfactant
µc =

δF
B
= ln c + 1 + 1 (∇φ)2 .
δc
2

(6.13)

In the right hand side of (6.12) the linear dependence of L(c) is necessary for
a dilute component [136]. The concentrations φ and c are coupled to the local
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velocity u of the whole fluid which obeys the Navier-Stokes equation
 


δαβ
∂t (nu β ) + ∂α (nuα u β ) = −∂α Pαβ + ∂α η ∂α u β + ∂ β uα − 2
∂γ uγ + ζδαβ ∂γ uγ
d
(6.14)
where η and ζ are the shear and bulk viscosities respectively and d is the dimensionality of the system (d = 2 in this case). The fluid mass density n satisfies the
continuity equation
∂t n + ∇ · (nu) = 0.
(6.15)
Pαβ is the pressure tensor of the system. Its expression is obtained by


δF
δF
δF
+c
+n
− f (φ, c) δαβ + Dαβ
Pαβ = φ
δφ
δc
δn

(6.16)

where Dαβ has to ensure the general equilibrium condition ∂α Pαβ = 0 [14]. It turns
out that Pαβ = p0 δαβ + B(c)∂α φ∂ β φ with
3b
B0
a
(6.17)
p0 = pi + φ2 + φ3 − B(c)φ∇2 φ − B1 φ∇c · ∇φ + c − ∇φ · ∇φ.
2
4
2
The self-propelled motion of the droplet can be achieved adding a source term
AΘ( R − |r − r P |) and a consumption one −γ(c − c0 ) to the Eq. (6.12) of the surfactant concentration. The source term with coefficient A > 0 mimicks the production
of surfactant in a circular region, centered in rP inside the droplet, of radius R, Θ
being the Heaviside step function. The second term, instead, promotes a reduction of c with rate γ > 0, c0 being the minimum value of c all over the system.
Equations (6.10), (6.12), (6.14) and (6.15) were solved numerically by using a hybrid method described in details in Chapter 3. In the following paragraphs the
main results of the simulations starting from the equilibrium initial analysis and
then moving to the study of the self-propelled motion of a single-droplet and the
interactions between two droplets.

6.5

Equilibrium properties of the system

In this section the relaxation towards equilibrium of a planar sharp interface separating the phases of a binary fluid mixture is considered. The study is performed
on a lattice of size L x = Ly = 128∆x where periodic boundary conditions are set.
Thermodynamic parameters are a = −b = −0.001, D = 0.1, ∆x = ∆t LB = 1,
τ = ∆t LB . In this case γ = A = 0 to neglect production and consumption contributions of the surfactant. In Fig. 6.9 the profiles of φ and c at several simulation
times are shown, when B0 = 0.006 and B1 = −0.05, in order to favour the migration of the surfactant (initially set to ci = 0.1 everywhere) to the interface from the
bulk.
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Figure 6.9: Concentration profiles of φ (a) and c (b) across the system for B0 = 0.006
and B1 = −0.05 at times t/∆t LB = 0 (+), 102 (×), 2 × 102 (∗), 2 × 105 (2).
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The concentration φ correctly relaxes to its expected equilibrium profile [14, 198],
given by
 
2x
eq
φ( x ) = φ tanh
(6.18)
ξ
where ξ is the interface width, whereas the surfactant gradually moves towards the
interface where a peak in the concentration is found. This is created at early times
and lasts until full equilibration (namely when ∇µφ = ∇µc = 0 and ∂α Pαβ = 0)
is achieved. In line with these results, a good agreement is also found between
the theoretical and the numerical values of the surface tension obtained for several
values of B0 and B1 (Table 6.1). For a planar interface along the x direction, the
former is calculated as [136]
 
Z
∂φ
dx,
(6.19)
σth = B(c)
∂x
whereas the numerical value is computed from [3]
σnum =

Z

( f (φ, c) − f (φeq , c))dx,

(6.20)

where f (φ, c) is the free-energy density of a system with planar interface and
f (φeq , c) is the free-energy density of a homogeneous system without interface.
By keeping B0 fixed, the value of the surface tension is lower when B1 < 0 due
to the accumulation of surfactant at the interface. As expected, by increasing B0
the surface tension increases if B1 is kept negative. Fitting the theoretical relation
of Eq. (6.18) with the simulation data, it was also possible to compute numerically the interface width ξ with values collected in Table 6.1. Then the relaxation
towards equilibrium of a circular droplet of radius R = 32∆x with the same parameter set, as a test case of a system with interface not aligned with lattice links
was considered. Fig. 6.10 shows the contour plot of the concentrations φ of the
system when B0 = 0.006 and B1 = −0.05. Instead Fig. 6.11 shows the contour plot
of the concentration c of surfactant when B1 = 0.05 Fig. 6.11-(a) with surfactant
which has escaped in the bulk and when B1 = −0.05 Fig.6.11-(b) with surfactant
migrated at the interface of the droplet.
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B0

B1

σth

σnum

ξ

0.003
0.003
0.006
0.006
0.006
0.006
0.006
0.006
0.01
0.01
0.01
0.08
0.08
0.08

-0.01
0.01
-0.01
0.01
-0.03
0.03
-0.05
0.05
-0.01
-0.05
-0.08
-0.05
-0.1
-0.6

0.00128
0.00185
0.00208
0.00248
0.00159
0.00283
0.00086
0.00314
0.00283
0.00208
0.00127
0.00915
0.0089
0.0043

0.00129
0.001856
0.00208
0.00249
0.00160
0.00284
0.00086
0.00314
0.00283
0.00208
0.00128
0.00932
0.0089
0.0041

3.90
5.57
6.23
7.38
4.80
8.35
2.57
9.21
8.35
6.23
3.83
21.66
20.78
12.11
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Table 6.1: Comparison of theoretical, σth , the numerical values, σnum , of the surface
tension and interface width, ξ, for a planar interface with different values of B0
and B1 .
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Figure 6.10: Contour plot of the concentration field φ for B0 = 0.006 and B1 =
−0.05.
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Figure 6.11: Contour plots of the concentration field c for B1 = 0.05 and for B1 =
−0.05.

6.6

Single self-propelled droplet

In this section the study of the self-propelled motion of a droplet in the system
is analyzed. The results which will be presented refer to values B0 = 0.006 by
B1 = ±0.05; in this case the system consists in a rectangular box with dimensions
L x = 512∆x and Ly = 256∆x enclosed among rigid walls in order to be sure that
periodic effects could not affect the motion of the droplet. The relaxation time was
reduced to the value τ = 0.6∆t LB in order to reduce the viscosity. A droplet of
radius R = 32∆x is initially placed at the center of the lattice with initial constant
value of surfactant, ci = 0.1, all over the system. At first the system equilibrated
until approximately t/∆t LB = 2 × 105 and then the terms of consumption and production of surfactant in equation (6.12) were switched on. As introduced before,
the consumption of surfactant happens in the whole system with value c0 as the
minimum of c all over the lattice and consumption rate γ = 1.5 × 10−3 whereas
the production of surfactant happens in a circular region inside the droplet. In particular the coefficent A, that controls the strenght of production, was chosen time
dependent with A(t) = A0 t being A0 = 0.5 × 10−10 . The choice of the values γ
and A is not casual but convenient in order to ensure a considerable movement of
the droplet and to prevent its breaking. In fact, if the system produces surfactant
too fast, the stability condition B(c) > 0 is violated and the droplet breaks up. In
this sense the presence of a consumption term, which attenuates the production
of surfactant, is important. The internal region of surfactant production has been
defined in this way: a circular region was chosen fixing the center in the point
( x P , y P ) with x P = xCM + 20∆x and y P = yCM with the center of mass ( xCM , yCM )
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of the droplet given by [14]
rCM (t) =

∑ij φij rij (t)
∑ij φij

(6.21)

where the indexes i and j denote the lattice sites and the sum is calculated under
the constraint φij ≥ 0. The x-coordinate of the extremal point ( x EXTR , y EXTR =
y P = yCM ) which indicates the interface of the droplet, has been calculated trough
bilinear interpolation assuming that the interface is located at φ = 0. The radius
of the region of production of surfactant was simply calculated as the difference
| x EXTR − x P |.
The competition between the two actions of production and consumption of surfactant creates a gradient of the surface tension being its value in the leading (point
B) smaller than in the trailing edge (point A) (Fig. 6.12). Thus the Marangoni flows
which results, is directed from B to A resulting in the movement of the droplet to
the right as denoted by the thick long white arrows. Fig. 6.12 shows the contour
plot of the surfactant in the system for the cases B1 < 0 (surfactant which migrates
to the interface of the droplet) and B1 > 0 (surfactant which migrates away from
the interface of the droplet) with the region of production in the right part of the
droplet (interface with black circle). The velocity field is superimposed in the plot.
Fig. 6.13 shows the x component of the center of mass of the droplet for the cases
B1 < 0 and for B1 > 0 for values | B1 | = 0.05 in the time interval [2 × 105 ∆t LB ; 2 ×
106 ∆t LB ]. In both cases th droplet starts from the middle of the lattice (L x /2 =
256∆x, Ly /2 = 128∆x) and moves to the right. These two cases have the same set
of parameters and same mechanism of production and consumption of surfactant.
In the plot it is clear that in the case B1 < 0 the motion is more robust than the
counterpart B1 > 0; for this reason the latter case was neglected and the attention
was focused only on the case B1 < 0 in order to study the interactions between
two droplets. As the motion is horizontal along the x direction the y component of
the center of mass remains almost constant in the time and for simplicity it has not
been reported.
Fig. 6.14 represents the panels of the configurations of the droplet for different
times ((a) t = 5 × 105 , (b) t = 106 , (c) t = 1.5 × 106 and (d) t = 2 × 106 ) with
concentration field φ and the velocity field. Fitting the numerical data of u(θ ) using Eq. (6.6) it was possible to obtain the plots of Fig. 6.15 of the polar velocities
for both cases B1 > 0 and B1 < 0. The behaviour of u(θ ) resembles, at least on a
qualitative level, the one expected for pusher-like particles of Fig. 6.8.
For the single self-propelled droplet a set of simulations in the time interval [2 ×
105 ; 2 × 106] was performed considering various distances of the droplet by the
upper wall in order to detect the influence of the wall in the motion. Fig. 6.16
shows the trajectories of the droplet for various distances from the wall quantified
by the extremal point of the droplet. As shown in Fig. 6.16, when the droplet
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Figure 6.12: Contour plot of the concentartion field c of the surfactant with the
velocity field superimposed (in the moving frame of the droplet) when B1 < 0 (top
panel) and B1 > 0 (bottom panel). The time is t/∆t LB = 6 × 105 for both cases.
The production and the consumption of surfactant start at time t/∆t LB = 2 × 105 .
The black external circle indicates the interface of the droplets assumed at φ = 0
while the little one the region of production of surfactant. A and B indicate the two
extremal points of the droplet with surface tension in A greater than in B. The thin
arrows indicate the direction of the Marangoni flow coincident with the gradient
of surface tension instead the thick arrows on the right indicate the direction of
motion of the droplet.
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Figure 6.13: x component of the center of mass of the droplet as a function of
the time for B1 < 0 (+) and for B1 > 0 (×) and value | B1 | = 0.05 in the time
interval [2 × 105 ∆t LB ; 2 × 106 ∆t LB ]. The droplet starts from the middle of the lattice
(L x /2 = 256∆x, Ly /2 = 128∆x) and moves to the right in increasing abscissa.
is "too close" to the wall (for example when the initial center of mass has coordinate yCM = 192∆x), it moves for the already described Marangoni effect but it
also experiments a vertical moviment due to the repulsion from the upper wall.
Continuing to rise the distance of the droplet from the wall, the influence becomes
more and more negligible.
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Figure 6.14: Successive configurations of the concentration field φ with superposed
velocity field of the seld-propelled droplet for times t/t LB = 5 × 105 (a), t/t LB =
106 (b), t/t LB = 1.5 × 106 (c) and t/t LB = 2 × 106 (d).
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Figure 6.15: Polar velocity u(θ ) as a function of the polar angle θ for the case B1 < 0
(a) and B1 > 0 (b). These curves are at time t/∆t LB = 6 × 105 .
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Figure 6.16: Trajectories of the droplet for various distances by the upper wall. In
the vertical axis the vertical componenents of the center of mass of the yCM have
been rescaled by yCM,0 the initial equilibrium value of the vertical component of
the center of mass.
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Two interacting self-propelled droplets

After the description of the motion of a single active droplet, the interactions between two droplets are considered. Different system realizations using both active
and passive droplets were treated starting from the previous case of study of two
of them in [152]. The adjective "passive" indicates the fact that in such a droplet
the production of surfactant is missing thus inhibiting the Marangoni effect.

6.7.1

Colliding collinear droplets

The case sees two collinear droplets of radius R0 = 32∆x located on the same horizontal line in a lattice of size L x = 512∆x, Ly = 256∆x. They are placed at distance
| xcm,1 (ti ) − xcm,2 (ti )| = d x (ti ) = 6R0 , where ( xcm,1 , ycm,1 ) and ( xcm,2 , ycm,2 ) are the
coordinates of the centers of mass of the droplets. The same set of parameters used
in the case of the isolated active droplet is adopted here as well. The system is
initially relaxed up to ti ' 2 × 105 ∆t LB ; afterwards production and consumption
terms of the surfactant are switched on.
At early times, the velocity field generated by each droplet resembles that seen
in Fig. 6.17, with four vortices inside the droplets and other four ones located in
their front, arranged into a fourfold symmetry. Due to the initial relatively large
distance between them, the hydrodynamic interaction mediated by the external
passive fluid is negligible (Fig. 6.17-(a)). However, as the droplets move against
each other driven by the inhomogeneity of the surfactant distributions, a compression of the four vortices formed in the fluid in between is observed. In addition
a further quadrupolar field is clearly visible in the system. Here two vortices are
located on top of each droplet outside them and the other two are placed at their
bottom (Fig. 6.17-(b)). The structure of the velocity field inside each droplet instead displays the typical four vortices, again triggered by a Marangoni-like effect, although now more intense than that seen at early times. The relative motion persists up to a time t f when a balance between the repulsion induced by the
flow between the droplets and an attraction due to Marangoni effect is achieved.
This occurs, for the specific simulation considered, at distance d x (t f ) ' 3.3R0 with
t f /∆t LB ' 1.585 × 106 . The dynamics is overall simpler if the active droplet on the
right is replaced with a passive one (Fig. 6.17-(c)-(d)). In this case only the active
droplet on the left is self-propelled along the increasing x-axis. While initially the
interaction between the two droplets is negligible (Fig. 6.17-(c)), when the active
one approaches the passive one the fluid flow generated by the former pushes the
latter rightwards, which is hence simply advected by the fluid (Fig. 6.17-(d)). In order to better appreciate the effect of the surfactant, also the collision of two passive
droplets, driven by a constant external force acting on each of them (Fig 6.17-(e)-(f))
was included. The external force acts on the density inside the droplets and is di-
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Figure 6.17: Contour plots of the concentration field φ for two active colliding
collinear droplets ((a)-(b)), active left droplet towards passive right droplet ((c)(d)) and two passive colliding droplets ((e)-(f)). The velocity field is also shown.
The whole lattice is [512∆x × 256∆x ]. In the first case the two active droplets
initially approach each other ((a) t/∆t LB = 7 × 105 ), but, when a balance between the repulsion generated by intermediate hydrodynamic flow and the attraction due to a Marangoni-like effect is achieved, the reciprocal motion ceases
((b), t/∆t LB = 1.585 × 106 ). In the second case the active droplet moves towards
the passive immobile one ((c), t/∆t LB = 7 × 105 ) and, when they come sufficiently
close, the former pushes the latter to the right ((d), t/∆t LB = 2.2 × 106 ). In the
third case the two passive colliding droplets are subject to an external force ((e),
t/∆t LB = 7 × 105 ) applied on each of them parallel to the x-axis and along opposite directions, with the same magnitude. They finally coalesce into a larger droplet
((f), t/∆t LB = 1.04 × 106 ). The color scale is the same as in Fig. 6.10.
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rected rightwards (Fext = | F |x, being x a unit vector, directed along the increasing
x-axis) if applied at the droplet on the left and leftwards if applied at the droplet
on the right (Fext = −| F |x). The force, with magnitude | F | ∼ 10−8 n(∆x )2 /∆t LB ,
acts until the droplets move with a speed similar to that of the self-propelled ones.
Unlike the previous cases, here the velocity field is largely parallel to the x-axis, the
direction along which the forces are applied. These push the droplets against each
other until they coalesce into a bigger one (Fig. 6.17-(f)) as no surfactant (impeding
the coalescence) is present in the system. Hence even in a relatively simple realization of a system with two droplets, the dynamics can be dramatically different
and ultimately be affected by the nature of the droplets considered. In particular
an inhomogeneous production of surfactant migrating towards the interface of the
droplet may either drive the system to a non-motile steady state (if both droplets
are active) or render motile a passive droplet if this is close enough with an active
one.
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Figure 6.18: Contour plots of the concentration field φ for two active vertically
shifted colliding droplets. The velocity field is also shown. The configurations are
at times t/∆t LB = 7 × 105 (a) and t/∆t LB = 2 × 106 (b) and the trajectory is also
shown. The whole lattice is L x = 512∆x × Ly = 512∆x. The two active droplets are
initially attracted by each other ((a), t/∆t LB = 7 × 105 ) and, when close enough,
they are scattered away along their own direction. The color scale is the same as in
Fig. 6.10.

6.7.2

Colliding non collinear droplets

The dynamics is even more intriguing in a modified setup in which the droplets are
vertically shifted. More specifically, two droplets of radius R0 = 32∆x are placed
at d x (ti ) = 6.25R0 and at dy (ti ) = 4R0 , in a lattice of size L x = 512∆x, Ly = 512∆x
(Fig. 6.18-(a)).
At first both droplets are active, the upper one moving leftwards and the lower
one moving rightwards (Fig. 6.18-(a)). While at an early stage the velocity field
formed in the fluid between the droplets (along a direction joining their centers of
mass) favours their mutual attraction (Fig. 6.18-(a)), later on (see the trajectories
in Fig. 6.18-(b)), after the droplets achieve a minimal vertical distance (estimated
roughly dy,min ' 3R0 ), it induces a reciprocal repulsion, as clearly visible from the
direction of the velocity field formed between the droplets when they pass each
other (Fig. 6.18-(b)). After the scatter occurs, the droplets move along their own
direction at an almost constant speed. It must be emphasized that no rotation of
droplets occurs since the region of surfactant production is fixed inside the droplet
and does not follow its direction of motion. This behavior has been observed for
values of vertical separation 3.5R0 ≤ dy (ti ) ≤ 4R0 , whereas for lower values the
attraction is strong enough to overcome the resistance to coalescence mediated by
the surfactant.
If the upper active droplet is replaced with a passive one, the dynamics is not
too dissimilar from the previous case. Here the active droplet on the left acquires
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motion rightwards and, when close enough with the passive one, attracts it downwards (Fig. 6.19-(a)-(c)), until a minimal vertical separation of dy,min ' 2.8R0
is achieved. Later on, when the two droplets are almost vertically aligned, the
velocity field created by the active droplet repels the passive one, which slightly
shifts leftwards, whereas the active one continues its motion rightwards, along the
dashed trajectory indicated in Fig. 6.19-(d). The main difference with the case discussed in Fig. 6.18 is that the droplets get even closer although at much longer
times, as a weaker mutual interaction is now due to only one source. Also in this
case this behavior holds as long as 3.5R0 ≤ dy (ti ) ≤ 4R0 , whereas for lower values
droplets coalesce.
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Figure 6.19: Contour plots of the concentration field φ for an active and a passive vertically shifted colliding droplets. The velocity field is also shown. The
configurations are taken at times t/∆t LB = 7 × 105 (a), t/∆t LB = 1.6 × 106 (b),
t/∆t LB = 2.3 × 106 (c) and t/∆t LB = 3 × 106 (d). The lattice size is L x = 512∆x,
Ly = 512∆x. The left active droplet moves towards the passive one ((a)-(b)) and
when close enough, it initially attracts and then repels the passive one ((c)-(d)).
Later on, the active droplet continues its motion to the right along the dashed trajectory, leaving the passive droplet on its left (d). The color scale is the same as in
Fig. 6.10.
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Vertically aligned droplets

Finally the case of two droplets vertically aligned, with dy (ti ) = 2.5R0 and d x (ti ) =
0 (Fig. 6.20) is considered. If both droplets are active (Fig. 6.20-(a)-(b)), the velocity
field formed in between favours their reciprocal repulsion and a drift along the
vertical direction, whereas that generated inside each droplet and in their front
drags them along the positive x-axis. Droplets move initially slightly faster along
the x-direction rather than along the y-one, but when they get at a vertical distance
of dy ' 4.2R0 , the speed along the y-axis progressively diminishes as the repulsion
becomes negligible. This geometry slightly resembles that studied by Gompper et.
al. [190] in which the interaction between two pullers is investigated.
If the upper droplet is passive (Fig. 6.20-(c)-(d)), the flow field created by the active
one first pushes it upwards and afterwards drags it slightly backwards. The motion of the active droplet proceeds almost unaltered rightwards along the trajectory
indicated in Fig. 6.20-(d), and the repulsion with the passive one becomes negligible at t ' 2.35 × 106 ∆t LB , when the vertical separation is roughly dy ' 3.2R0 .
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Figure 6.20: Contour plots of the concentration field φ for two active equiverse
droplets ((a)-(b) and active lower droplet and passive upper droplet ((c)-(d)). The
velocity field is also shown. The lattice size is L x = 512∆x × Ly = 512∆x. In
the first case the two active droplets initially repel each other and move rightwards ((a), t/∆t LB = 5 × 105 ) along the direction indicated by the dashed lines
((b), t/∆t LB = 2 × 106 ). In the second case the active lower droplet repels the upper passive one, which now drifts backwards ((c), t/∆t LB = 5 × 105 ), and moves
rightwards as in the previous case ((d), t/∆t LB = 2.35 × 106 ). The color scale is the
same as in Fig. 6.10.
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Summary

In this Chapter the Marangoni effect was introduced with the description of the results of the study of self-propelled droplets of the paper "Lattice Boltzmann study of
chemically-driven self-propelled droplets". At first the basic concepts of the Marangoni
effect in general were exposed and then moved to the description of the studies on
droplets with brief introduction of the squirmer model.
After that the results of the work were analyzed in detail starting at first by the
results of the equilibrium case of the system when the production and the consumption of surfactant are absent and then moving to the characterization of the
motion of a single self-propelled droplet.
In the final part of the Chapter, the cases dealing with two interacting self-propelled
droplets exploring active and passive situation in different geometries. In general
different ways of placing the droplets in the system can lead to different interactions between them depending wheter they are both active or one of them is
passive and doesn’t produce surfactant.

Conclusions
In this thesis droplets of complex fluids and liquid crystals have been analyzed
through computer simulations.
In these numerical studies the hybrid Lattice Boltzmann method, described in
Chapter 3, has been adopted; the adjective "hybrid" is due to the fact that the hydrodynamic equations such as the continuity and the Navier-Stokes equations are
solved in the standard way, instead the equations for the order parameter and
other scalar fields are solved apart with a finite-difference scheme. In the case
of fluid mixtures the order parameter is scalar and corresponds to the concentration field, defined as difference between the concentrations of the mixture, which
evolve through the convection-diffusion equation. Instead the order parameter
for liquid crystals is a symmetric and traceless tensor which evolve through the
Beris-Edwards equation. The whole thermodynamics of the system, following the
Ginzburg-Landau approach, is encoded in a free energy functional in which all
the energetic terms are present and by which quantities like the chemical potential
and the pressure tensor can be extracted and calculated. All these aspects were
presented in Chapter 1.
One important result, presented in the Chapter 4, after a general presentation of
the liquid crystals in Chapter 2, deals with the study of a quasi-bidimensional
cholesteric liquid crystal droplet in isotropic phase under electric fields published
on The Journal of Chemical Physics with title "Switching dynamics in cholesteric liquid
crystal emulsion". The goal of the work was to explore the dynamics of topological
defects of the cholesteric droplet for different situations with different pitches of
the helix, different types of anchoring of the director on the droplet and different
types of electric fields. Topological defects are regions where the order parameter of liquid crystals is not well defined and the local orientation of the director is
ambiguous and can rise for the combinations of various factors like elasticity of
the material, type of anchoring, cholesteric helix encapsulated in the pitch, ecc. At
first, the equilibrium configurations of the cholesteric droplets were presented and
then the application of the field was considered. Two situations were considered:
the switching on-off of a continuous electric field and a rotating electric field.
In the former case after the relaxation of the system, a field along the horizontal
(parallel to the direction of the helix) or the vertical (perpendicular to the helix) di153
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rection was applied letting the system to evolve towards a first intermediate state
and then switched off in order to observe if the system regained or not the original
equilibrium structure. In general, the electric field is an important way to reorganize the topological defects in the cholesteric droplet; in particular, if the intensity
of the field reaches a "critical" value it is possible that it removes all the defects
and destroys the cholesteric order turning the droplet into a nematic one. So the
simulations of the switching on-off dynamics of a continuous electric field were
enforced finding the threshold values of the field (both for the horizontal and the
vertical directions) as function of the elastic constant for various anchorings. In
general the more elastic is the liquid crystal, the more intense the field must be in
order to destroy the cholesteric helix and to turn the droplet into a nematic. The
homeotropic anchoring is also more sensistive to an external field and nematize
more easier than the correspondent tangential case.
In the case of the rotating electric field, switched on after the system has relaxed,
the droplet and the defects rotate in the time. Two studies in this case were performed: the evaluation of the angular velocity of the droplet as function of the
frequency of the applied field and the study of the periodicity of the topological
defects. In the first case, the angular velocity of the rotating droplet was calculated
varying the frequency of the applied field for various pitches and anchorings. The
plots suggest that for low frequencies of the field (ω ≤ 10−2 ) there is an increase
in the angular velocity of the droplet as increasing the frequency of the applied
field. In other words the faster is the rotating field, the faster is the rotation of
the droplet. For higher frequencies (ω ≥ 10−2 ) inertia starts to dominate and the
dynamics of the rotating droplet seems to be slower or the droplet doesn’t rotate
anymore. As long as the rotating electric field has a periodicity, it could be reasonable to ask if the topological defects follow this periodicity and appear periodically
as the electric field. Considering various pitches of the helix and anchorings, three
interesting situations were found: a case in which the dynamics of the defects is
not periodic but after a certain time becomes periodic, then is not periodic and in
the end periodic again, a case in which the dynamics of the defects is periodic with
the field after a transient and the case in which the dynamics of the topological
defects shows a own periodicity different form the one of the field.
The final part of Chapter 4 contains also the initial results of a new system consisting in two cholesteric liquid crystal droplets with surfactant under rotating
electric fields of the work in preparation "Interacting rotating cholesteric liquid crystal droplets". The presence of surfactant is important to avoid the coalescence of
the two droplets. After the switching on of the rotating field, the droplets rotate
around their own center of mass but also interact each other rotating around a
common centre. The peculiarity of this effect is the fact that it seems to require a
threshold value of the frequency of the applied field to be observed (ω ' 10−3 )
and below which the common rotation of the two droplets is not visible anymore.
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Conclusions

In Chapter 6 the self-propelled motion of a simple fluid droplet, of the paper "Lattice Boltzmann study of chemically-driven self-propelled droplets", was treated first introducing the basic concepts of the Marangoni effect with brief references on the
squirmer model used to simulate microorganisms and the Active Matter which
studies systems which convert energy from a form into another. The system studied consists in a ternary fluid mixtures of a fluid droplet in another one with surfactant. At first the equilibrium properties of the system with the analysis of the
one-dimensional profiles of the concentration fields, the surface tension and the
interface lenght were performed. Then the results of the self-propelled motion of
a single droplet and then the interaction of a couple of droplets were considered.
In the case of the single droplet the Marangoni effect was achieved inserting terms
of production and consumption of surfactant. In particular the surfactant was produced inside a circular region internally tangent to the droplet which causes an
imbalance in the surface tension to the two sides of the droplet and in the end the
droplet moves. In the final part of Chapter 6 the interactions of two self-propelled
droplets were considered exploring different geometries and also different types
of droplets. Both the cases of two self-propelled droplets and one self-propelled
and the other motionaless were analyzed. In general different ways of placing the
droplets into the lattice and the zone of surfactant inside the droplet can lead to
different interactions also depending if two active droplets or active-passive ones
are considered.
Now it should be possible to mark new possible routes to the future research.
At first the two works, "Interacting rotating cholesteric liquid crystal droplets" briefly
mentioned in Chapter 4 and "Shear dynamics of an inverted cholesteric emulsion" of
Chapter 5, should be completed. At the end of Chapter 4 the system of two choelesteric liquid crystal droplets with surfactant under rotating electric fields will be
investigted deeply. As mentioned, this systems is characterized by the fact that
under a threshold value of the frequency of the field no mutual interaction is visible. Instead, if the frequencies are larger than this treshold value, the two droplets
start to move and rotate each other around a common centre also rotating around
their center of mass. A future study will consist in exploring this interaction for
other cases of the anchoring of the director and also for other pitches of the helix.
Another interesting aspect could be considering the interactions of more than two
droplets in various geometries.
As regards the inverted cholesteric liquid crystal emulsion, the future studies will
consist in exploring the opposite situation of a cholesteric droplet in isotropic host
and computing quantitatively other quantities such as the tilt angle of the droplet
and the Taylor deformation parameter related to the distortion of the droplet. An
important effect typical of cholesteric is the permeation effect consisting in an enormous increase of the viscosity caused by the shear applied along the direction of
the helix. This will be another future goal of this work.
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Other possible future projects for liquid crystals can be the following ones.
In this thesis a quasi-bidimensional system for the cholesteric droplet was considered and it could be interesting studying a full three-dimensional cholesteric
droplet under electric fields. In a three-dimensional system it should be possible
to observe the χ line defect which wasn’t observed in the bidimensional counterpart. Certainly the most important fact is the difficulty to simulate a full threedimensional system for the huge requirement of computational resources and the
great amount of time. It will be mandatory a parallelization of the code.
Same future studies can be performed on the self-propelled motion of a droplet
both in the full three-dimensional case or remaining in bidimensional case it could
be performed the study of "lots" (' 102 ) of self-propelled droplets with an analysis
of the collective effects.

Appendix A
Continuum limit of Lattice
Boltzmann for fluid mixtures
In this appendix it will be shown how, performing Chapman-Enskog expansion, it
is possible to obtain the continuity and Navier-Stokes equation [97].
In D2Q9 model the coefficients ωi of equation (3.19) of Chapter 3 are
ω0 = 4/9;

ω1−4 = 1/9;

ω5−8 = 1/36.

(A.1)

A, Bα , Cαβ are functions of Fα and are related to the moments of Fi through
8

∑ Fi = A,

i =0

8

8

∑ eiα Fi = Bα ,

1

∑ eiα eiβ Fi = c2s Aδαβ + 2 [Cαβ + Cβα ].

i =0

(A.2)

i =0

The continuum limit is performed through a multiscale expansion in the Knudsen
number ε
∂t = ε∂t1 + ε2 ∂t2 ,
(A.3)
∂ β = ε∂ β1 ,
(0)

fi = fi
Fα = εFα1 ;

A = εAα1 ;

(1)

+ ε fi

(A.4)
(2)

+ ε2 f i ,

Bα = εBα1 ;

(A.5)
Cαβ = εCαβ1 .

(A.6)

The Knudsen number ε is defined as the ratio between two different length scales:
ε=

λ
L

(A.7)

where L is a macroscopic length of the system and λ is the molecular mean free
path. If ε << 1 an hydrodynamic approach is correct and Navier-Stokes equation
can be considered, instead if ε ∼ 1, the microscopic details become important and
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need to be taken into account. It is also important to bear in mind these useful
tensorial relations [3]:
(A.8)
∑ eiα = 0,
i

∑ eiα eiβ = 2e2 δαβ + 4e2 δαβ ,

(A.9)

∑ eiα eiβ eiγ = 0,

(A.10)

∑ eiα eiβ eiγ eiδ = 2e4 δαβγδ + (4e2 ∆αβγδ − 8e4 δαβγδ )

(A.11)

∆αβγδ = δαβ δγδ + δαγ δβδ + δαδ δβγ .

(A.12)

i

i

and

i

being

Through a series expansion of the Boltzmann equation
eq

fi − fi
+ ∆tFi (r, t)
f i (r + ei ∆t, t + ∆t) − f i (r, t) = −∆t
τ
with

(A.13)

eq

f i = Aσ + Bσ eiα uα + C σ u2 + D σ (eiα uα )2

(A.14)

eq

where A, B, C, D are coefficients in the expression of f i and the index σ = 0, 1, 2 if
the center of the elementary cell (σ = 0 if i = 0) or the first neighbour sites (σ = 1
if i = 1, 2, 3, 4) or the second neighbour sites (σ = 2 if i = 5, 6, 7, 8) are considered,
one obtains:
eq

fi − fi
∆t2
(eiβ ∂ β + ∂t )2 f i = ∆tFi − ∆t
∆t(eiβ ∂ β + ∂t ) f i +
2
τ

(A.15)

or
eq

fi − fi
(∆t)2
(eiβ eiγ ∂ β ∂γ + ∂2t + eiβ ∂ β ∂t ) f i = ∆tFi − ∆t
. (A.16)
∆t(eiβ ∂ β + ∂t ) f i +
2
τ
Simplyfing the ∆t’s and through a Knudsen expansion (A.3)-(A.6)it is
(0)

(εeiβ ∂ β1 + ε∂t1 + ε2 ∂t2 )( f i

+

(1)

+ ε fi

(2)

+ ε2 f i )+

∆t
[e e ε2 ∂ ∂γ1 + (ε∂t1 + ε2 ∂t2 )2 + εeiβ ∂ β1 (ε∂t1 + ε2 ∂t2 )]
2 iβ iγ β1
(0)
(1)
(2)
×( f i + ε f i + ε2 f i )
(0)

= εFi1 −

fi

(1)

+ ε fi

eq

+ ε2 f i2 − f i
.
τ

(A.17)
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Neglecting terms higher than order two, after some algebra one obtains:
(0)

O ( ε0 ) : f i

eq

= fi

(A.18)

1 (1)
= − f i + Fi1
τ

(0)

O(ε) : (eiβ ∂t1 + ∂t1 ) f i

(A.19)
(2)

f
∆t 2 (0)
(0)
(0)
(∂t1 f i + eiβ eiγ ∂ β1 ∂γ1 f i + 2eiβ ∂ β1 ∂t1 f i ) = − i
O(ε ) :
2
τ
(A.20)
(0)
Thanks to (A.18) or (A.19) and (A.20) f i = f i0 . It is also:
(0)
(1)
∂t2 f i + (eiβ ∂ β1 + ∂t1 ) f i +

2

∑ fi = ∑ fi

eq

i

i

from which

= n → ∑( f i

(0)

i

∑ fi

(1)

i

(1)

+ ε fi

= ∑ fi

(2)

(2)

+ ε2 f i ) = n

(A.21)

= 0.

(A.22)

i

Also it is

∑ fi

eq

i

eiα = nuα =

∑ fi eiα + m∆tFα = ∑ fi

(0)

i

i

eiα + ε ∑ f i eiα + ε2 ∑ f i
(1)

i

(2)

+ εm∆tF1α

i

(A.23)
from which one obtains

∑ fi

eiα =

eiα ,

(A.24)

∑ fi

eiα = −m∆tF1α ,

(A.25)

eq

i

∑ fi

(0)

i

(1)

i

∑ fi

(2)

i

eiα = 0.

(A.26)
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The continuity equation
Developing products in (A.19) and applying ∂t1 , one obtains:
1
(1)
∂2t1 f i0 + eiβ ∂ β1 ∂t1 f i0 = − ∂t1 f i + ∂t1 Fi1 ,
τ

(A.27)

applying eiγ ∂t1 to (A.19) one obtains:
1
(1)
eiγ ∂γ1 ∂t1 f i0 + eiβ eiγ ∂ β1 ∂γ1 f i0 = − eiγ ∂γ1 f i + eiγ ∂γ1 Fi1 .
τ

(A.28)

Subtracting the (A.28) from (A.27) it is:
1
1
(1)
(1)
∂2t1 f i0 = eiβ eiγ ∂ β1 ∂γ1 f i0 − ∂t1 f i + eiγ ∂γ1 f i + ∂t1 Fi1 − eiγ ∂γ1 Fi1
τ
τ

(A.29)

whih substituted in (A.20) allows to get
∆t
∆t
∆t
(1)
(1)
eiβ eiγ ∂ β1 ∂γ1 f i0 − ∂t1 f i + eiγ ∂γ1 f i
2
2τ
2τ
∆t
∆t
(1)
+ (∂t1 Fi1 − eiγ ∂γ1 Fi1 ) + eiβ ∂ β1 f i + eiβ eiγ ∂ β1 ∂γ1 f i0 +
2
2
(2)
fi
0
∆teiβ ∂ β1 ∂t1 f i = −
.
τ

∂t2 f i0 + ∂t1 f i1 +

(A.30)

From (A.19) it follows
∂t1 f i0 = −eiβ ∂ β1 f i0 −

1 (1)
f + Fi1
τ i

(A.31)

from which, multiplying by ∆teiβ eiγ , one obtains
∆t
(1)
e ∂ f + ∆teiβ ∂ β1 Fi1
τ iβ β1 i

(A.32)

∆t
∆t
∆t
(1)
(1)
eiβ eiγ ∂ β1 ∂γ1 f i0 − ∂t1 f i + eiβ ∂γ1 f i +
2
2τ
2τ
∆t
∆t
(1)
(∂t1 Fi1 − eiγ ∂γ1 Fi1 ) + eiβ ∂ β1 f i + eiβ eiγ ∂ β1 ∂γ1 f i0
2
2
∆t
1 (2)
−∆teiβ eiγ ∂ β1 ∂γ1 f i0 − eiβ ∂ β1 f i1 + ∆teiβ ∂ β1 Fi1 = − f i
τ
τ

(A.33)

∆teiβ ∂ β1 ∂t1 f i0 = −∆teiβ eiγ ∂ β1 ∂γ1 f i0 −
which substituted in (A.30) leads to
(1)

∂t2 f i0 + ∂t1 f i

+
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and after some algebra
∆t
∆t
(1)
(1)
(1)
∂t1 f i + eiγ ∂γ1 f i + eiβ ∂ β1 f i
2τ
2τ
(A.34)
1 (2) ∆t
∆t
(1)
− eiβ ∂ β1 f i = − f i − (∂t1 Fi1 − eiγ ∂γ1 Fi1 ).
τ
τ
2
By summing on the index i the (A.19), through nuα = ∑i f i eiα + mFα ∆t, with m to
be determined, and (A.24) and remembering that ∑i f i0 = n, one obtains
(1)

∂t2 f i0 + ∂t1 f i

−

∂t1 n + ∂ β1 (nu β ) = A1

(A.35)

which is the continuity equation at first order only if A1 = 0 and so that A = 0.
Now by multiplying the (A.19) for eiα and summing on index i, assuming B1α =
λF1α = ∑i Fi1 ei one obtains

 2
m
c
nδαβ = F1α ∆t + λF1α
(A.36)
∂t1 (nuα ) + ∂ β1 (nuα u β ) + ∂ β1
3
τ
where the third term of the left-hand side of equation has been obtained expliciting
in the sum the (A.14) and utilizing the second tensorial relation of (A.8)-(A.11),
the (A.36) is the equation of the first order momentum with the condition
m
λ + ∆t = 1.
(A.37)
τ
Summing over i the (A.34), it is
∆t
∂γ1 (−mF1γ ∆t) + ∂γ1 (−mF1γ ∆t)
2τ
(A.38)
∆t
= − [∂t1 A1 + ∂γ1 (λF1γ )]
2
which, with conditions (A.37) and A1 = 0, becomes


∆t
∆t
∆t
∂t2 n + ∂γ1 (mF1γ ∆t) − ∂γ1 (mF1γ ∆t) = −
1−m
∂γ1 F1γ
(A.39)
2τ
2
2
or


1
∂t2 n = ∆t m −
∂γ1 Fγ .
(A.40)
2
Summig the latter with (A.35) (with A = 0) and after some algebra, one obtains


1
∂t n + ∂ β (nu β ) = ∆t m −
∂γ Fγ
(A.41)
2
∂t2 n −

which is exactly the continuity equation if
1
m= .
2

(A.42)
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The Navier-Stokes equation
Multiplying the (A.34) with eiα and summing on i, after some algebra it is


∆t
∆t
(1)
∂t2 (nuα ) + 1 −
∂ β1 ∑ eiα eiβ f i = − ∂γ1 (C1αγ + C1γα ).
(A.43)
2τ
4
i
(1)

It is necessary to find an explicit expression for f i :

∑ eiα eiβ fi

(1)

i

= −τ∂t ∑

= ∑ eiα eiβ [−τ∂t1 f i0 − τeiγ ∂γ1 f i0 + τFi1 ]
i

eiα eiβ f i0

− τ∂γ1 ∑ eiα eiβ eiγ f i0 + τ ∑ eiα eiβ Fi1
i

i

i

(A.44)

expliciting f i0 through (A.14) and exploiting the tensorial properties (A.8)- (A.11)
the latter becomes
 2

c
(1)
∑ eiα eiβ fi = −τ∂t1 3 nδαβ + nuα uβ
i
(A.45)
 2

c
−τ∂γ1
n(uγ δαβ + uα δβγ + u β δαγ + τ ∑ eiα eiβ Fi1 .
3
i
From the left-hand side
∂t1 n = −∂ β1 (nu β )

 2
c
nδαγ + nuα uγ + F1α
∂t1 (nuα ) = −∂γ1
3

(A.46)
(A.47)

which substituted in (A.45) gives

∑ eiα eiβ fi

(1)

= −τ ×

i

"

c2

c2
∂ β1 (nuα ) + ∂α1 (nu β ) + nuα ∂t1 u β − u β ∂γ1
3
3



c2
nδ + nuα u β
3 αβ



#

+ u β F1α − ∑ eiα eiβ Fi1 .
i

(A.48)
From the derivative expansion ∂t1 (nuα ) one can obtain



= −∂γ1

n∂t1 u β = ∂t1 (nuα ) + u β ∂γ1 (nuγ )

c2
nδ + nu β uγ + F1β + u β ∂γ1 (nuγ )
3 βγ

(A.49)

163

Appendix A. Continuum limit of Lattice Boltzmann for fluid mixtures

which multiplied to the left for uα becomes

nuα ∂t1 u β = −uα ∂γ1

c2
nδ + nu β uγ
3 βγ



+ uα F1β + uα u β ∂γ1 (nuγ ).

(A.50)

Once substitued in (A.48), one obtains

∑ eiα eiβ fi

(1)

= −τ ×

i

"

c2
n(∂ β1 uα + ∂α1 u β ) − ∂γ1 (nuα u β ) + u β F1α + uα F1β − ∑ eiα eiβ Fi1
3
i

#
(A.51)

in which the second term in parentesis can be neglected since it is of third order in
the velocity u. Substituting this result in (A.43), it is
(
"
)#


c2
∆t
∂ β1 −τ
n(∂ β1 uα + ∂α1 u β ) + u β F1α + uα F1β − ∑ eiα eiβ Fi1
∂t2 (nuα ) + 1 −
2τ
3
i

=−

∆t
∂γ1 (C1αγ + C1γα ).
4
(A.52)

With some algebra and choosing for C1αβ
∆t
1−
2τ



∆t
τ−
2




C1αβ =

(uα F1β + u β F1α )

(A.53)

∂ β1 [n(∂ β1 uα + ∂α1 u β1 )]

(A.54)

the (A.52) becomes
c2
∂t2 (nuα ) =
3



which is the second order momentum equation which added to the equation for
the first order momentum (A.36) allows to get

∂t (nuα ) + ∂ β (nuα u β ) = −∂ β

c2
nδ
3 αβ



+ Fα + ν∂ β [n(∂ β uα + ∂α u β )])

(A.55)

2

= −∂ β (c Pαβ ) + ν[n(∂ β uα + ∂α u β )]
which is exactly the Navier-Stokes equation with viscosity
c2
ν=
3



∆t
τ−
2


(A.56)
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or alternatively
η=

nc2s ∆t



1
τ
−
∆t 2


(A.57)

with second viscosity ζ = d2 η and pressure tensor defined by

− ∂ β (c2 Pαβ ) = −∂ β ( pδαβ ) + Fα .

(A.58)

Using the expressions for A, Bα , Cαβ , the force term becomes

Fi =

∆t
1−
2τ




ωi


eiα − uα (eiα uα )eiα
+
Fα .
c2s
c4s

(A.59)

with Fα of order O(ε).
In [48] it is shown that also for liquid crystals in the continuum limit the continuity
and Navier-Stokes equations are obtained with viscosity η = nτ/3.
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