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Introduction

Things that have worked for a long
time are preferable - they are more
likely to have reached their ergodic
states. At the worst, we don’t know
how long they’ll last

Nassim Taleb,
"The black swan"

Quantum systems display a wide variety of behaviors related in an es-
sential way with mathematical structures. This characterization includes the
complexity a physicist has to face with during experimental tests for a model:
at this stage the implementation of approximations represents a key ingredient,
which may affect predictions depending on the targeted coarse-grained level.
In Chapter 1 two example of the latter approach are encountered, consisting in
the dipolar and rotating wave approximation used to simulate the Friedrichs-
Lee model [42], defined in the restricted one-excitation sector of a Hamiltonian
commuting with the total number of excitations, thus representing our family
of commuting observables.

Fundamental methods to characterize the eigensystem of the presented
exactly solvable model are shown in Chapter 2, where the Dyson-Neumann
expansion is applied to the Hamiltonian resolvent, thus yielding the definition
of self-energy. Our interest for this quantity resides in its predictions about
the existence of bound states in the continuum according to a non-perturbative
approach. This thesis is focused in overcoming the usual approach exploited
in waveguide quantum electrodynamics (WQED), based on the linearization
of the dispersion relation. If, on one hand, this approximation simplifies the
theoretical framework for experimental feasibility, on the other hand it misses
emerging phenomena such as plasmonic bound states, associated with non
propagating photons, and degeneracy lifting for bound states in the continuum.
In a more appropriate terminology these new features are included through a
complete characterization of the interaction form factor, which determines the
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2 Introduction

analytical structure of the complex energy plane [40], as made in Chapter 3 to
test the model for a single two-level emitter.

In Chapter 4 the generation of entanglement between a pair of emitters,
corresponding to a interatomic distance spanned by half-integer multiples of
the emitted wavelength, appears as a benchmark for the relation linking the
Friedrichs-Lee model and bound states associated with a purely point spectrum
immersed in an absolutely continuous one. Renormalized propagator poles are
described both numerically and according to an approximation which provides
analytic expressions holding true in the weak coupling regime. Plasmonic off-
resonance states are introduced, playing a key role also in Chapter 5 because
they emerge in stronger coupling regimes. Indeed, in the two-excitation sector,
the double atomic excitation does not involve any bound state in the contin-
uum, but just below the energetic cutoff for photons propagation, where the
plasmonic type holds. A correlated emission of photons is characterized ac-
cording to the variation of the interatomic distance.

The focus on the one-excitation sector led to a complete characterization of
the eigensystem for any number of two-level systems in proximity of eigenval-
ues corresponding to the resonance condition between interatomic distance and
emitted wavelength half-integers multiples, with distances sufficiently large to
make the single mode coupling effective. In Chapter 6 systems with three
and four emitters are described, with a full treatment of the analytic structure
imposed by the form factor, whose effect consists in removing eigenvalues de-
generacy. Pole trajectories obtained in the variation of free parameters reveal a
phenomenon, for small values of the distance, opposite to the splitting out of
electromagnetic field in subsystems of the chain observed in the large distance
regime: at some critical distances poles scatter along the real line, thus pro-
viding the emergence of new eigenstates with the bosonic field covering wider
parts of the one-dimensional lattice. In Chapter 7 the complexity reduction
implemented with the truncation of interactions up to nearest-neighbors char-
acterizes the self-energy matrix as a Laplacian one associated with finite differ-
ences on graphs, which provides an eigensystem composed by spin-waves, the
aforementioned multimerization phenomenon for an odd number of emitters
and the presence of super-radiant states as a typification of regular graphs.
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Chapter 1
The Friedrichs-Lee model

It will be impossible to answer any one question
completely without at the same time answering
them all

Paul Dirac,
"The Quantum Theory of the Emission and
Absorption of Radiation"

During the 20'" century the study of decay phenomena boosted an enormous
amout of research in mathematics and physics [2, 25, 38, 85, 102, 120, 121,
136]: considering two major references per field we can mention E. Wigner in
his foundation of random matrix theory [137], a topic involving usual tools
for the analytical treatment as propagators resummations, E. Fermi with the
first theoretical attempt in describing the coupling between vector currents
associated with Dirac spinors [52].

The non-relativistic version of the latter approach corresponds to Lee’s
model, where a neutral fermionic particle decays in another fermion of lower
mass and a scalar relativistic boson, with key ingredients residing in renor-
malization for physical quantities as mass, coupling constant and scattering
amplitude. The mass of the decaying particle belongs to the free spectrum,
while the complete Hamiltonian yields a dynamics not including the initial
fermion as a steady state if the difference in energy associated with fermionic
masses at rest is more than the scalar boson one. Viceversa, if the initial amount
of energy is not sufficient, the fermionic particle remains stable with an eigen-
value not included in the continuum [85]. The interaction term involved in
the Hamiltonian is an integral operator, that Friedrichs defines as a class of
continuous spectra perturbation [53], displaying, with appropriate conditions,
a decay inhibition for states associated with a purely point spectrum immersed
in the continuum, thus providing the emergence of many-body bound states.
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6 The Friedrichs-Lee model

The presented elementary phenomenon encapsulates the non-unitary dy-
namics at the heart of the master equation [54], targeting the study of decay
processes in the development set off for quantum technologies concerning dipo-
lar interactions. The emerged renormalization procedure [2, 121] is currently
applied for the description of dressed two-level atoms [108], whose excited
and ground state play fermionic particles roles, characterized by typical life-
times for photon dissipation. The application of the resolvent formalism allows
the study of particular values assumed by model parameters that define not
decaying bound eigenstates: for widely separated elements belonging to this
collective state, the intrinsic nonlocality provides a secure defence with re-
spect to local sources of decoherence, so representing a privileged platform for
fault-tolerant quantum memories and information processing [67, 98].

This thesis targets the description of steady states and their stability with
respect to variation of model parameters, given that experimental realizations
are all affected by data inaccuracy. The basic tool employed consists in the
resolvent formalism, whose analytical properties impose the complex energy
plane structure: corresponding to the continuous spectrum of the Hamiltonian
there is a branch cut, joining the second Riemann sheet where propagator poles
lie, ruling the exponential decay at intermediate times [40, 45]. A pole placed
in correspondance with the branch cut signals decay inhibition characterizing
steady states, thus allowing us to choose model parameters suitable for the real-
ization of long-lived quantum memories and to characterize typical eigenstates
features, as motional states in ion traps [12, 23, 29, 86, 99, 105, 118].

1.1 Unstable vacua

The decay phenomenon described in Lee’s exactly solvable model [85] concerns
a vacuum state defined for the global system, defined by the initially undecayed
neutral fermionic particle and the absence of scalar relativistic bosons to which
it refers. Physical parameters of the model characterize uniquely each of these
states. Renormalization procedures applied for the solution have been exten-
sively studied in currently available experimental platforms in the framework
of quantum technologies, referred to waveguide quantum electrodynamics
(QED) [7, 18,19, 31, 35, 37, 41, 46, 48, 49, 56, 59, 61, 66, 67,73, 81, 89, 90, 93, 101,
103, 104, 109, 110, 114, 123, 129, 130, 143, 144, 145], because the simulation of
the same degrees of freedom allows us to give precise predictions concerning
the large time behavior, beyond perturbation theory limitations, according to
Poincare recurrences [40, 45].

The bare energy of the unstable vacuum state is quantified through the
gap of a two-level system, prepared in an initially excited state. This decay



1.1. Unstable vacua 7

phenomenon naturally involves the interaction with a bosonic field, associated
with a given measure space, that consists in the momentum space [92].

Our interest in the emergence of bound states in the continuum requires
systems embedded in one spatial dimension, because in this way a point-
like atom represents a boundary capable of limiting a field endowed with
motional degrees of freedom. For this reason the Hilber space of a single-boson
wavefunction is $ = L?(IR) while the states with arbitrary boson number live in
the symmetrized Fock space [14]

5.(9) = P rrwey, (1.1)

N>0

where $° = C and © denotes a symmetrized tensor product, such that a state
belonging to the N-boson subspace reads

M) =g oleo ol = X G el e ol) . 12)

TeSN

with Sy the permutation group. Now it is possible to introduce the number
operator [14]

N[e™) = N|e®), (1.3)

whose eigenspaces contain states with a fixed number N of bosons.

The wavefunction symmetry in (1.2) is selected by the bosonic algebra com-
posed by annihilation and creation operators according to the canonical com-
mutation relations:

lao,a' ()] =6k~ k)L, [a(k),a®)] =0, [a'®)a'K)|=0,  (14)
with 6 the Dirac delta function, 1 the identity operator and where k denotes bo-

son momentum, linked via Fourier transform with the position representation.
In this way, the number operator is easily identified:

N = f dk a* (K)a(k), (1.5)

where a'(k)a(k) is the momentum density. In general operator-valued dis-
tributions are defined with the aim of inducing an amplitude for momenta
occupation:

(&) = f dkE@ak),  a'(E) = f dk £0a'(6), (16)



8 The Friedrichs-Lee model

characterized by the following commutation relation [14]

a6, a"(&)] = (Gl 1, (1.7)

such that, considering single-boson states |£) = f &(k) |ky and associated Her-
mitian conjugate (k|, operators act as follow:

a(&)[EM) = VN(EIED &) 01&) 0+~ O l&n) |, (1.8)
" (©)[e™M) = VN +T | olE) o - olé) (1.9)

for |E(N)> eD (N v 2), the domain of the square root of the positive operator [112].

The definition in the number operator (1.5) of a momentum density allows
us to introduce the Hamiltonian of the free bosonic field, in which a dispersion
relation w(k) is associated with each boson momentum k:

Q= f dk w(®at(kak) (1.10)

so working as a multiplication operator in the momentum representation

Q k) = w(k) |k). The conservation law [Q, N] = ( is obtained straightforwardly,
entailing that the dynamics preserves the fixed number of excitation sectors of
the Hilbert space: the one with single excitation provides (1.5) as a resolution of
the identity, where the Friedrichs-Lee model is restricted [42, 92], otherwise an
overall factor 5 has to be introduced, linked with a projection-valued measure,
formally presented in Section 2.3.

We shall now consider a two-level atom, endowed with a ground state
| <) and an excited one |e), interacting with the free bosonic field. The atomic
degrees of freedom correspond to a representation of the su(2) algebra, with
|e)< gl describing the two-level atom excitation process and | g}(e| the reversed
one, thus translated in terms of Pauli matrices:

Oy + 10 o, — 10
—— e =0 == (L11)

The free atom Hamiltonian accounting for the energy gap ¢ reads:

leXg] = 0" =

HY, = ¢ |eXe| = (8 8) =¢oto. (1.12)

The global system is described by states living in /7 = C* ® §.(9). Up to this
point, the ingredients required for the definition of the non-interacting theory
are introduced, thus leading to the free Hamiltonian:

Hy=Hy®1+1®0, (1.13)
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where identity operators are referred to the different Hilbert spaces, respectively
associated with bosonic and atomic degrees of freedom. A more convenient
expression of the global Hilbert space is achieved by noting that the total
excitation number operator, defined as:

N=Ny+N=c'0"+ fdk a'(k)a(k), (1.14)

represents a conserved quantity, according to the commutation [Hy, N] = 0,

which generalizes Q,N] = 0, valid for the bosonic field. In this way it is
possible to fix the dynamics in a sector endowed with N excitations and look
at the ground state amplitude simply as an overall phase, such that:

=P, AN =(CoLRNV) e AR,  (115)

N>0

with #© = C. At this stage, the theoretical ingredients involved in the def-
inition of the free theory are completely characterized and we are ready to
introduce the interaction. It has to couple the action of ladder matrices (1.11)
with respectively annihilation and creation of a boson in the following way:

Hine = f dk (o+ ® F(k)ak) + 0~ ® F(k)a*(k)) =o"®a(F)+0 ®a'(F), (1.16)

where F(k) is the form factor, encoding in its analytical properties the structure
of complex energy plane, as we will see in Sections 2.3 and 3.2.1 [40, 42, 45, 92].

Parameters concerning physical details of the model are included in the
form factor as the multiplicative coupling constant, weighting the interaction
strength, with the exception of the atom energy gap. In Chapters 3-7 the
coupling constant will emerge as a measure of the single atom decay rate
determined by the interaction with an electromagnetic field whose dispersion
relation establishes a reference energy scale.

The appearance of a point spectrum embedded in the continuum is subject
to conditions determined by Friedrichs [53], essentially related with the form
factor, representing the kernel of an integral operator. In Sections 2.3 and 2.5
we will derive this structural correspondence concerning the single excitation
sector, where (1.14) represents the decomposition of the resolution of the iden-
tity associated with a projection-valued measure, formally presented in Section
2.3, in a point spectrum for atomic excitations (in general for the multi-atom
case) and in an absolutely continuous one which considers bosonic excitations,
corresponding to photons for the system defined in Section 1.4.
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In the N = 1 sector, the Hilbert space corresponds to 7 = C & L*(R),
whose states have the following form:

|¢> =ale) ® [vac) + |g> ®[E) = (Ig)’ (1.17)

witha € C, |af* +]|&]I* = 1 and |vac) the vacuum of the bosonic field (a(¢) [vac) = 0
for every &), thus motivating the possibility of studying unstable vacuum state
which corresponds to an atom initially prepared in the excited state. In this
sector, the Hamiltonian assumes a simple matrix form [42, 92]:

H = Hy + Hy, = (|;> %‘) (1.18)

valid also in the multi-excitations case, acting on (1.17) according to the usual
matrix indices contraction.

1.2 Minimal coupling

The dipolar interaction represents a low-energy approximation of the physics
of multi-level system (atoms, molecules, artificial structures, ...) coupled to
electromagnetic radiation [33, 45, 51, 94]. Its expression refers to the coupling
between two subsystems: the electromagnetic field and an ensemble of charged
particles. At the classical level, the study of Lorentz equations of motion for
charged particles interacting with the electromagnetic field, resulting in the
coupled Maxwell-Lorentz equations, provides the minimal coupling to include
a longitudinal momentum component yielded by charge density as source of
Coulomb interactions [25]. The system is described by the classical conserved
energy:

H(t) = %Z m(t) + €2—° f &r (EX(r,t) + 2B (r,1)), (1.19)

=1

where j = 1,...,nruns over charged particles label endowed with mass m; and
velocity vj, (r,t) represent position and time coordinates, E and B stand for
electric and magnetic fields, €y vacuum dielectric constant and c the speed of
light, according to SI units, as in Sections 1.3 and 1.4. The aforementioned key
ingredients are represented by the separation of the electromagnetic field de-
grees of freedom in transverse and longitudinal ones. This is achieved by means
of the Coulomb gauge, imposing that the magnetic field B(r,t) is transverse
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with respect to the propagation direction:

V-A(r,t)=0,
E (r,t) = -A(r,t), (1.20)
E(r,t) = -Vo(r,1),

where A(r,t) is the vector potential, introduced to exploit the degree of free-
dom charcterizing gauge invariance. Its curl provides the magnetic field, while
Ag(r,t) = —p(r,t)/€y for the electrostatic potential, with p(r, t) the charge den-
sity. The definition of the two contribution for the electric field is better ex-
pressed in the Fourier transform:

dS

E(k,t) = PIagE

———E(r, t)e*T, (1.21)
where the longitudinal and transverse parts can be identified as
Eyk,t) = (k- E(k, b))k,  E.(kt) =E(k,t) - (k- E(k,1)k, (1.22)

where k = k/k, with k = |k|. In this way, exploiting Parseval’s identity and the

orthogonality E (k t)-E l(k: t) = 0, we can identify the transverse contribution
of the electromagnetlc field to the energy:

H.(H) =2 f &r (B3 (r,t) + B(r,1)). (1.23)

Considering the Maxwell equation related to the Gauss law, we obtain in the

Fourier space E)(k,t) = —ikp(k,t)/ (e0k?), such that the longitudinal energy
contribution translates in:

p'(k, )plk,t) _ q; g7k
Hy(t) = &k L T 124
i) = 26’0 jl:skc K2 87760 Z 'T](t) _ Tl(t)| ; 472¢, ( )

where point-like particles p(r, t) = ). ;9;0(r—rj(t)) are considered, whose Fourier
i

transform p(k, t) = }.; j @ome —iki()) provides the result. The second term is called
Coulomb self-energy, representing a divergence cured by the introduction of
an ultraviolet cutoff k., related to point-like charges making fields vary across
arbitrarily small regions [25].

Another conserved quantity is in the total momentum of the system:

P(t) = Z mv(t) + Py(t) + Pu(t), (1.25)



12 The Friedrichs-Lee model

where
Py = e f d*r Ey(r,t) A B(r,t) = € f d’k Ey)(k, t) A B'(k,1). (1.26)

The last integrand is evaluated according to E*(kz, f) = —ik A Z*(k:, t), thus
yielding
kA (kA A K1)
2
with a vanishing first term because of an absent longitudinal component for

the vector potential. Applying again the hypothesis of point-like charges the
minimal coupling expression is obtained:

P =Y (muit) + g;A(ri(), D) + Pu(®) = Y pi(H) + Pu(t), (1.28)
i

= (k- A*(k, D) k - A"k, t) (1.27)

]

replacing the expression of p; in the energy (1.19), one obtains the Hamilto-
nian [25, 33, 51, 94]:

HO =Y 5 (/) - g AG®,0) +HO+HO. (129)
j ]

From the canonical coordinates (7}, p;), one can obtain equations of motion by
applying Hamilton equations and according to canonical Poisson brackets

(Vi igh, = 00up, (130)

where greek indices run over spatial dimensions a, § = x, y,z. The application
of Hamilton equations of motion provides a set of Newton-Lorentz equations
for the acceleration of each particle in presence of the electromagnetic field. [25]

1.2.1 Canonical quantization

To proceed towards electromagnetic field quantization we need equations of
motion and canonical brackets. Let us consider dynamical variables associated
with conjugated (A, IT), for clarity in absence of any source, defined according
to Lagrangian density:

L.(A@, A, D) = -2 (B(r,0) - 2B, ), (1.31)

such that:
aLJ_ (A(’l", t)/ A(r/ t))

dA(r,t)

II(r,t) = = —eoE. (1, 1), (1.32)
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assuming identities in (1.20), as in the Legendre transformation for the Hamil-
tonian density H, (A(r,t), II(r, 1)) = II(r, ) A(r, 1) - L, (A(r,t), A(r,1)).
Hamilton equations of motion are obtained considering (1.23) as a func-

tional for (Z, m in the Fourier space and according to Radon-Nikodym: (i.e.
functional, distributional, weak) derivative [63, 97]:

- OH, (A(k', 0, IT(K',1),t)  _
A(k, t) = — = _EJ_(k/ t)/
oI (K, 1)
(1.33)
. SH, (A(k',0), II(K, 1), t) _
Ik, t) = - — =—ieyc® kA B(k,t),
SA(k, 1)

where the first equation determines E, in terms of A, while the second one,
using B(k,t) = ik A A(k, t) and the identity:

5 (k' A Ak, 1))
SA(k, 1)

leads to the Ampére-Maxwell law. Let us emphasize that results in (1.33) are ob-
tained by means of partial derivatives with respect to dynamical variables of the
Hamiltonian density H, (Z(k:, f), I (k, t)) in momentum space as in (1.32): the
definition of Radon-Nikodym derivative requires the introduction of an inner
product characterizing Hilbert spaces, in the spirit of a directional derivative
in a functional space.

The imposition of the Coulomb gauge k - A(k,t) = 0 in (1.34) and the intro-
duction of the dispersion relation w(k) = ck sets the equivalence between the
electromagnetic field and an infinite collection of harmonic oscillators repre-
senting transverse modes [25]:

=2[k2 Ak, t) - (K - A(K, D) K| 6(k - k), (1.34)

A(k,t) = ~E, (k, D),
' (1.35)
E.(k,t) = o* Ak, 1).
The solution is provided by decoupled normal variables, which diagonalize the
free transverse field:
_
2h w(k)

The conjugated momenta to a(k) are proportional to their complex conjugates,
therefore the Hamilton equations of motion read

alk, ) + iwk)alk, ) = 0, (1.37)

a(k,t) = —i (EL(k,t) +iw(K) Ak, t)). (1.36)
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that is solved by a(k, t) = a(k, 0)e *®*,

Sources can be included in (1.33) by means of (1.29), where the functional
derivative of the minimal coupling term, with the substitution p; — ;A = m;v;,
provides the source in the Ampére-Maxwell law:

E.(kt) =i k A Bk, b) - J(f’ t), (1.38)
0

where J(k,t) = Y, j %e‘ik"’f@. The definition of normal variables still obeys
the form dictated by (1.36), but now the description is enriched by the decom-
position along two polarization unit vectors €(k) and ¢’(k), feasible also in the
free case, orthogonal with respect to the propagation axis k and to each other,

such that a(k, t) - €(k) = ag(k, t) implies the evolution equation [25]:

. . J(k, 1) - &(k)
k, k kt)=i———————.
ag(k, t) +iwk)ag(k, t) =1 TV

For g(k) € R the polarization is linear, so the current is decomposed along
directions parallel to the polarization, as we will apply in Section 1.4.

The normalization constant introduced in (1.36) is better understood by
looking at the free Hamiltonian for transverse components. We already proved

~ ~ ~2
that in the Coulomb gauge H,(f) = 62—0 E, +iwA|, using the normalization
factor, one obtains

(1.39)

H.(t) = f 4k hw(k)Zla&;(k,t)lz. (1.40)
&

The expression for the momentum carried by radiation requires the inversion

of (1.36):
~ h . .
Ak, ) =/ 2o ; (etk)ae(k, b) + &' (-k)ag(—k, 1), (1.41)
E (k) =i, /hg)—;k) Z (e(R)ag(k, ) - £ (~k)ag(~k, D). (1.42)
&

Following a similar procedure to (1.26), we get

P.(}) = —ie f &Ik (EL(k,t)- A(k, D) k = f &Sk thm(kz, HE.  (1.43)
&

Adopting the definition of conjugate variables with Poisson brackets, as made in
(1.30), in the extension exploiting functional derivatives [63], normal variables
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take a central role in the quantization of the electromagnetic radiation, which
is based on the equal-time Poisson brackets

(e (k, ), iy, (K, t)}PB = bg.¢ O(k — K'). (1.44)

The quantization procedure looks at (1.44) as an Heisenberg algebra [32], thus
mimicking the evolution of classical dynamical variables in terms of non com-
muting operators. The promotion of normal variables at the level of quantum
operators on the Fock space reads:

|ag(k), at. (k)| = bg.& (k- k), (1.45)

representing an example of (1.7) in presence of continuous indices. Inserting
normal mode operators in (1.41) and (1.42) provides time-0 quantized fields

d3k? 7/—1 ik-r * —ik-r
A = | G \/ 2€0w(k);(&:(k)a$(k)e’“ +e(k)ab(k) e ™), (1.46)

Bk i@ o .
Eun) =i | o A/ ;)60 Zg:(&:(k)ag(kz)ek ~ (k)b (k) e ), (147)

satisfying an Heisenberg algebra between conjugate momenta, as in (1.32):

. ’ . d3k ik-(r—r’ 7. 1.
[Aj(r),m(r’)] =il 63,(r —7') = ih f oy ek >(<5]-,€ - k:jk:g), (1.48)

which represents the projector onto the subspace of transverse fields in the
reciprocal space, starting from the relation Z]’,z €€ = 0jr — I%]-I%g [25]. The
requirement of additional terms in the transverse Dirac delta can be understood
by taking the divergence of both sides with respect to r or " and applying the
chosen Coulomb gauge (1.20).

1.3 Dipole Hamiltonian and Rotating waves

We will start by considering, for definiteness, a hydrogen-like atom, made up
of an electron with charge —e and mass m, in a potential H(r), generated by a
nucleus endowed with an infinite mass, whose Hamiltonian follows from the
minimal coupling prescription (1.29), without the inclusion of contributions for
electromagnetic field transverse components:

62

H, =
! 2m,

(p+eAV +Hy(r) = Hyy+ —p- A+ 5—A? = Hy, + H{ + HY, (149)

2m,
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with HY, = p?/2m, + Hy(r), r and p the canonically conjugated position and
momentum of the electron, as in (1.30). The transverse choice V - A = 0 for
the vector potential makes the ordering with respect to p immaterial, since
[pa, A(ra)] = 11255 implies p- A = A - p [33, 41, 45, 51, 94].

It is possible to compare the orders of magnitude characterizing the two

interaction terms: ) 1
H-() N €2A2 _ ePA N Hl(nz
H(l) ~ epA - pZ ~ HO ’ (150)
. at

namely Hl(i: is small compared to Hl(rllz if the latter is small compared to the free
Hamiltonian [25].

In general for charged particles endowed with spin, an additional term
is present in the Hamiltonian, describing the interaction between spin and
magnetic field:

() _ & &

Hint = 4_71/160- . B(’I‘), (151)
where g, is the gyromagnetic ratio of the electron and o = (ax, oy, az) are the
Pauli matrices. The order of magnitude of spin is well estimated by the reduced
Planck constant 71, thus providing:

Hl(;)t _ehB  hkA ag
HD ~epA " 2mpA T A’

int

(1.52)

with k the dominant wavenumber and A = 2% the associated wavelength,
i
the energy scale 1 eV, the radiation wavelength is A ~ 5 x 107m, therefore
ap/A ~ 107* [25]. Confining our attention to this parameter range, the main
contribution in the interaction Hamiltonian is entirely attributed to Hi(rllz, which
will be the only contribution we will consider henceforth. This analysis targets
the achievement of a model in the exactly solvable form (1.16) using as a
bosonic field the electromagnetic one, supported by the dipolar and rotating
wave approximations.

The first one is focused on the substitution of the dynamical variable describ-
ing the position of the electron as argument of the vector potential, as in (1.29),
with a non dynamical center-of-mas of the global dipole. For this purpose let
us include the whole set of degrees of freedom for the hydrogen-like atom,
introducing the notation (7y, py) for nucleus canonical coordinates and (r,, p,)
for the electron ones, characterized by masses my, m, and opposite charges.
The center-of-mass and relative coordinate are defined as

_ MNTN + m,r,

_ NN T — 153
0 pr—— r=rNy-—T ( )

ap = the Bohr radius. Considering atomic optical transition ranging in
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Their introduction allows us to implement a Taylor expansion for the vector
potential with respect to the position variable:

A(r,) = A(rg) + VA(ry) - (1o — 10) + . ... (1.54)
These terms are compared according to a ratio of the same order as (1.52)

[VA(ro) - (re — 7o)l N kAag o

~ ~ —, 1.55
[AGro) A 50 (1.55)

thus negligible in the regime of optical transitions.

Let us introduce the total and the relative momentum
Po = PN + De, p=mr(p—N—&), (1.56)
my me
with m, = % ~ m, the reduced mass. These momenta are canonically
conjugated with the coordinates (1.53):

[ro, pol = [r,pl =ifi, [ro,p] =[r,po] = 0. (1.57)

The above relations yield the separation of the free Hamiltonian in two com-
muting contributions:

2 2 2 5
Dy D; D, P
HO = H, —Te) = s .
A 2my " 21, +Hy(ry =) 2(my + my) Tom T Hy(r) (1.58)
while the dipolar interaction reads
(@dip) _ (PN _ Pe _ e
HEP = o[22 - 2) ) = 2 p- A) (159)

The rotating wave approximation emerges in the time evolution of terms
composing the dipolar interaction [32]. This implies the introduction of the
evolution operator with respect to the free Hamiltonian (1.13) of the global
system, which will induce relative dynamical phases, thus selecting slowly
varying terms with respect to rapidly oscillating ones.

Let us consider for clarity the hydrogen-like atom, neglecting the center-
of-mass degrees of freedom. For our purposes, we will approximate it as a
two-level quantum emitter, a setup in which the energy scales, as the coupling
with the field, make this approximation valid. We denote with | g) the ground
state, with |e) the excited one and we will set for simplicity H?, | g) = 0 and

H? ley = hiele), as presented in (1.12). In this way, our model includes in one
parameter the Coulomb self-energy divergence presented in Section 1.2. We
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assume that the valence electron undergoes the available energetic transition,
e.g. between an S orbital and a P one. The incident radiation is characterized by
a linear polarization along the z axis of a reference frame, aligned with respect
to the coupled atomic P, orbital. The interaction Hamiltonian matrix elements
read:

i eA; -+ + - - +
Hi(itp) = #[(glpzlg)g ot +{elple) oo™ + (glp:le) o™ + {elp:Ig) o ] (1.60)

The expression is simplified by the vanishing expectation values of momen-
tum in the eigenstates of the free Hamiltonian, see Section 3.1. Moreover, the
canonical commutation relation can be used to obtain:

im, . . . ;
(elp-1g) = - <e'[Hgt, z]|g> = imee (elz|g) =: im,ezeq = imelzegle Oeg (1.61)

which cancels the mass m, from the interaction Hamiltonian, that takes the form
of a coupling between the dipole moment

D = e|ze|, (1.62)
and the electric field. We can define new canonically conjugated field operators:
b(k) := e Ot/ (k), (1.63)

which satisfy the same bosonic algebra as a(k) in the Friedrichs-Lee model [41].
To implement the observable evolution, let us consider Heisenberg equation
of motion determined by the free Hamiltonian [94]

. .
2078 =7 [Ho, o ()], (1.64)
d i

representing the extension of classical dynamical variables evolution according
to Poisson brackets. Considering the adjoint representation of the Lie algebra
[70] associated with the presented commutator map [H, -] = ady,-, it is possible
to introduce the observables evolution implemented by Uy(t) = e /", such
that o= (t) = U} (t)o~Uo(t) and b(k, t) = U} (t)b(k)Uo(t), whose time derivative at
t = 0 provides respectively (1.64) and (1.65).

These algebraic expression lead to the rotating frame [54], whose simple
explicit form is obtained applying the series expansion of the observables evo-
lution:

o (H) = Z (isl;/'h)” (ad,,)" 0™ = e i¥t/5™, (1.66)
bkt = 3 SO ) b0 = e, (167)

n
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where the latter resembles the classical result (1.37). These results derive
respectively from the expression 070~ = (1 + 0;)/2, with adqo0” = 0 and
(ads,)" 07 = (=1)"0", and integrating time by time the Dirac delta over mo-
menta, with (ady ) bK) = (=1)"b(k).

In the explicit computation of (1.59) in time evolution there are two ro-
tating wave terms b(k)o"el“=“®" and bf(k)o~e ¢-@®)  that near to resonance
(w(k) = €) behave as not dynamical, while the other two counter-rotating terms
b(k)o~e Ere®t and b (k)otelE* @@ vary rapidly, such that for time of interest
larger than typical lifetimes, they average to zero and are safely negligible. The
resulting rotating wave approximation is valid in the weak coupling regime,
conforming to a well-posed evolution driven by the free Hamiltonian, as made
in (1.64) and (1.65), with a non-vanishing energy gap ¢ representing the refer-
ence energy scale [94].

1.4 Waveguide QED in a nutshell

The controllability for available energies carried by photons and the ability
in constraining quantum system in quasi one-dimensional embeddings make
waveguides a promising platform in quantum optics and quantum informa-
tion. Some applications regard quantum information storage and processing,
quantum energy transport, single photon on-demand and many-body phe-
nomena [37, 127]. The quantum technology perspective exploits interactions
between the photonic field and typical quantum systems composed by artificial
atoms, assumed to obey a two-level approximation for the artificial “electron”
transition, such that we retain only the ground state | g) and the first excited
state |e) [41], endowed with the merit of tunable energy gaps [93, 114]. There are
two main families referred to quantum dots [77] and superconducting qubits.
The former includes nanoparticles with controllable material, dimension
and shape. The latter is mainly exploited to predict the coupling with respect
to fixed linear polarization directions, where the electric field vibration causes
charge migration, i.e. along the semi-major axis of an ellipsoid. The nanoparti-
cle dimension rules the number of valence and conducting bands electrons: if
on one hand this exalts the dipole moment value, on the other it causes thermal
weakness for lifetimes, representing the main defect characterizing the family,
measured in the order of 1 ns [87]. Finally, the material engineering is focused
on semiconductors or metals.: it is due to different fabrication procedures, as
the modelling precision or features linked to the targeted application [89, 134].
The superconducting family shows a wide variety of realizations, so we will
mention just two examples associated with flux and charge qubits. An overall
characterization regards the presence of a collective wavefunction spreaded on
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the whole device, because of cryogenic temperatures required for supercon-
ductors [24]. This experimental setup makes the family more resilient with
respect to thermal noise, so lifetimes are extremely better suited for quantum
computing applications, in the order of 1 us, in some cases reaching 1 ms.
SQUIDs (Superconducting QUantum Interference Devices) represent an exam-
ple of ring-shaped flux qubits, whose two-level behavior is achieved by means
of setting an half magnetic flux quantum, such that two degenerate clockwise
and counter-clockwise collective currents are obtained. Cooper-pair boxes are
related with charge qubits, where electrons are condensed in pairs, endowed
with a dissociation energy representing the energy gap: further developments
of this technology are currently exploited for transmons [93, 114], providing
aforementioned lifetimes, otherwise limited as in quantum dots cases.

The coupling of these elements with the waveguide electromagnetic field is
achieved in multiple ways, depending on the atoms trapped inside the optical
fiber or lying near the external surface, thus interacting with the evanescent
tield [127]. As we are going to show in Section 1.4.1, the coupling with a
structured bath corresponds to the definition of a form factor, which can also
contain an explicit dependence on the dispersion relation. A variety of models
consider acoustic waveguides characterized by a upper and lower bounded
w(k). Our treatment will include the complete analytic structure [40] induced
by the form factor, thus describing emerging new features.

1.4.1 Quasi-1D free field and interaction Hamiltonian

We will consider an artificial atom coupled to a single mode of a non-leaky
waveguide, neglecting the coupling with other modes [122]. In the spirit of
Section 1.3, we will consider a fixed polarization direction, parallel with the
oscillating electric field of the considered waveguide mode. We will identify
the single mode with indices (1, 0), meaning that it covers with half-wavelength
the major side, quantified by L,, of the rectangular cross section, while there
are no oscillations along the minor side. The latter is quantized by introducing
the field operators:

2ntewr o(k)L, L, L,
. fiw (k) : . [Ty i —ikx] A
(L,0) — ’ ikx _ ot ikx
E“Y(r) lfdk (2R€LyLZ sin L, [a(k)e a'(k)e ]uz, (1.69)
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with [a(k),a’(k')] = 6(k — k') and @1, = (0,0, 1). The electric field energy operator
associated to the mode thus reads:

2 1 K)a(=k) + a* (k)a* (—k
& =2 f dr:(EM@) = 3 f dkheos o (0" (Ryak) - L2 - (B0
(1.70)

2
with : (...) : denoting normal ordering and wq (k) = v4/k* + (Lly) , while the

magnetic field energy can be evaluated using the relation B0 = v x A(0):

& =5 f dr :(2,A%(r)) +(-2.A%(r)):
a(k)a(—=k) + a*(k)a*(—k)]

= %fdk hwllo(k)[aJr(k)a(k) + 2

The free Hamiltonian for the electromagnetic field takes the diagonal form:

2
HWO = 09 4 g0 = f dk fiwy o (k)a* (K)a(k) = T f dk /kz + (Ll) a* (k)a(k).
y

(1.72)
It is worth noticing that the analogy with a massive boson is not limited to the
dispersion relation. Indeed, the quantum theory of the mode can be mapped
onto a real scalar theory in one dimension, by introducing the operators:

h ikx —ikx
a(x) = fdk \{m[a(k)ek +a'(k)e k]/
i f dk ,/%[a(k)eikX—f(k)e-ikX], (1.73)

[a(x), [T(x")] = ihd(x — x7) (1.74)

(1.71)

I(x)

satisfying

and related to the vector potential and the electric field by multiplication.
The Hamiltonian can be expressed in terms of the field operator a(x) and its
canonically conjugated momentum [1(x’) as:

HOO = 1 f d:[(IW) + 2 @) +0/(5) @a@r] a7

nh
uLy’

that HO = f dx H(x), which corresponds to the one ruling in Lee’s model the
relativistic scalar boson [85].

with m := which also allows to identify a Hamiltonian density H(x) such
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Furthermore, we apply a small coupling approximation to the interaction
term, which enable one to neglect the O(¢?) contribution [25] and to apply
a dipolar approximation to the O(e) term, as explained in Section 1.3. The
position operator r is replaced by a non dynamical center-of-mass position ry,
according to (1.59). Considering bosonic operators (1.63) and retaining only
the rotating-wave terms b(k)o* and b'(k)o~, we obtain the interaction operator:

P RW) _ hvy €Dqg

it V2nL,L. f \/k2+(vm/h)2

bRyt e™ + b (k)o~e ™|, (1.76)

where yy = L,/2 has been used, implying the center-of-mass placed correspond-
ing to the maximum of the transverse electric field.



Chapter 2

The resolvent formalism

If that keyboard is infinite, then
on that keyboard there is no music
you can play

Alessandro Baricco,
"Novecento"

2.1 Resolvent operator

The formalism introduced by Dirac to include the non-commutativity of quan-
tum observables, naturally involves the theory of linear operators [80, 128].
The representation of these g(uantum)-numbers in this matricial framework
depends on associated spectral typologies [33], whose combination is at the
basis of the emergence of bound states in the continuum [53].

A detailed description of quantum systems temporal behavior requires the
adoption of non-perturbative methods, such that the interaction is included
at all orders in its weight, the coupling constant [40, 45]. These techniques
are strictly related in their foundations with complex analysis [80], given the
possibility to study the spectrum o(H) of an operator H by means of its resolvent
set p(H) = C\ o(H). The latter is the domain of the resolvent operator

G(z) = ! 21
@) =—%. 1)
with z € p(H) [25, 40, 45, 69, 80, 112, 128].

At the algebraic level, a polynomial mapping p(z) — p(H) is a homo-
morphism, thus preserving sum and multiplication rules [80], extendable for
holomorphic functions endowed with an infinite convergent series, imposing

23
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bounded operators as their arguments. The operator multiplication rule yields
the implementation of projectors on eigenspaces of H exploiting the residue

calculus:
1

pP; = 5 dz G(z), (2.2)
mi Jr,
where ['; represents an anticlockwise contour enclosing an eigenvalue E; of
H, which will be considered, for the sake of clarity, belonging to the discrete
spectrum and isolated [40, 45]. Exploiting this algebraic basis, it is possible
to express a generic function of an observable according to the holomorphic
functional calculus:
i@

dz

fH) = o7 Pdz g

(2.3)

where I is a closed contour lying in the region of analyticity of f and winding
once around the spectrum o(H) in the clockwise direction [68]. This general
expression will turn out to be extremely useful in the implementation of Fourier-
Laplace transform.

In order to introduce non-perturbative methodologies capable of describing
the evolution of a quantum system at all times, we have to identify the central
role played by the Hamiltonian observable, which incorporates the internal
structure of each free and independent element of the system together with
their mutual interaction. Starting from the definition of these two separate
contributions, the resolvent (2.1) will be characterized as a geometric series,
so requiring the introduction of a norm to determine the convergence domain.
The required operator norm corresponds to the sup norm [40, 45, 112, 128]:

, (24)

IG@), = sup |G| = sup Z%E
o=t Eeo(th

where in the second equality ||G(z)1,b|| = (Y|G(2)y) is applied [80] and o(H)
has to display an Hausdorff topology, that is any two distinct points have
disjoint neighborhoods [128]. The Hamiltonian is conveniently separated as
H = Hy+ Hin, where Hj represents the free Hamiltonian and Hj,; the interaction
part. Introducing the free Hamiltonian resolvent as Gy(z) = (z — Hp)™, the
relation [25, 40, 45]

G(2) = Go(2)(1 + Hin:G(2)) (2.5)

is solved by iteration, yielding the Dyson-Neumann expansion

G) = Go(2) ) (HinGo@)". (2.6)
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The absolute convergence of this geometric series regards the domain satisfying
[|Hintlloo < ||G0(z)||;,1 = infroeq,) |Z - E(°)| [40, 45], which is physically associated
with the interaction strength and energy scales of the system.

2.2 Schrodinger equation

The Schrodinger equation [119] determines the dynamics of closed quantum
systems, defining a one-parameter unitary group whose generator is a self-
adjoint Hamiltonian [69, 112, 128]:

i S o) = ). @7)

The solution of (2.7) for |Lp(t =0)) = |gb0> is written as |yb(t)) = U(t) |gb0), where
U(t) = e M. In the general case, the evolution operator from # to t reads
U, +') = UUt () [25]. From now on we will consider natural units, as made
in Section 1.1.

We can interpret the unitary transformation as a single-variable function of
the Hamiltonian, such that, exploiting (2.3)

U = - Sﬂdz e (2.8)
2n)r  z—-H’ '
sgn(Im z)co '
Giz)= —i f dt el (2.9)
0

for t > 0 [40, 45]. This notation enables us to introduce the notion of forward
and backward propagator [25]. For Im z > 0 and t > 0 the convergence of (2.8)
is related to a contour I called the Bromwich path. Its definition aims at the
inclusion of the spectrum o(H) inside the contour just for positive times, thus
naming the associated (2.9) forward propagator. In this way a Fourier-Laplace
transform is implemented along an horizontal path lying above the real axis
corresponding to the constant Im z, then closing the contour to ensure conver-
gence in the lower half-plane. Viceversa for t < 0 the backward propagator
is linked to a closed contour in the upper half-plane, without including any
singularity of the spectrum [40, 45]. Attributed names consisting in retarded
and advanced Green’s functions are motivated because of a non vanishing
contribution just for positive or negative times [25].

The property of Fourier-Laplace transform concerning convolutions [40, 45]

Go(2)G(z) «— fo dt Uy(t — t)U(7), (2.10)
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where Uy(t) = e, is applied to (2.5) to obtain

U(t) = Uo(t) — i f dt Uy(t — 7)HincU (7). (2.11)
0

The complete treatment involves the Dyson-Neumann expansion (2.6), which
is better suited in the interaction picture, where Green’s functions read V(t) =
Ug (H)U(t) and the evolved interaction term H;,(t) = U(J; (t)HintUo(t) runs accord-
ing to the free evolution [54]. Using V(t) we can express (2.11) as

Vi) =1-1i f d7 Hin(7)V(7), (2.12)
0

consisting in a Volterra equation, whose iterative solution yields the Dyson’s
perturbative expansion

(S t T1 Tn-1
V(t) = Z(—i)n dry dzy --- dt, Hint(T1)Hine(72) - - . Hint(T1)
e 0 0 0

= T e fot dr Hint('f)’ (2.13)

where 7 represents the time-ordering of operator products, required by the
absence of commutativity at different times [40, 45, 106].

2.3 Survival amplitude

The quantization procedure presented in Section 2.1 is applied in functional
analysis to the implementation of a projection-valued measure, defined as a
map P from elements of a Borel o-algebra (2 C RR to the algebra of bounded
operators P((2), with respect to a norm like (2.4). These operators have to satisfy
orthogonal projections properties P*(Q) = P(Q), P*(Q) = P(Q2) and the follow-
ing conditions: (i) P(@) = 0 and P(R) = 1, (i) Y., P(Q,) [¢) = P (U, Q.) |¢) for
every [ip) € 5, with Q, N Q,, = @, n # m [69, 112, 128].

In order to introduce the spectral theorem based on the uniqueness of the
projection-valued measure for a self-adjoint operator, it is necessary to define
the resolution of the identity associated with each projection-valued measure

P(A) = P((=o0, A]), (2.14)

which is an orthogonal projection. For every distribution function u(A) =
(YIP(A)|Y) there is a unique Borel measure 11,(Q) = (Y|P(Q)|y), such that the
integration

H= fR AdP(A) = Z]: E;P(Q)) (2.15)



2.3. Survival amplitude 27

is uniquely determined with respect to the projection-valued measure [69, 128].
The holomorphic functional calculus presented in Section 2.1 preserves the
spectral mapping theorem, such that o(f(H)) = f(o(H)).

The inversion of the map (2.15) is expressed by means of the resolvent (2.1),
whose quadratic form corresponds to the propagator of |1/1)

Go(a) = WICEN) = [ —duul) @16

known as the Borel transform of the measure 114,(A) [128]. This Herglotz function
maps holomorphically the upper (respectively lower) half-plane to itself [92,
128]. The reconstruction of the measure is provided by the inversion formula

. 1 A+0 '
py(A) = lim — N dE Im (Gy(E +in)), (2.17)
called spectral measure corresponding to |z,l}) [53, 128], whose integrand rep-
resents the spectral density, a byproduct of the Herglotz functions property
G;(z) = Gy(z") analyzed in Section 3.2.2.
The propagator (2.16) covers a central role in the definition of survival
amplitude, as expressed in (2.8):

ay(H) = (WIUEY) = ﬁ 9§ dz e G, (2), (2.18)

where the introduction of (2.16) and the application of residue theorem yields
ay(t) = f dA @y(A) e ™, (2.19)
R

with the spectral density defined by du (1) = @y(A)dA, with supp (cDLP) = o(H).
The unique decomposition with respect to the Lebesgue measure reads:

duy = duy +dpy +d), (2.20)

where dy represents the component absolutely continuous with respect to

Lebesgue measure, while du and dpz}p compose the singular component sup-
ported on sets with zero Lebesgue measure, respectively known as singular
continuous (e.g. devil’s staircase on Cantor set) and pure point (e.g. cavity
field) part [69, 112, 128]. In the development of Friedrichs-Lee model simula-
tors we will not meet the singular continuous component.

The same decomposition holds true in the direct sum form for Hilbert
spectral subspaces and in the set union form for the different kind of spectra
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[69, 112, 128]. In absence of the singular part, the Riemann-Lebesgue lemma

ensures
lim ay(£) = 0, (2.21)

t—oo
which constitutes the definition of quantum unstable states, conforming to
the interpretation of infinitely long return periods in Poincaré recurrences [40]
mentioned in Section 1.1.

2.4 Fermi golden rule

Transition amplitudes are extensively used in scattering and decay theory [45],
defined similar to the survival amplitude (2.18), but the matrix element involves
different initial and final states, that we will indicate as |i) and |f), which we
consider to be eigenstates of Hy with eigenvalues E; and E, observed at time t;
and t, respectively.

Starting from (2.11), the perturbation theory is developed, with important
hypotheses about time scales, which require a careful treatment. Let us consider
terms up to the second order in H;, in the expansion of the integral equation
solution:

U(tr = t:) = Uy (b — t:) + i u® (¢ - t;), (2.22)
n=1

where the dipendence just on time separation of

t
u® (t - t;) = —i ft lar (tr = 7) HintU" (7 = 1), (2.23)

is allowed by a time independent operator H. The presented result provides
scattering matrix elements:

Sy = < f|u( b - ti) | i> _ o-i(Epty=Eit) [6f,i + i S}'Z?J, (2.24)
n=1

whose diagonal part represents survival amplitudes and the first term reads:

ei(Ef—E,')tf _ e_i(Ef_Ei)ti

O _ _ |
Sf,i = — (fIHinl?) E;—E; . (2.25)
Choosing initial and final times tf = —t; = t/2 symmetrical with respect to the

origin, it is possible to write the result in term of the function
sin (E; — Ei)t/2

n(Ef - E)

o (Ef - Ei) = (2.26)



2.4. Fermi golden rule 29

which, since f dE 64(E) = 1, represents an approximation of the Dirac delta.

This function characterizes each term in (2.24) because of the free propaga-
tor at both ends of the iterated kernel in the integral equation solution, thus
providing the expression of the S-matrix:

- )|
j#i !

Sp; = e i(E+E)S [5 i — 2mi &, (Ef - E;)

(2.27)
which will be discussed at all orders with Feynman diagrams in Section 2.5,
while in this analysis we will retain terms up to the first order [25].

To obtain the Fermi golden rule we need to introduce the notion of density of
states, strictly related with an absolutely continuous part of the spectrum, e.g.
photons belonging to a bath in the three-dimensional space. Let us define the
subspace associated with this part of the spectrum as D C IR?, with generalized
eigenvalue equation for states Hylk) = w(k)|k), k = (ki,k, k3) and (k|k") =
[T, ok, — k7). We introduce the survival probability as the square modulus
of the amplitude (2.18), but here expressed according to states normalization
condition:

Pi(t) = lai(BF = 1= Poi(t) = Y Pji(t), (2.28)

J#i

where in Pj;(t) = |( j|ll(1f)|i)|2 the index j labels remaining eigenstates associated
with the singular spectrum components, e.g. excited states of a multi-level
system, while Py ;(t) = ﬁ@ d’k I(k:IU(t)Ii)IZ. The transition probability obeys the
integrated squared modulus of the first order S-matrix element:

Poi(f) ~ 47 f A3k [(k|Hindi)* 62 (w(k) — E)). (2.29)
D

Considering for clarity that the point spectrum includes only the initial state,
the completeness relation reads

i) G| + f A3k |k) (k| =1, (2.30)
D

which, inserted in the Hamiltonian variance, yields

i

(aR?), = (il i) - (iHI)* = f &k (el Hindlid) (2.31)
D

Applying the expansion for 6(E) 7 5, the survival probability reads

Pi(t)=1-Pp,(H) ~1-£ <AH2>i, (2.32)
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thus defining the Zeno time 17 = (AH?); " [40, 45]. For t > i.—’?

f &k f(k) 63w(k) ~ E) ~ f &k f(k) 6 (k) - E), (2.33)
D D

2m
valid for arbitrary integrable functions f(k). This result enables one to express
the survival probability in this time range as

Pi(t) ~1-Tit, (2.34)

where
I =2n f &k [(klHnd)P 5(w(k) - Ep) = 27(E) (2.35)
D

is the transition rate that defines the Fermi golden rule [40, 45], with

(E) = L &k [(klHimlidf 5((k) - E), (2.36)

proportional to the density of states around the initial energy E; in the assump-
tion of interaction Hamiltonian matrix element independent on the final state
on-shell energy. The approximated form (2.34) of the survival probability is
valid provided

27 1

E, <t T (2.37)
Considering I'; as a constant transition rate leads to the exponential approxima-
tion P;(t) ~ e”!i* of the transition probability. The exact description of dynamics
at all times requires a non-perturbative approach, based on the renormalization
implemented by the self-energy function in Section 2.5. The object presented
here as proportional to states density in (2.36) will be formally introduced as
a spectral density associated with a Borel transform, as made in (2.16), and
the Fermi golden rule (2.35) will emerge as propagator poles approximation in
Section 3.2.1 [40].

2.5 Diagrammatics and Self-energy

Among the techniques based on Feynman diagrams we are interested in the
representation through vertices of the operation of indices contraction between
matrices. As presented in Section 2.1 this operation may involve integrals,
instead of sums, using characteristic values belonging to a continuous spectrum
[33]. For clarity we will start the discussion in the framework of discrete spectra
[25, 40, 45]. These two cases are related by considering the system enclosed
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in a finite-size cavity, thus imposing a discrete spectrum, while in the infinite
volume limit a discrete spectrum part can merge in a continuum [40].

We will follow the notation of Section 2.4, indicating with |i) the initial
state whose survival amplitude (2.18) requires the expression of the propagator
(2.16), expanded according to the Dyson resummation procedure [38]. With
this aim, we introduce the free propagator and the interaction Hamiltonian
matrix: 1

G} (2) = (IGo(2)li) = o Hy\ = (CHindf), (2.38)

1
which are required to define the edges of the diagrammatic representation and
the vertices connecting them, respectively as shown in Figure 2.1(a). With
the imposition that sums for an index in contraction, for intermediate free
propagator of a state different from i, do not cover the value i (j, ¢,--- # i), it
is possible to explicitly compute the diagonal matrix element G;(z), using the
Dyson-Neumann expansion (2.6):
Gi(z) = G + GMHILGY + Y GPHL GOHJA GY + GYH! GYH G

int 1 int /" Tint 71 int~i" Tint i

j#i
i, 24 i 1, 1 i
+ Z GOle{tG?Hl]ntGOantG? Z GOle{tG?HljntG?HintG? (239)
Jib#i j#i
+ Y GMHI GMHY GUHI GY + GYHE! GYH G GY +

j#i

where the index i is not contracted and the dependence on z is related to free
propagators [40, 45]. The summation of these terms is characterized by a self-
similar structure, which allows to rearrange them as:

Gi(z) = G |HiA, + HJ GYH + Hy GPHILGIHL, + ... | G (2.40)
+ GO M, + GO, + ] GO [HY, + HGIHE + .. G0+
thus obtaining (2.5) once the self-energy function
Yi(z) = HY + HY GYU2)H + HY! GO(2)H) GAUz)HL + . (2.41)

int~; int~;

is introduced. The self-energy is characterized by the relation:

Gi(z) = G)(2) + G)(2)Zi(2)G)(2) + G)(2)Zi(z) G (2) Zi(2)GY(2) + . ...
= G)(2) + G)(2) Zi(2)Gi(2). (2.42)

This algebraic equation, whose solution is the renormalized propagator:

1

Gi(z) = 2L - 52

(2.43)
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is the fundamental tool of non-perturbative methods [40, 108]. Given the
characterization of the propagator as a Herglotz function of Section 2.3, the
same property holds true also for the self-energy function, i.e. Z;(z) = Z.(z).

It is possible to drastically simplify the self-energy expression (2.41) adopt-
ing the off-diagonal decomposition [40]. It starts by defining the projector on
the initial state |i), supposed to be an eigenstate of Hy, and the orthogonal
complement

P =1, Q=1-P (2.44)

such that all diagonal contributions of the interaction are absorbed in the fol-
lowing decomposition of the total Hamiltonian:

H=H)+H,,, (2.45)

where
Hj = PHP + QHQ = Hy + PHi.P + QHintQ, (2.46)
Hi,, = PHQ + QHP = Hint — PHintP — QHintQ, (2.47)

with the right-hand sides deduced by the diagonality of H, with respect to
the (P, Q) decomposition. The initial state represents still an eigenvector of Hj,
with its eigenvalues shifted by Hﬁiv as well as eigenvectors belonging to the
complementary subspace.

The rearrangement of interaction terms imposes that the only nonvanishing
off-diagonal elements of ant are those between |i) and |j) with j # i, such that for
every j,{ # i we have < j|H§nt|€ > = (. From now on, we will drop the superscript
and include in the definition of H, all the diagonal part of interactions, thus
absorbing the Coulomb self-energy presented in Section 1.2.

The self-energy in (2.41) is so reduced to just its second order term:

i

Zi(z):Z mtl f ag S (2.48)

z—E; z—E
where the spectral density, mentioned in Section 2.4 as a states density, emerges
as subjected to a Borel transform:

K(E) = Y [(lHmdi)] 0(E - Ej), (2.49)

J#L

with supp (x;) = o(H), in this case associated with a discrete spectrum, but
generally supposed to be lower bounded [40].
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Figure 2.1: The cross in panel (a) represents the interaction Hamiltonian matrix
in the eigenbasis of the free Hamiltonian H,, with legs corresponding to the
indices. In panel (b) the recurrence relation (2.42) is represented diagrammat-
ically: the thin edge corresponds to G)(z), the thick red edge to Gi(z) and the
circled cross to the self-energy (2.41), shown in (c), whose legs are related to the
matricial form of the level shift operator (2.57) and where dashed edges stand
for G?(z) with j # i.

2.6 Projection of the resolvent in a subspace

In the following we will consider sets of identical two-level emitters, coupled to
a guided field. The analysis of the evolution of their excited states will require
the extension of the results obtained in Section 2.5 to the case in which P is the
projector on a degenerate eigenspace of Hy. The starting point resides in the
straightforward identity

(z—Ho — Hint)G(2) = 1, (2.50)

following from the definition of resolvent. Multiplying it by P or Q to the left
and by P to the right, inserting the completeness relation P + Q = 1 before G(z)
and exploiting the idempotence property, one gets [40]

(z — PHP)PG(z)P — PHin!QQG(2)P = P, (2.51)
—~QHPPG(z)P + (z — QHQ)QG(z)P = 0. (2.52)

The solution of the latter, involving transition amplitudes in the complementary
subspace of the degenerate one, reads

. Q
QG(2)P = " OHO Of QHthPG(z)P, (2.53)
which, inserted in (2.51), provides
z — PHP — PH; t—Q HiP | PG(z)P = P. (2.54)
"z-QHQ "
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We can invert the expression (2.43) to obtain the restriction of the resolvent to
the subspace of the initial states, spanned by P:

p
PC@P = R P = PR@)P’ (2:55)
with the level shift operator R(z) determined by
R(Z) = Hint + HintLHint- (256)
z-QHQ

It is possible to apply a perturbative expansion to recover the diagrammatic
expression in Figure 2.1(c)

Q v Hm Y Q
R(z) = Hin+ Hin 5 Zé (Z - QHOQ) QHi = Hine + Hin—— 515 R (),
(2.57)
where, considering the one dimensional case P = [i) (i| of Section 2.5, itis evident
that intermediate states must be orthogonal to |i). Considering the off-diagonal
decomposition, the coupling among the latter vanishes, thus yielding

Q
R = Hji + Hoi———Hing, 2.58
() t ol (2.58)
such that in the aforementioned one dimensional case (2.48) is recovered [40],
with

Li(z) = (iIR@)7) . (2.59)



Chapter 3

Single emitter decay

If our small minds, for some convenience,
divide this glass of wine, this universe, into
parts — physics, biology, geology, astron-
omy, psychology, and so on — remember
that nature does not know it!

Richard Feynman,
"The Feynman Lectures on Physics"

Decay phenomena targeted in our quantum optics framework are included
in the absent unitary dynamics for the reduced qubit system once the elec-
tromagnetic field is traced out. This lacking of a self-adjoint Hamiltonian as
generator translates in energy eigenvalues that cease to be real and thus re-
quire to be associated with generalized eigenfunctions that are no more square
integrable. Unstable states defined by (2.21) perfectly match with this condi-
tion, because aformentioned complex eigenvalues cannot belong to the singular
spectrum.

A complete characterization through propagator poles will be given, under-
lining the resulting Fermi’s golden rule from the self-energy series expansion
around the bare energy gap. For increasing coupling values a not decay-
ing eigenstate emerges outside the continuum as a non-perturbative effect in
waveguides.

3.1 Selection rules

A multi-level system coupled with the electromagnetic field is already pre-
sented in its basic ingredients in Section 1.3. Here we will discuss more de-
tailed insights about the dipolar approximation. To understand the generality

35
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of this framework, we will start from the three-dimensional case [3, 21]. Let us
consider (1.59) in its explicit form

e h dSk ik-rg —ik-r
Hu= o [ o L) plae et s abibo ] 6)

where from now on we will omit the superscript (dip). The commonly quantized
hydrogen-like atom orbitals are labelled as |1, £, m), respectively the principal,
angular and magnetic quantum numbers. Considering Heisenberg equations
of motion for relative coordinates, approximated by the electron ones in Section
1.3, we can substitute the momentum operator with the position operator in
each matrix element GZ;KETW =|n,{,m)y{n’,t’,m’| associated with internal degrees

of freedom [131], which implements transitions between energy levels:

(nc

where A,,,, =

Z@ n’,f’,m’> " <n ¢, m|[ a T ]|n’,{f’,m’> =il (n, €, mlrin’, ,m’),
(3.2)
(l - nl—z) represents the energy shift between considered

n’2

Z2¢*m,
327’[263712
states, with Z the atomic number. The decomposed of circular polarization
according to spherical basis unit vectors reads

™ forg =+,

= V2
e(k) = (e (k) e-(k), (k) = [eg(k)| X {ﬁy forg = — (3.3)

where we assume that the dependence on k is related just to the modulus.
According to atomic internal degrees of freedom the interaction matrix assumes
the following form:

<n, L, m| ; &:(’26' p

n,l,m
with <T_q>n, oo = < 7ty
in the sphefiéal basis r = (r4,7-) exploit spherical harmonics Y}'(f2) = (f|(, m),

with |72) for polar and azimuthal angle coordinates representation

r, = r\/EYq(n) (3.5)

where g = £1, such that following (1.62) the dipole matrix reads:

/47’(
ntm  _
Dn/g/m/ =e 3

1’1/, f,, m > Z,fgrm, 1An n’ Z( 1)q5q(k) < >n’ o GZ {)t’tnm”
(3.4)

m’> and where radial position components

Z( 1), (k) (n, €, m|rY; (7 ') (3.6)

q+
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Further elaborations of this expression require the explicit integration in the
three-dimensional space of the sandwiched factor, separated in its radial and
angular part. The latter leads to the introduction of Clebsch-Gordan coeffi-
cients, which impose selection rules A¢ = 0, +1 and Am = +1,0, where vanish-
ing variation in both is forbidden, holding true for targeted dipole transitions.

The dipole matrix shows vanishing diagonal elements if the interaction
Hamiltonian is parity invariant. In general for a unitary parity transformation
P, its eigenvalues are +1, so P? = 1. It reverses both position and momentum:

PrP =-r, PpP = —p, (3.7)
as for photons momentum, such that the invariance reads:
PHineP = Hint, (38)

holding true with our choice of momentum dependence just in modulus of
circular polarizations in (3.3) if |e(k)| = |e(—k)|, while the sign is opposite for
remaining vectorial quantities. Spherical harmonics implement the sign change
for atomic orbitals:

(rlPln, £, my = (~rln, ,m) = R, ((r)Y}(=7) = Ry e(r)(=1) Y} (), (3.9)

because we can reverse just the direction. In general if we are dealing with
nanostructures presented in Section 1.4, the eigenvalue equation Ple) = +|e)
implies:

(elple) = (e[P*pPe) = — (elple) = 0. (3.10)

A higher precision in the determination of dipole matrix elements is achiev-
able including the spin quantum number, while for applications described in
Section 1.4 atomic orbitals should be replaced by molecular ones and predic-
tions of band theory [87].

3.1.1 Approximations summary

The interaction Hamiltonian (3.1) involves the whole set of degrees of freedom
characterizing the problem, represented by internal states, translational (center-
of-mass) and electromagnetic field degrees of freedom. This means that the
global system Hilbert space is spanned by the vectors

IPo) ®|7) ®1k1,€1;...; kN, €N), (3.11)

where py is the center-of-mass momentum, j is a general multi-index for inter-
nal states and (k, €) are momentum and polarization of each photon character-
izing the n-photon basis (Fock) state. The transition between internal states is
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accompanied by a recoil of the center-of-mass, implemented by
e* 70 |p) = |py + fik) . (3.12)

The center-of-mass momentum translation is linked with the multipole expan-
sion in the original frame [45]

(k-r)°
o +...,

e*T =1+ik-r— (3.13)
where the second term is associated with dipolar transitions discussed in Sec-
tion 3.1, while higher order terms employ selection rules with larger variations
of angular momenta.

Following the approach of Section 1.3 we can estimate the orders of mag-
nitude exploiting an approximate description. The fine structure constant,
defined as

M (3.14)
 4meghc ~ 137’ '
plays a central role in the expression of Bohr’s energy levels
Z?ahic Z%a*m,c?
E,=- = - , 1
2ayn? 2n? (3.15)
where Bohr’s radius, introduced in Section 1.3, reads
4megh? j
g = 20 _ (3.16)

e2m, am,c’

These quantities allow us to evaluate the relative ratio of multipole expansion
terms, starting from the observation that emitted and absorbed radiation by
atoms has a large wavelength compared to the atomic orbital extension ay.
Considering a linear dispersion relation w(k) = ck, the wavelength for a generic
transition is well estimated from (3.15) for a small principal quantum number

by (azmec)_l, such that |k - 7| ~ a < 1 [45]. Instead, for high energy transitions,
an explicit dependence on Z and 7 has to be taken into account.

Our one-dimensional embedding, mainly referred to waveguides, is still
described by (3.1), but two of the three continuous degrees of freedom for
photons momenta become discrete to label the waveguide modes. As already
introduced in Section 1.4 our model will deal with just the lowest energy mode,
selected through an adequate choice of the energy gap characterizing quantum
systems, approximated as endowed with just two-levels.
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Figure 3.1: Pictorial representation of the atomic transition between the excited

state |e) and the ground state | g) coupled only to the lowest energy mode of the
waveguide, whose profile is shown in red.

3.2 Spontaneous photon emission

The study of typical properties for the qubit of our one dimensional platform
has to characterize first of all the single coupled two-level emitter. Dipolar and
rotating wave approximations presented in Section 1.3 enable us to map the
QED dynamics onto a Friedrichs-Lee Hamiltonian in the one excitation sector,
in which states take the form (1.17). The main issue concerns the identification
of the form factor, whose solution is written in (1.76) and where the bosonic
algebra introduced in (1.63) appears. Adopting from now on natural units, the
field model is ruled by the following Hamiltonian

H = Hy + Hin, (3.17)
Hy=¢e0"0™ + f dk w(k)b'(k)b(k), (3.18)
Hine = f dk [F*(k)b(k)a* +F(k)b+(k)o‘], (3.19)

where the emitter is placed in the origin xy = 0 and the form factor reads

_ Y
F(k) = | T (3.20)

It is possible to recognize the off-diagonal decomposition presented in Section
2.5, because the interaction is not endowed with a diagonal part in the adopted
basis (1.17) for the one-excitation sector. The expression of the self-energy is




40 Single emitter decay

obtained through the eigenvalue equation:

Ea=ca+ f dk F(K)E(k), (3.21)
EE(K) = w(k)ER) + F(ka, (3.22)

whose solutions are related to the kernel of the inverse propagator associated
with the initial excited state of the qubit

G'(B)a=(E-&-Z(E)a=0, (3.23)

where the self-energy for the initial excited state reads

I A 25T
Z(E) = I . dkE_w(k). (3.24)

In this case, we have a straightforward extension of (2.48) for a continuous
spectrum, associated with propagating photons. The absence of eigenstates
immersed in the continuum is signaled by the integrand divergence for real
energies in E = w(k) not compensated by a vanisking spectral density, formally
presented in Section 2.5. As explained in Section 3.2.1, this translates in a not
vanishing imaginary part for the self-energy in proximity of the real axis.

In the case of an atom coupled to a waveguide mode, with dispersion

relation w(k) = Vk? + m?, one obtains the spectral density

)4
7t Vw? — m?

characterized by a square-root divergence at the lower bound of the absolutely
continuous spectrum.

An explicit expression for the self-energy (3.24) for waveguide QED is
achieved employing the analytical continuation to the complex k plane of the
integrand function:

Ke(w) = Xm,o0)(@), (3.25)

,y +00 1
2e(2) = —f dk .
21t Joe VK2 + m? (z - Vk* + m2)

Notice that X.(z) is well-defined only if Im(z) # 0 or Re(z) < m. We define
a semicircular contour C, = {pei¢ I € [0, n]} of arbitrary radius p, lying in the
upper half plane, such that the integration contour I', = RUC, UI'S*, where I')"
represents the contour sorrounding the cut of the complex plane along [im, ip),

(3.26)
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Figure 3.2: Integration contours (red) in the complex k plane for the computation
of the integral in (3.26) with Im(z) > 0 (left panel) and Im(z) < 0 (right panel).

shown with the reversed orientation in Figure 3.2. In the limit p — oo, the latter
is involved in the following identity:

)4 1 )4
Ze(z) = —56 dk — —I.uw(2), (3.27)
‘ 2ndr. VR +m? (z - Vk2 + mz) 2n
where I.,+(z) represents the integration along I'Y, inversely oriented with re-
spect to Figure 3.2.
The residue theorem provides the first term in (3.27),

li N2z’
e 0, Re(z)<0

k=>VZ-n? Nk 4+ m? (22 —m? — k?) V2N

(3.28)
where we considered V22 = sgn( Re(z)) z. The result (3.28) holds true for
Im(z) > 0, while the opposite is obtained otherwise. Let us introduce the
notation:

(k—\/zz—mz)(z+ k2+m2)_ 7+ V22 _{ =L Re(z) >0

T% (k) = lim 1

R N oy el N ety el ¥

where +/(iy + 0%)> + m? = +i+/y? — m?, such that, integrating along the cut:

(3.29)

2z

lu(2) = f Ak (T 0~ T b) = [ ay e
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The self-energy in (3.27) is characterized by a "pole" and a "cut" contribution:

Z(2) = Z°@) + £(2) (331)
—iy @( Re(z)) ~ vz sgn( Re(z)) foo 4 sgn( Re(z))
N T

= sgn( Im(z))

with the second term integral

o Sgn< Re(z) sgn( Re(z))yz oo
arctanh | — ’
m m(mZ—y —Z2 m \/y _mz\/zz_mz
(3. 32)
yielding
cutpy — Y sgn( Re(z)) Sgn( Re(z)) z— V22 —m?
B = R m , (33

where Re (sgn( Re(z)) z— Nz2 - mz) > 0 for every z.

3.2.1 Analytical continuation

The inverse propagator (3.23) is generally defined for a complex energy z,
according to which unstable or metastable states are endowed with a lifetime
shorter or longer than the non-interacting one and thus cannot be characterized
as stable steady eigenstates. Poles of the propagator (2.16) are associated with
real eigenvalues in the case of eigenstates, while complex poles z, = E, — iy, /2
in the second Riemann sheet of the propagator yield the decay law (2.18).

The first procedure involves distribution limits [40, 95] in the following form

E,-—w P.V.

lim = ) 3.34
yﬁm@ —wP+724 " Ey-w (3.34)
lim Yy = 218(E, — w), (3.35)

70 (E, — w)? + y2/4

where P.V. stands for principal value. The absolutely continuous part of the
Hamiltonian spectrum is not modified by the interaction with a discrete spec-
trum [53]: the complex plane associated with the integration in (2.18) is en-
dowed with a cut lying on the real axis corresponding to this part of the spec-
trum. In the case of a waveguides mode the branching point is at z = m, with
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a branch cut extending to z — oo, such that the Sokhotski-Plemelj formula [40]
reads

X (E+i0%) = fda) _Ke& = fda) E;f(g—(:))—a) F infda) Ke(w)O(E (— a)),)
3.36

where f =DP.V. f for the principal value integral. Thus, the discontinuity at the
cut reads
Z(E —i0%) = Zo(E +10*) = 2mix.(E). (3.37)

The analytical continuation of the self-energy in the lower complex half-plane
is based on the imposition of continuity Z,(E + i0*) = ZI(E — i0*) yielding

2yi
2z 2’

immediately leading to the analytical continuation of the inverse propagator

IM(z) = Z.(2) — 2miK,.(z) = Zo(z) — (3.38)

-1
(GY) @=z-c-Zl. (3.39)
The definition for its kernel is a straightforward extension of (3.23), providing

z,=E, - i% = £ + 5,(z,) — 27k, (z,), (3.40)

decomposed for real and imaginary part as

E, = ¢+ f dw W +2nIm (i(z,)), (3.41)
o

14 (W)

7’”(“ f dw |Z:_“)w2] = 21 Re (1.(z)))- (3.42)

These expression can be treated by means of different perturbative approaches,
to obtain the results presented in Section 2.4. Considering first order terms
in the expansion with respect to the spectral density (hence, to the squared
coupling constant) yields

E,=c+ JC dw —?fwaz +0(?), (3.43)
vy = 2mi(€) + O(%), (3.44)

where the latter equation corresponds to the Fermi golden rule (2.35).
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Figure 3.3: Representation of the complex plane with the branching cut and
radius of convergence of the Breit-Wigner expansion (3.45) in (a). Trajectories
of the pole z, for the waveguide model in (b), given by numerical solutions of
(3.40) associated with the variation in ¢, while graded colors refer to couplings
y=nx10™m?, vy =2n x 107*m?, y = 3n x 107*m?, y = 47t X 10~*m?.

The second procedure is called the Breit-Wigner approximation [40] and it
involves a series expansion of the self-energy function around the bare energy
d ZH

Iz) = M (e —i0%) + —= (z — &) + O(?). (3.45)
dz lz=e-io*
The radius of convergence r. = ¢ — m coincides with the distance from the
singularity at the branching point, as shown in Figure 3.3(a). In the weak-
coupling limit, the pole lies inside the convergence region |zp - z—:| R ye L1,
such that the condition defining the kernel of (3.39) is expressed as

dxz,
z,—e=X, (e +i0") + e N (z—¢) +0(G?), (3.46)
where we exploit the continuity between X!(z) and Z,(z) along the branch cut.
Considering only the first term of the Breit-Wigner expansion and using its
expression according to (3.36), level shift (3.43) and Fermi golden rule (3.44) are
obtained.

3.2.2 Weisskopf-Wigner approximation

In Section 2.3 we already presented the propagator as a Herglotz function,
whose property entails the expression (2.17). Let us apply (3.37) to the propa-
gator:

G.(E - i0%) — G.(E + i0%) = 2ri@,(E), (3.47)



3.2. Spontaneous photon emission 45

obtaining the spectral density [40]
@.(E) = S (G(E +i0")) (3.48)
e o e s .
whose sign is an overall phase with no physical meaning with respect to the
Fourier transform (2.19) of the probability amplitude it is associated with. An

explicit expression for this density is achievable using (3.36) to identify real and
imaginary part for the self-energy:

Z(E +i0%) = AJE) ¥ %FE(E), (3.49)
which also admits operatorial expressions [25, 40] following (2.58)

Q 3 Ke(w)
e> = fda) s (3.50)

thint
HinQ 8(E - QHoQ) QHn¢) = 2(B).  (351)

Hin

AJE) =P.V. <e

I.(E) =27 <e

Here we exploited the off-diagonal form of (1.18) with respect to P = [e) {¢| and
Q = 1 - P. The introduced notation allows us to obtain the interesting explicit
form of the spectral density:

1 _ T(E) 1
i - P 27
E—¢- AE(E) + Ere(E) 27 (E —e— A@(E)) + (@)
(3.52)
consisting in a Lorentzian distribution with energy-dependent coefficients,
whose variation within the peak affects the decay time behavior. In the limit of

constant coefficients, not varying with respect to their value corresponding to
the bare energy, a pure exponential decay is observed, given by:

®.(E) = —% Im|

I.(¢) 1
27 (E—e = ALe)) + ()

oB"(E) = (3.53)

known as the Breit-Wigner spectrum. The purely exponential decay is obtained
by integrating (2.18) with the approximated spectral density (3.53), neglecting
other poles and the branch cut contribution, which causes large-time power-law
behaviors. This procedure is equivalent to the approximation

1 1
z—e-XNz,) z-2z’

Gl(z) ~ (3.54)
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Figure 3.4: Behavior of the plasmonic eigenstate excited state amplitude (red)
and exponentially localized photon wavefunction (blue) with ¢ = 1.1 m with
respect to a variation in the coupling constant y.

where the equality holds true by (3.40). Weisskopf-Wigner approximation thus
describes a pure exponential behavior a(t) = e™#f, without short and long time
corrections [40].

The photon dissipation associated with the decay of a single two-level emit-
ter in a single-mode waveguide is described in Figure 3.3(b) concerning inter-
mediate time scales, where the exponential approximation holds. Even if the
rich analytic structure linked with the branch cut is not considered, variations in
the decay rate are observed, whose knowledge requires the complete treatment
moving near the energetic cutoff for propagating photons.

3.2.3 Plasmonic eigenstates

The key role played by the form factor strongly influences perturbative and
non-perturbative system dynamics. In particular eigenstates associated with
evanescent field modes, with energy below the threshold m can emerge. Such
states are characterized by the photon exponentially localized near the quantum



3.2. Spontaneous photon emission 47

emitter and are named "plasmonic" [26]. This fast decrease property of the
photon wavefunction is essential to ensure the global state normalizability.

Let us start with the singularity condition expressed by (3.40), where the
analytical continuation is based on the spectral density «.(E), characterized by
a support on the real axis starting from the threshold m, like the self-energy
imaginary part I'.(E). This means that poles associated with evenescent modes
below the cutofflie on the first Riemann sheet and are real because Im (XZ.(E)) = 0
for E < m, so representing eigenstates.

An analytic expression of the energy of plasmonic modes is achievable by
considering in (3.31) the real cut contribution, such that (3.32) becomes for
energies below the cutoff,

Tt + 2 arctan (

2n Nz

The singularity condition E — ¢ = X$"(E) is translated into the intersection of
the straight line E — ¢, with ¢ > 0, and the monotonically decreasing real self-
energy, yielding a single simple pole. This solution is displaced by an increasing
distance from m for increasing coupling y and fixed ¢, while a reversed behavior
of these parameters pushes the pole towards m. If the emitter gap is much
larger than the threshold, it is possible to apply a perturbative expansion, thus
providing E = ¢ + X5"(¢), otherwise numerical solutions are required.

In the weak coupling limit the probability to find the excitation settled in the
two-level system vanishes in practice: this is caused by an extremely spreaded
photon wavefunction, because the "penetration depth" is (m? — E?)~/2. Indeed
for y/m? = 1072 and ¢ = 1.1 m in Figure 3.4, we obtain E ~ 0.996 m, where the
state is widely spreaded.

The explicit expression of the photon wavefunction is obtained following
the same strategy of Section 3.2. Using Fourier transform, the position repre-
sentation of the field amplitude reads

Zcut(E)

(3.55)

B \/7 e—ikx
)= ME@W( e

whose contour closure lies in the lower (upper) half-plane depending on posi-

(3.56)

tive (negative) x, which sorrounds a pole in +i Vm? — E2. Including the contour
orientation we obtain

(k +iVm? — EZ) —ikx (E + Vi2 + m2 N
F2mi  lim - S e Rk,
ki VP B2 VI + 2 (B2 — m2 — k2) E

(3.57)
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while the cut contribution is expressed as

oo e ylxl Vi —m? - E)
]cut(xr E) - L ( Cut(E k) ut(E k) \/7f y — mZ(EZ + y _ m2)

(3.58)
where JZ (E, k) = £&0* + iy) e VM and /m? — y? = Jy2 — m? e*™/* along cut

sides. The residue theorem yields these contr1but1ons so the wavefunction in
position representation reads:

£@) = (-a) [\/ L e T E)] : (3.59)

with the cut contribution relevant only in proximity of the two-level emitter,
because of the exponential factor in the integral. The excited state population
is deduced using the normalization condition and (3.22):

al (1 N \/7 2Vm? —E2+E(t+2 arctan(E))]
= 5 ,

(m? — E2)*"?

(3.60)

consisting in an analytic expression defined for E € (—m, m) matching the re-
maining portion of the real line available for plasmonic eigenstates and whose
dependence on the coupling is shown in Figure 3.4 with the red curve, while
the associated photon wavefunction in position representation corresponds to
the blue surface.

The plasmonic eigenstate is non perturbative because it always exists inde-
pendently of the coupling constant, due to the divergent spectral density (3.25)
[26]: the cutoff m represents its asymptote, such that every straight line in the
presented form E — ¢, with ¢ > 0, will have an intersection with X,(E). In this
way the unstable pole, for energies immersed in the continuum, is accompanied
by a plasmonic eigenstate, belonging to the singular spectrum lying below the
threshold.
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Emitters pair: bound states and their
dissociation
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Chapter 4

Entangled bound states generation

Living matter evades the decay
to equilibrium

Erwin Schrodinger,
"What is life?"

The physics of effectively one-dimensional systems is recently attracting in-
creasing attention, thanks to the unprecedented possibilities offered by modern
quantum technologies [115]. A number of interesting and versatile experimen-
tal platforms are available nowadays, to implement an efficient dimensional
reduction [55, 82] and enable photon propagation in one-dimension.

These schemes differ in scope and make use of diverse physical systems,
such as optical fibers [6, 132], cold atoms [36, 88, 146], superconducting qubits [5,
34,73, 89,123,130, 133], photonic crystals [28, 37, 50, 56, 61], quantum dots in
photonic nanowires [13, 113], in cavity [8, 25, 71, 72, 107] and circuit QED [11,
141]. Light propagation in these systems is characterized by different en-
ergy dispersion relations and interaction form factors, yielding novel, dras-
tically dimension-dependent features, that affect dynamics, decay and propa-
gation [124, 125].

A system composed by two atoms in the single-excitation sector provides
the emergence of bound states in the continuum subject to the condition linked
to their distance partitioned by a half-integer multiple of the emitted wave-
length. This optical path selects the parity characterizing the bound state: the
emerging opposition in phase for the atom pair positions provides a destruc-
tive interference for the photon wavefunction lying outside the edge joining
them, thus confining the electromagnetic field. In this sector the Friedrichs-Lee
model is characterized by a self-energy endowed with a compact expression
achievable with Dyson geometric series [41].

51
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Figure 4.1: Pictorial representation of two atoms A and B, modeled as two-level
fixed quantum emitters, embedded in a linear waveguide at a distance 4 from
each other. The atoms have identical excitation energy ¢, and we assume that
the atomic transition between the excited state |e) and the ground state | Q) is
coupled only to one mode of the waveguide.

4,1 Resonant bound states in the continuum

We describe the dynamics of two two-level atoms A and B, situated in an infinite
waveguide of rectangular cross section, with sides L, > L., see Figure 4.1.
When longitudinal propagation occurs with long wavelength compared to
the transverse size, interaction between atoms and field can be reduced to a
coupling with the lowest-cutoff-energy TE; y mode, in which the electric field
vibrates along the z direction and has a sine modulation in the y direction [79].
In this situation, the electromagnetic field is effectively scalar and massive.
The interacting atoms and photons are described, in dipolar and rotating wave
approximations, by the Hamiltonian:

H= Hy+Hin = ¢ (o;a;‘ + agag) + fdk w (k)b (k)b(k)

)4 dk + + i
+ \/; f — b0 + o3bk)e™ + Hee, (4.1)

where ¢ is the bare energy separation between the atomic ground | g) and
tirst-excited states |e), ) is the coupling constant (see Chapter 3), d is the A-B
distance, w(k) is the photon dispersion relation, and b(k) (b'(k)) is the annihi-
lation (creation) field operator, satisfying the canonical commutation relation
[b(k), b* (k)] = 6(k—k’) defined with (1.63). Henceforth, we will focus on the dis-
persion w(k) = Vk? + m? of the TE; y mode in the waveguide, characterized by a
mass m o L,;'. However, as discussed in Section 4.4, our approach is applicable
to a wide class of one-dimensional dispersion relations. The effective mass m
provides a natural cutoff to the coupling. The Hamiltonian (4.1) commutes
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with the excitation number:
N =Ny + f dk b*(k)b(k), 4.2)

where N = 0,0, + 050} is the atomic excitation number. The N = 0 sector is

1-dimensional and is spanned by the bare ground state | 94, gp;vac). We shall
focus instead on the dynamics in the N = 1 sector, where the states read:

)= (oalen g0+ fgnen)@lvee) + g gy el @3)

where |&) = f dk E(k)b' (k) [vac) is a one-photon state as presented in Section
1.1, and the normalization condition holds |a4[*> + |ag|* + f dklE(K)? = 1.

In the small-coupling regime, an isolated excited atom with ¢ > m would
decay to the ground state. In the following we shall demonstrate that, when
two atoms are considered, a resonance effect emerges, yielding a bound state.
Using the expansion (4.3) the eigenvalue equation, H |1/}> =E |1,b>, reads:

Eay = eap+ w/ f k)l/z' (4.4)
é(k)emd
EﬂB = &ap + 4 ’ E dk a)(k)l/z , (45)

B Y as+age
¢l = \N 2nw(k) E—w(k) (46)

The field amplitude &(k) has two simple poles at k = +k = + VE2 — m2. Thus,
when E > m, the integrals in (4.4)-(4.5) are finite only if a, +aze*™ = 0, yielding
kd = vr for v € N. This implies that a bound state can exist only for discrete
values of the interatomic distance d. Moreover, in the first component of such
an eigenstate (4.3), the atoms are in a maximally entangled (singlet or triplet)
state, namely a4 = (—=1)"*'az. To determine the distances at which the bound
state exists, let us first compute the energy eigenvalue

{1\ a—ikd
E—é+l dk1 (-1)'e

2n w(k)(E — w(k))’

where the integral can be evaluated by complex plane integration, as predicted
by the procedure (3.27):

1 - ( 1)v —ikd _ (_1)ve—ikd _ 00 2E (1 — ( 1)V )
J s miEom = P e f V i —E~ )
(4.8)

(4.7)
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The residue contribution vanishes because of the resonance condition, while
the integral evaluated along the cut is estimated according to:

- f‘x’ dy 2 sgn(E) L sgn(E)E + VE2 — m? 2
= Ie) x —,
m AV -2+ —m2)  VE—m? & m m
(4.9)

where the approximation holds true for E—~m < m. The remaining contribution
is exponentially suppressed with the distance. After the resonance condition,
the energy eigenvalue is the solution of

E=e+ - [1 + O(E —_ m) + O(e‘md)] , (4.10)
mr m

whose right hand side corrections are negligible, in the considered small cou-
pling regime, if ¢ — m < m, representing also the condition for a self-consistent
single-mode approximation. This will result as a special case of the ensuing
analysis of the complex poles of the resolvent, as shown in (4.47) and following
ones. Thus, near the cutoff m, a bound state with E > m is present only if the
distance d takes one of the discrete values

2
m:ﬂ,mmk:ﬂulﬁ—w, 4.11)
k mmn
and if the wavenumber kis real (¢ > m—y /mm). We shall discuss in the following
the properties of states with E < m, to which an imaginary wavenumber can be
associated.
To complete the characterization of the bound state, we shall analyze the
atomic populations and the field energy density. The former can be immediately
obtained using the normalization condition on the states (4.3) as

— 91,0 v 1 - (=1)" cos(kd,)
1=2a)P (1+2nfdk OE = w2 ) (4.12)

Where we use the shorthands ag), a(Bv) to indicate the coefficients of the bound
state with d = d,. Defining p, := Iag)l2 + Iag)l2 as the probability associated with
the N, = 1 sector, derived explicitly in Section 4.1.3, one gets:

< (14 v
py X (1 + vn?) . (4.13)

Notice that, despite being apparently of order y, the correction to unity is given
by the ratio between powers of two small quantities, namely the effective cou-
pling constant y/m?, and the wavenumbers ratio k/m. The resulting number
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can be of order one, even at small coupling constants. Observe that the proba-
bility vanishes like k*/v at very small k: this behavior is physically motivated
by the fact that, as the energy approaches the cutoff, the distance between the
atoms must increase to infinity in all bound states. Let us finally analyze the
Fourier transform of the photon amplitude:

0= | =& me* 414
&) \/_ (K)e (4.14)
% ) 7

a'y Yy (=)0 6D ( sin (k(E) |x - (j -
i S (B angen
where neglecting the cut contribution, exponentially suppressed with distance,

) = Jeu = G =

Eo(x) ~ a@) ‘/_ sin (k(E) | ), (4.15)

for x € [0,d,], which turns out to be related to the energy density of the electro-
magnetic field as:

&) ~ & @)P ~ 2 (k) sin(k |x))?, (4.16)

and &,(x) = 0 outside the emitters pair. Thus, the field is confined between the
two atoms, and modulated with periodicity 7/k, with nodes at the positions
of the atoms which act as mirrors. This explains the occurrence of such bound
states for discrete values (4.11) of the interatomic distance.

4.1.1 Entanglement by relaxation

Let us recall that the structure of the bound state is

V) = VP W) ® vac) + |ga, g5) ® 15, (4.17)

wheres = (=1)"*! and |W*) = (ieA, 9p) |gA,eB)) / V2 are (maximally entangled)
Bell states. This is a key feature which enables entanglement generation by
atom-photon interaction. Indeed, suppose thatd = d,: a factorized initial state,

say |¢(0)) = |eA, <) ® [vac), can be expanded into a “stable” and a “decaying”

part as
. _ |Pv _ Py
|eA,gB,Vac) = ‘/_2 Py) + 4 /1 >

Vi), (4.18)
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Figure 4.2: Behavior of the concurrence C = p2/2 of the asymptotic states
pat(00) as a function of the atomic excitation energy, for y/ m? = 21t x 107* and
a factorized initial state. The solid (blue) line, dashed (red) line and dotted
(black) line are referred to the resonant states with v = 1, 2, 3, respectively.

with (gbj

transient of the order of

Yr). After a

Yy )'s lifetime (see discussion in the following), the

%) = 0 and a phase is included in the definition of

atomic density matrix pa(t) := Trfela M(t)) <¢(t)| approaches

2 2
Par(00) = %IWS> (W] + (1 - %) |84, 88) (84, 85|, (4.19)

in which the atoms have a finite probability, determined by (4.13), to be max-
imally entangled. In Figure 4.2 we display the atomic entanglement in the
asymptotic state, as measured by the concurrence [139]. However, one could
also measure the photon state and obtain, with a finite probability, a maximally
entangled atomic state. The strategy is therefore the following: one prepares
a factorized state, and measures whether a photon is emitted. If (after a few
lifetimes) no photon has been observed, the atomic state is projected over the
maximally entangled Bell state [#*). This can be achieved with higher prob-
abilities for larger values of ¢. In realistic scenarios this simplified picture is
challenged by the presence of losses, such that it is no longer possible to prepare
an exact Bell state. Nevertheless, if losses occur on sufficiently long timescales
(as compared to the decay rate of the fast pole — see Section 4.2 below), and
provided the detector efficiency is high enough, it remains possible to achieve
with high fidelity a Bell state.
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4.1.2 Energy density

Using the scalar Hamiltonian density defined in Section 1.4.1, so using SI units,
and the normal ordering introduced in (1.70), one can compute the energy
density

%WI H(HE0) = [) + 07 (Y| (sa@)” : [)
2
o) s @at)?: [9)]

ha)l,o(k) ikx
lfdk,/ 35m £(k)e

2

dk v'm

\/2(27’()7’—10)1/0(]{)
This stucture can be simplified if one assumes that the dominant contribution
to the integrals comes from the poles of (k) ~ A, (k —ko)™ + A_(k + ko) ™!, with

ko = Ve2 —m?. Neglecting the corrections yielded by square-root branch-cut
integration, one obtains

(W] HE@) |p)

2

5 ( k) eikx

2
+

f dk hivk
\/2(271)7’—1601,0(]()

2

E(k)e™| . (4.20)

2
dk ,
k ikx

\2n “(e)e

which is used to compute the energy density for the resonant states in (4.16).

(| H @) [¢) » fiwr (ko) =: hawy (ko) 1E(X)P, (4.21)

4.1.3 Atomic population

Complex integration techniques provide a suitable estimation for emitters pop-
ulation, as expressed by (4.13). Let us start from the direct elaboration of the
normalization condition (4.12):

— {1\ [ pikd, —ikd, -1 _
mz(ﬂlfdkz (1 e e )] :(1+l‘K(V)(E))1, (4.22)

47t w(k)(E — w(k))? 47t

whose integral becomes the half-sum:

w1 oti0* 2 — (=1) (eikdy + e—ikdv) o-i0" D — (=1)" (eikdy n e‘ikdv)
TR =3 Umw ;O E—wtor L_W b S E o |

(4.23)
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Evaluating exponential terms singularly, it is possible to exploit the identity:

co+i0* eikd, co—i0* o-ikdy
dk = f dk , 4.24
L,W SOE —®F ~ J i FORE - w0l (4.24)

valid for E € R, given that the dispersion relation fulfills w(k) = w(-k), thus
yielding

, ~ co+i0* 1— (_1)veikdv co—i0* 1— (_1)veikd,, s »
K6)= [ amr | FomE ey = O,
(4.25)

along contours closed in the upper half-plane. By deforming the second contri-

bution into the first one, two second order poles in +k(E) = + VE2 — m2 provide
the associated residue contribution:

— (_1\Veikd,
omi lim - (k= VE2= m2)2 1- (e . (4.26)
koxk(e) dk V2 + m2 (E — Vi2 + m2)
a [(1-rres)(E+ Ve v ne) r
=27 llm & > =27 Vﬁ.
koxk(E) Vi2 + m? (k + VE2 - m2) "
The targeted integral reads:
K(E) = 2K"(E) + 4nd _t (4.27)
1 VE2 _ 2’ :

where, due to the absence of poles inside the contour, the first term becomes a
cut contribution:

KO (E) = f e (K (k, E) - K (&, ) (4.28)

im

with
1—(=1)"e ¥

i\y?> — m? (E Fivy? - m2)2
obtained following the same strategy shown in Section 3.2. The final form of
the integral is:

KOy, E) = +

cut

(4.29)

(1= (-1)7e ) (B2 - y* + m?)

VY2 —m2 (B2 + 2 — m2)? ’

K(E) =2 f ) dy (4.30)
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subject to a further decomposition:

W(V)(E) _ 4F2 - d (1 - (_1)ve_yd”) ) foo 4 (1 - (_1)ve—yd‘,)
1 m Y Vy2 —m2 (E* + y* - m2)2 m Y W(Ez + yz4_371”)2)’

which we will estimate up to the exponentially suppressed contribution. Keep-
ing only the unity in both numerators, the result is:

1 N 2E? — m? L sgn(E)E + VE? — m?
DEX(E2 — m?) | 2E3(E? — m2)2 O®
) sgn(E) L sgn(E)E + VE2 —m?
— O P
EVEZ - 12 & m
where the last term coincides with the integral of the self-energy cut contribu-

tion in Section 3.2. The order of these last expressions is well approximated in
the limit of energies near the cutoff m by

m

K(E) ~ AE? [—

(4.32)

2 _ 2
KE) ~ -5 Emz +22 isz_—mmz) - % - m(E;er) (4.33)
such that the atomic population reads
vrE y B
0l 7/123(]5) T mE + m)) (4:34)

4.2 Time evolution and bound state stability

Let us now study the general evolution of an initial state in the atomic sector
Na = 1. We will use the resolvent formalism [25, 95] to illustrate that the
system relaxes towards the bound state, and to quantify the robustness of the
bound state against small variations in the model parameters (such as the A-
B distance). We remark that the usefulness of the resolvent formalism goes
beyond the analysis of stable states, in that it provides crucial information on
the relevant timescales of the problem. Indeed, the entanglement-by-relaxation
protocol described in Section 4.1 relies on the fast decay of the unstable Bell state.
The analysis of the resolvent enables to determine the lifetime of this unstable
state, which must be much shorter than the typical timescales of waveguide
or atomic losses, as well as the inevitably finite lifetime of the bound state
(due for example to imperfect control of the A-B distance). Whenever these
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conditions are met, the effectiveness of the protocol is guaranteed and a long-
lived entangled state may be prepared by relaxation.

The resolvent G(z) = (z — H)™!, with z the complex energy variable, has
singularities only on the real axis (in the first Riemann sheet) and the study of
additional singularities (in the other Riemann sheets, as explained in Section
3.2.1) yields crucial information about the dynamical stability of the system: in
particular, a pole with a non-vanishing imaginary component signals an expo-
nential decay process. The resolvent approach yields results that are consistent
with those obtained from the analysis of the Laplace transform of the time
evolution [122].

Fory = 0, the free resolvent Gy(z) = (z—H,) ™, restricted to the one-excitation
sector, has a pole on the real axis, at z = ¢, corresponding to the excited states
of atoms A or B. When interaction is turned on, this singularity splits into two
simple poles, which generally migrate into the second Riemann sheet. We shall
see from a non-perturbative analysis that, under the resonance conditions (4.11),
one of the poles falls on the real axis (and is therefore very long-lived), while
the other one has a very short lifetime. Let G(z) and Gy(z) be the restrictions to
the N, = 1 sector of the interacting and free resolvent, respectively. In the basis

{|eA, QB), gA,eB)} one gets:
Go(z) = i ((1) (1)) (4.35)
and .,
G@) =[Go@ ' - Z(2)| =[z-e-Z@)I", (4.36)
where
5= (500 H0) 47

is the matrix form of the self energy presented in Section 2.6.

The resolvent G(z) is analytic in the whole complex energy plane, except, in
general, at points on the real axis that belong to the spectrum of the Hamiltonian
H. As shown in Section 3.2.2, we are interested in poles of the resolvent that
physically correspond to unstable states with energy and decay rates given by
their real and imaginary part, respectively.

The particular form of the interaction Hamiltonian Hjy in (4.1) enables one
to exactly evaluate the self energy:

_ v 1
L@ =In@) = = [t (4.38)

)4 dk cos(kd)

ZAB(Z) = Z:BA(Z) E m

(4.39)
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Due to the excitation energy degeneracy and the symmetric structure of the self
energy, the propagator can be diagonalized as

[y (P V) (P
= 4.4

) z—e—-2.(2) +z—e—2_(z)’ (440)

where .
5.(2) = f do X@ o, (4.41)

" Z—w
with spectral densities
y1 icos( w? — mzd)

Ki(w) = = X o0) (@) (4.42)

Tt w2 — m?

The self-energy functions X, (z) are analytic in the cut complex energy plane C \
[m, +00) and have a purely imaginary discontinuity across the cut proportional
to the spectral density:

5.(E —i0%) = Zy(E +10%) = 2rik,(E). (4.43)

During the continuation process into the second Riemann sheet through the
cut, the self energy (4.41) will thus get an additional term

Zi(z) — ZMN(z2) = Z(z) - 2miK,(2), zeC. (4.44)

Note that the new term has in general a nonvanishing imaginary part and is the
analytical continuation of the discontinuity of the self-energy function across
the cut. Now, a pole

z, = E, —1iy,/2 (4.45)

of G(z) on the second sheet must satisfy the equation
z, = €+ Z(zp), (4.46)

for s = +. By plugging (4.44) and (4.42) into (4.46) we get

1icos(,/z§—m2d)
,/zﬁ—mz

It is evident from (4.47) how the energetic degeneracy at y = 0 is lifted by
interactions.

2, = ¢ + Zu(z,) = 2yi (4.47)
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The last ingredient we need in order to get a closed expression for the com-
plex energy poles is the evaluation of X;(z) in (4.47). Thus, let us rewrite (4.41)
as an integral over k:

T dk 1+ ¢k
o VIE+mlz— N2 +m?

The integrand function can be analytically continued to the complex k plane
using the principal determination of the square root, which has nonnegative
real part for all values of its argument, and is characterized by a branch cut for
k* + m?> < 0, that is

Zi(z) =

(4.48)

k = +iy, withy e (m, ). (4.49)

Two first-order poles, symmetric with respect to the origin of the k plane, are
also present whenever Re(z) > 0:

k = +ko(z) = + Vz2 — m?2. (4.50)

By deforming the integration contours as in Figure 3.2 and applying Jordan’s
theorem, X, is split in two terms

Ei(2) = Z(z) + ZP°(2). (4.51)

coming from the upper branch cut and from one of the two poles (see Figure
3.2). Specifically, when Im(z) > 0, the pole ky(z) lies in the upper half plane, and
the computation of the integral involves the residue

ole o k —ko(2))(1 + &%) C 1 £t VR
P : (z) =iy lim ( 0 = —iy——0( Re(z)). (4.52)
* 7/k—ﬂco(z) V2 + m2 (z V2 + mz) 7 V22 — m2 ( )

Instead, when Im(z) < 0, the deformed contour in the upper plane encircles
—ko(z), where the residue yields

ole . . k+k (Z))(l + eikd) 1+ e‘i 2-mld
$P€z) =iy lim (k+ ko =i O(Re(z)). (4.53)
B geae V2 + m? (z - V2 + mz) ! 72 — m? ( )

Finally, the integrals along the cut read

vz (% 1+e¥d

d
T Ju 4 =2 (22 + 2 — m2)
y sgn( Re(z)) . [sgn( Re(z)) z— V22 —m?
z og

Tout(z) = (4.54)

—md
- + O(e™),

- _T( Vz2 — m?
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where the contribution from e, for which an explicit closed form in terms of
simple functions is available in Section 6.4.1, is exponentially suppressed and
can be neglected for large values of mad.

We are now able to recognize the real resonant poles as special solutions

of (4.47), where we have to specity the choice of sgn( Im(zp)) = —1 for all
square roots concerning numerical solutions, as shown in Figure 4.3. Indeed,
assuming that the complex energy pole (4.45) is far from the branching point
z = m and that its imaginary part is almost vanishing, one can decouple the real
and imaginary parts of (4.47) and obtain from (4.51)-(4.54):

N y E, -k, sin(k,d)
E,~¢ - Log( - ) + PR (4.55)
Yr 1 + cos(k,d)
Rt — (4.56)

where k, = ,/E; —m?. Hence, we find that the poles in the second Riemann

sheet have a cyclic behavior with respect to d [41, 60].
In particular, when the resonance condition is satisfied with d = d,, as

defined in (4.11), the real part of the pole equations is solved by E, = Vk2 + m?2.
In this case, one of the poles corresponds to the entangled bound state, and
has vanishing imaginary part, while the other signals an unstable state with
associated decay rate

s =4y /k (4.57)

Even if, strictly speaking, bound states only occur for discrete values of 4, it
can be readily checked that while the energy shift is linear, the decay rate of the
stable pole is quadratic ford — d,

VS~ ykid - d.)?, (4.58)

implying that the state |1p1,> remains very long-lived close to resonance and
quantifying through (4.58) the robustness of the bound states against variations
of the parameter d. Note how (4.57) and (4.58) provide essential information on
the feasibility and effectiveness of the entanglement generation protocol: first,
it is necessary that the condition 7/;,5) < )/;,”), equivalent to k*(d — d,)*> < 1 is
satisfied. Second, y;”) must be much larger than any decay rate associated with
loss processes (e.g. waveguide losses). Even though approximate analytical
expressions such as (4.57)-(4.58) are extremely valuable, we emphasize that our
methodology is capable of capturing the exact behaviour of the poles against
variations in the model parameters. To illustrate this, in Figure 4.3 we show the
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—» Re(z,/m)

(a) (b)

Figure 4.3: Trajectories of the poles E” — i)\ /2 (solid lines) and E{” — i)\’ /2
(dashed lines) on the second Riemann sheet of the complex energy plane, for
md = 15, with varying 1.05 < ¢/m < 1.5. In (a) exact numerical results are
shown, while in (b) trajectories are obtained through the decoupling approx-
imation. The trajectories are tangent to the real axis (they touch it when-
ever condition (4.11) is satisfied), showing that the approximate bound states
are robust against variation of €. Graded colors are referred to respectively

y/m* =2nx 107, y/m* = 8n x 107* and y/m?* = 18 x 107*.

trajectories of the poles (4.45) in the complex energy plane, obtained by fixing
m and d and varying the bare excitation energy ¢. On the one hand, we are thus
able to assess quantitatively the robustness of bound states against variations
in €. On the other hand, Figure 4.3 demonstrates how our methodology al-
lows one to interpolate seamlessly between perturbative and non-perturbative
regimes. Pole trajectories are continuous for considered couplings using the
determination of square root for the lower half-plane. With this choice, trajec-
tories show a smaller imaginary part for unstable states poles than the results
deduced by means of the decoupling approximation in Figure 4.3(b).

4.3 Off-resonant bound states

Let us briefly discuss the behavior of bound states with E < m. In this case, fol-
lowing the perturbation theory, the atoms are not expected to decay. Nonethe-
less, they interact by coupling to the evanescent modes of the waveguide.
Scrutiny of (4.4)-(4.5) shows that there are bound states for all d, whose energy

satisfy
E-wo-af)  -pE)  \[aa)_
( -BE)  E-wo—a(f) )( ay ) =0 (#.59)
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with
a(E) = — #(T[ +2 arctanL (4.60)
211 Vm? — E? Vmz —E2) '
BE) = — — L ViEd (4.61)

ﬂmZ — E2

where we have again neglected the O(e™) contributions from branch-cut in-
tegration in the complex k plane, explicitly analyzed in Section 6.4.1. If the
coupling is small and the excitation energy ¢ is far from the threshold m for
photon emission, the above equations reduce to an effective Hamiltonian eigen-
value equation in the N,; = 1 sector. The eigenvalues read:

E® = ¢+ a(e) + B(e) + O, (4.62)
with a4 = ap for the plus sign (ground state) and a4 = —ap for the minus sign.
These bound states are not associated to any resonant distance. Itis also possible

to see that the electromagnetic energy density falls like e~ V"*~F’ away from
the atoms, as introduced in Section 3.2.3. Let’s apply the approach exploited
for the single two-level emitter plasmonic eigenstate addressed in Section 3.2.3:

\/7 as + age” ‘kd) o3
znfmm( V) (469

where the condition a4 = +a; has to hold corresponding to k = VE2 — m2. The
complex integration provides

2
, E :
E() = _aAzjsf—l(w/ e R o (x- (- DA E) |, (464
=1

]:

represented in Figure 4.4. In panel (b) we can see that the appearance of the
antisymmetric state is restricted to different values for the coupling constant: a
symmetric plasmonic eigenstate always exists because of the spectral density
divergence [26], while this is not true in the other parity sector. More precisely
the self-energy expression below the cutoff for the antisymmetric case is a(E) —
B(E), which in the limit E — m, yields

_d Vm2—-E2 _

T (n + 2 arctan
s

y lim

E
mZ—EZ) _ ( _ L)
lim —— =yld-—]. e
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This means that each straight line E — ¢ has to reach in m a value greater than or
equal to this limit as a condition for the emergence of the antisymmetric bound
state below threshold, thus defining a critical value of the coupling constant:

&E—m

1 -
d mTt

Ve~ (4.66)

This value holds true for sufficiently large distances, but it is not exact
because of the missing cut contribution (4.54) in the self-energy, which will be
indicated from now on as

_yd
b(E) = sE | dy ¢ ) (4.67)
[fZ —m2(E2 + y? — m?)
such that the exact critical coupling reads
Yoz —— 1 (4.68)

d— #(1 + %)

Antisymmetric eigenstates below cutoff can still be treated with a perturba-
tive appoach, while the singularity characterizing the symmetric sector shows a
non-perturbative behavior. The antisymmetric solution approximates the dark
eigenstate [V~)®|vac) occurring for d = 0. The triplet, instead, survives as a real
eigenstate even for all e. However, since a4 = ap implies that the integrals over
the field become divergent in this limit, the population in the N, = 1 sector
must be suppressed to fulfill normalization, and the contribution of this pole
to the expansion (4.18) can be safely neglected.

The limiting condition (4.68) is useful to study the limitd — 0, a value of the
distance parameter which corresponds to the first dark resonant state associated
with a fixed point of the evolution operator in the antisymmetric sector. This
is realized by means of a divergent (4.68) in d = 0 for any ¢ # m, while, for a
free energy gap which coincides with the propagating photon cutoff, the value
yc = 0 is obtained because the free energy gap has to coincide with the energy
eigenvalue.

We can exploit the expression for atomic population (4.22) to describe the
excitation trapping in eigenstates associated with non-propagating photons.
The residue calculation now involves poles lying on the imaginary axis in
+k(E) = +i Vm? — E2, with a slightly more difficult procedure than the one in
Section 4.1.3, due to the absence of any constraint related to the resonance
condition. This means that we have to abandon the use of the integer v, as
in (4.26), and the parity label s is no longer associated with a discrete set of
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0006 y / m2

(b)

Figure 4.4: Panels (a) and (b) are show respectively the behavior of the symmet-
ric and antisymmetric plasmonic eigenstate amplitude (red) and exponentially
localized photon wavefunction (blue) with ¢ = 1.1 m and md = 7 with respect
to a variation in the coupling constant y.
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Figure 4.5: In both panels the blue curve describes the single qubit population
for E < m as expressed by (3.60). The symmetric and antisymmetric state are
shown in respectively (a) and (b), following the predicted population (4.70)
with graded colors for md = 10, md = 4, md = 0.7 from the darker tone. Curves
are obtained increasing the coupling constant starting from y = 10™* m? and
with fixed ¢ = 1.1 m. In (b) the case md = 0.7 requires couplings y/m? > 1 to
reach energies E < 0.9 m.

energies:

. d N a1 1+se
2mi lim — (k—l mZ—EZ) 5
-kie) dk Vi (E - VT )

d (1 +s eide) (E + Vi + m2)2

=27 lim ~— g (4.69)

ke AR | Ve (k+ iV - B?)

2E(1+5 eV B(1 + d Vm? - E2))
2(m? — E2)3/2 !

=27

which has to be accounted twice, since it is included in both closed contours,
thus yielding

-1
1 2E(1 +5 eV B(1 4+ d Vm? - E2))
p= > 1+y 2(m2 — E2)32 ’ (4.70)

up to a negligible cut contribution. The different behavior of these atomic
populations for vanishing distances is shown in Figure 4.5, while they converge
to the same curve for large separations. The excitation is shared by a larger
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amount on the bound state for energies lying immediately below the threshold
with respect to the single emitter case analyzed in Section 3.2.3.

Since the eigenstates of the effective Hamiltonian are Bell states, the evo-
lution of an initially factorized state is characterized by oscillations between
two orthogonal maximally entangled states with period 27t/B(¢). Compared
to entanglement by relaxation, this mechanism yields unit concurrence [122].
On the other hand, the process can be very slow, since the energy splitting is
exponentially suppressed with the interatomic distance, and requires the fine
tuning of an optimal time to stop the interactions, which is not required in the
spontaneous entanglement process described in Section 4.1.

4.4 Extension to generic dispersion relations

While we have examined in detail the case of a rectangular waveguide, we
emphasize that our methods can be applied to a generic dispersion relation
w(k). We start by noticing that (4.4)-(4.6) lead in full generality to the implicit

condition (C1)ret
Ly 1-(-1)e
E=¢+ e fdka)(k)(E — )’ (4.71)

which must be satisfied by the bound state energy E. For the existence of a
resonant (i.e. above threshold) bound state, it is evident that also the condition
kd = vr, v € IN must hold, where k > 0 satisfies E = w(+k). If this were not the
case, the right hand side of (4.71) would diverge. We assume that such k exists
and is unique. This is the case, for example, when w(k) is an increasing lower-
bounded function of |[k|. Moreover, the possibility of non-resonant eigenstates
below threshold follows as in the case of a rectangular waveguide.

Moving on to the complex energy plane, the analysis of poles proceeds
along the same lines as in Section 4.2, albeit the existence of compact analytical
expressions will rely on the specific functional form of w(k). The pole contri-
bution to the self energies can be generalized by replacing the denominators
in (4.52)-(4.53) with w(ko)w’(ko), and the square root in the exponentials with
ko. In the perturbative regime, this change does not affect formally the ratio of

the decay rates of stable and unstable poles close to a resonance, namely (see
(4.57)-(4.58))

(s)

o 1122@1 —d,)?, (4.72)
) 4

Vp

where d, = vrt/k. We can see that quantitative differences between models
arise in the inversion of the dispersion relation as a function of the energy. The
quantity in (4.72) gives a clear indication of the potential of a given model to
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generate entanglement by relaxation. While losses would inevitably degrade
the quality of the achievable entangled state, (4.72) may be seen as posing a
fundamental limit to the entangling capabilities of a given system, a limit which
would persist even in an idealized lossless scenario.



Chapter 5

Correlated photon emission by two
excited atoms in a waveguide

The miracle of the appropriateness of the language
of mathematics for the formulation of the laws
of physics is a wonderful gift which we neither
understand nor deserve

Eugene Wigner,
"The unreasonable effectiveness of
mathematics in the natural sciences"

The single-excitation sector contains, for a proper choice of the dispersion
relation and for selected interatomic distances, a nontrivial atom—photon bound
state [41, 47], characterized by a finite probability to find the atomic excitation
in a singlet or triplet state. In the double-excitation sector the dissociation of
such kind of bound states is obtained and exploited for applications. Consid-
ering initially both excited atoms, a proper treatment of the system will require
a suitable renormalization scheme for the vertex of the propagator. In the
computational perspective, the Breit-Wigner expansion is required in the weak
coupling limit to avoid an otherwise divergent amplitude in the asymptotic
two photon state, caused by a plasmonic bound state. The adoption of the
renormalized propagator reveals effects unpredictable according to the pertur-
bative approach, even if the coupling energy scale is much smaller than atoms

energy gap [46].

71
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5.1 The two-excitation sector

We will assume that the atoms presented in Figure 4.1 are both excited and are
effectively coupled to a single mode of the waveguide, characterized by the
dispersion relation w(k). Hence, at the Fermi golden rule level, the excitation
frequency ¢ must be larger than the low-energy cutoff m := min; w(k) of the
mode, to enable propagation along the guide. Other modes can be neglected,
either because they do not couple efficiently to the e <> ¢ transition (g and e
denoting the ground and excited atomic states, respectively), or because their
energy cutoff is larger than ¢. Both conditions are easily satisfied in a lossless
linear rectangular waveguide with sides L, > L., where the dispersion relation

of the TE;y mode reads w(k) = VK% +m?2, with m « L;l [79], with all the
other modes characterized by a larger cutoff. We will consider this dispersion
relations also in this Chapter, but will otherwise keep our discussion as general
as possible.

The initial state is expected to relax towards an asymptotic configuration
with both atoms in their ground state and two propagating photons. We
will show how the emission properties are strongly influenced by interatomic
distance, coupling and excitation energy. In particular, we will focus on and
compare the probabilities of parallel and antiparallel emission. If two photon
detectors placed at each end of the waveguide, only one detector will click in
the case of parallel emission, detecting both photons, while both detectors will
click in the antiparallel case. The experimental measurement of correlations
can be exploited to detect properties of the atomic pair, such as their distance,
the strenght of interactions with the waveguide field, asymmetries in their
excitation frequency and other kinds of impurities. The initial state, in which
both atoms are excited, can be prepared by a scattering process, in which a
photon wave packet shines the atoms.

Assuming the dipolar and rotating-wave approximations, the Hamiltonian
of the system corresponds to (4.1). We shall assume

w(k) = w(=k), F(k) = F(=k), (5.1)

where F(k) is the form factor, defined in (4.1). Now we will consider the N = 2
sector. In particular, we will study the evolution of the initial state

lea, ) := lea) ® leg) ® [vac) = 0403 |0), (5.2)

with o} = 0" ® 1, 0} = 1 ® 0" for the tensor product of qubits Hilbert spaces

and [0) = | 24) ® |g5) ® |[vac) the global vacuum of the non interacting theory,
annihilated by all the b operators we are going to introduce.
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In the following, it will be convenient to express the interaction Hamiltonian
(4.1) in terms of coupling of the symmetric and antisymmetric combinations of
atomic operators:

1+eikd 1_eikd
Hy. = | dkF(k b, + b_|b* (k) + H.c. 5.3
t f <>( b b (5:3)

where the new operators bl create either a triplet [¥*) or singlet |[¥~) atomic
Bell state from the vacuum:

o £ 0} 0) = |€A,g3> + |gA/€B>
V2 V2
Since ((J;—“‘/B)2 = 0 and [07, 03] = 0, it is easy to check that b,b_ = 0 and |ea, ep) =
+(b%)?|0). The pure states belonging to the N = 2 sector have the form:

w*) = bl 10) = (5.4)

99 = taslewen) + [ aretw |ws;k>+% [ arar 2wy, 55)

with [W5;k) = bl b' (k) |0), |k, k') = b'(k)b* (k') [0), and E@(k, k') = ED(K', k), as pre-
sented in Section 1.1. The coefficients must satisfy the normalization conditions

laasl + ) f dk [ (k) +% f dk dk’ [Pk, K')P = 1. (5.6)

Unlike the N' = 1 case, the sector Hamiltonian is not expressed in a off-
diagonal Friedrichs-Lee form, since the one-photon states |¥*; k), directly cou-
pled to |ea, eg), are also indirectly coupled to each other through the two-photon
states |k, k’). Hence, the self energy of the initial state |e4, e5) cannot be eval-
uated in a closed form. However, in the following we shall discuss a partial
resummation of the self energy, in order to investigate the lifetime of the initial
lea, ep) state, the emission spectrum and the two-photon correlations.

5.2 Self-energy and decay rate of double excitations

To study the evolution of the initial state |e4, eg), we will analyze the resolvent
(2.1), which determines the evolution through a Fourier-Laplace transform:

+oo+in —izt

() = e |es, e5) = ﬁ f dz——lea,ep), (5.7)

—oco+in
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with > 0 [25]. Since in general it is not possible to compute G(z) exactly, we
consider its Dyson-Neumann expansion (2.6) and resum the relevant diagrams.
The basic building blocks of the matrix elements of the expanded resolvent (2.6)
are given by free propagators:

1 1 0
<€A,€B m €A,€B> = 7 D¢ = Gé )(Z)/ (5.8)
<q/s’,-k' - Ly, k> =Gz, k) 650 5(k — k),

— 110
1

() —

G1 (Z/ k) - Z—&— a)(k)' (59)
1
<k1,k; p_— kl,k2> = Gz k1, ko) (001 — k)0 (k2 — Ky) + S(ky — ky)(kz = K1),
1
(©) —
and by the interaction vertices
(W*; k| Hint lea, ep) = svs(k), (5.11)
(k1, kol Hine [°; k) = 05(k1)0(kz — k) + 05(k2)0 (k1 — k), (5.12)
ikd

I (5.13)

\/E 7
with s = £1. Since the interaction Hamiltonian is off-diagonal, no O(Hj,) terms
appear in the decomposition of the propagator

1

Ga(z) = (e, ep| G(z) lea, ep) = P Y

(5.14)
where X, (z) is the self-energy of |es, eg). The smallest-order contribution to (5.14)
comes from the process of emission and reabsorption of a photon, through
an intermediate state |¥*,k). In this process, represented in Fig. 5.1(a), it is
clear from (5.9) that the atomic excitation cannot switch its sign s during the
intermediate free evolution, before the photon is reabsorbed. Transitions can
generally occur only in higher-order diagrams, such as the O(H},) terms in
Fig. 5.1(b)-(c)-(d). However, a diagram in which a photon is emitted and then
reabsorbed takes the general form

f ak P Lt S,e_ikdz)(l ) oz, (B, (5.15)

where s (s") is the sign of the atomic excitation attached to the emission (ab-
sorption) vertex, and the function @ is related to the particular structure of the
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(a) (b) (c)

(d)

Figure 5.1: Contributions of order H2 (diagram (a)) and H;, (diagrams (b),
(c) and (d)) to the double-excitation propagator G,(z) in (5.14). The diagrams
(@), (b) and (c), without external legs, represent the O(Hi‘*nt) contributions to the
self energy 2,(z). The wavy lines represent photons; the double horizontal line
represents the free propagator Géo)(z) in (5.8); the single horizontal line with a
wavy line represents the free propagator (5.9) of [W*;k), the single excitation
with sign s and a photon; the dashed line with two wavy lines represents the
free propagator G(lo)(z, k) in (5.10). The crosses represent one of the vertices v;(k)
in (5.11)—(5.13). Processes (b) and (c), preserve the sign s (i.e., s' = s), while in
diagram (c) the relative sign of s and s’ is arbitrary.

diagram. Since we have assumed in (5.1) that both the dispersion relation and
the form factor are even functions, only terms with s = s’ survive integration
over k and contribute, for instance, to the diagrams in Figure 5.1(b)-(c); no
constraint on the relative sign exists, instead, for the diagram (d).

The diagrams (b) and (c) in Figure 5.1 are both contributions of order Hfm to
the self energy of |e4, ep), but they qualitatively differ. In (b), the emission and
reabsorption of a second photon is dressing the intermediate one-excitation
propagator, while this is not the case in (c), where, since the first emitted
photon is absorbed before the second one, two photon lines cross. Diagrams
with crossings can be interpreted as a renormalization of the vertex between
the double-excitation state |e4, eg) and the states |W¥; k). Notice that, since we
consider the dynamics in the N = 2 sector, where at most two photons can be
present in an intermediate state, each photon line can cross at most two other
lines before being re-absorbed. The self energy appearing in (5.14), containing
the sum of all the intermediate diagrams between the two double-excitation
states, can be resummed as

B (1 + Xs(k,2))(1 + s cos(kd))
y(2) = ; f kP T e — () (5.16)

where X; is the self-energy of the one-excitation state [¥°)
1 kd
5.(2) = f dk F2(f) 1t S coskd) (5.17)
z — w(k)

which we already encountered in (4.41). Observe that, in (5.16), the argument of
X, is shifted by the energy w(k) of the additional propagating photon [41], and
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notice that X;(z — w(k)) does not coincide with the self-energy function of [¥*; k).
The vertex renormalization X; is implicitly defined by the integral equation,
obtained in Section 5.2.1:

Xs(k,z) = qu Fz(q) (1 + X,(q,2))(1 + s cos(qd))

(z - - w(@) - Lz - w(@) (z — @(q) - w(k))

The renormalization of the atomic double excitation propagator G(z) is graph-
ically represented in Figure 5.2.

The evaluation of the renormalized vertex requires an approximation pro-
cedure, that will be detailed in the next section, where it will be crucial for the
consistent evaluation of the two-photon amplitude and spectrum.

In order to characterize the lifetime of the double excitation, it is sufficient to
consider the lowest order of the self energy, by neglecting X;(k, z) and X;(z—w(k))
in its integral expression (5.16), namely

P = Z Iz — wp) = f e 2E® (5.19)

z—¢e—wk)

(5.18)

By evaluating the self energy on shell, X,(2¢), in the propagator (5.14) we can
infer, as a first approximation, that the lifetime of the double excitation,

1
' 2Im (zP(e +i0))

(5.20)

Ty =

is half the lifetime of a single isolated excited atom. It is evident from (5.19)
that the lowest-order contribution to the lifetime of |e4, eg) is insensitive to the
interatomic distance, and a fortiori, to the existence of resonant bound states in
the N = 1 sector. This result is physically in accord with the fact that photon
exchanges between the two atoms are neglected at O(H2 ) of the self energy,
and is consistent with the oscillating behavior of the lifetimes of [¥*) in the
one-excitation sector [41]: the state |es, ep) has two decay modes, and when one
of them is close to a resonant bound state, the antiresonant mode has twice
the lifetime of an isolated atom. The effects related to interatomic distance will
emerge in the analysis of the photon pair emitted by the double-excitation state,
that will be the topic of the following section.

Finally, it is worth noticing that, since the self-energy functions Xs(z) in (5.17)
are characterized by a branch cut along the half line [, o) on the real axis, the
O(Hz2,) contribution to the self-energy (5.19) has a cut in correspondence of
[m + €, 0). However, considering the exact expression (5.16), one finds that the
branch cut of the self energy (and of the propagator G,(z) as well) actually starts
from 2m. This result, as we will show in the following, is consistent with the
integrability of the asymptotic two-photon distribution.
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2,(2)
Gy(z) = oomm = + @

GS(Z)z —‘— = +

svg(k)(1+ Xs(k,2) = BB = 8 +

Figure 5.2: Renormalization scheme for the two-excitation state propagator
Gz(Z).

5.2.1 Fredholm integral equations

The vertex renormalization (5.18) is expressed in a recurrent form highlighting
the absence of a closed expression typifying the simple off-diagonal Friedrichs-
Lee renormalization presented in Section 2.5. As already explained, our initial
state consists in a double-atomic excitation, which does not interact directly
with the two photon state. This latter interacts with the single-atomic excita-
tion, representing another decayed state in the terminology of the off-diagonal
decomposition in Section 2.5 and 2.6, thus yielding a forbidden interaction for
the renormalization scheme.

It is possible to recognize the different structure of the Hamiltonian in this
sector with respect to the one characterizing (1.18), exploited also for the free
degenerate subspace of Chapter 4, by using the following matrix expression

2¢ (o] (v | 0 G43

o L R 0 ¢ A% = Co(CeLY(R))o LA(R),

I ) 0 e+0Q (v ||’
0 |v)o jv)yo Q |5(2)
(5.21)

following the notation of (5.5), where (|59)> , 5(_1)>) € C?> ® L*(R) for the single
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atomic excitation and one photon. It is evident the absent diagonal form for
the block acting on decayed components.

The explicit expression for the renormalized vertex (5.18) is obtained through
the eigenvalue equation for the Hamiltonian:

E(/'IAB = 2€HAB+Z<US €£1)>, (522)
EED() = awvi(k) + (e + o)l (k) + (0.[e?), (5.23)
EEAU k) = Y (0,080 0) + o)L R)) + () + 0(k))EP KK, (5.24)

s=x

where the substitution of the latter in the two equation for single-atomic excita-
tion amplitudes provides two decoupled singular Fredholm integral equations
of the second kind [135]. More precisely, let us expand the scalar product:

o) OO
1) s
<vs 5(2) =5 (k)f TE—wl - %0 qu E - w(k) — w(g)’ 62)

where the first term corresponds to the diagonalized self-energy (4.41), while
in the second term <‘I/S

‘I/s'> = 05 provides the typical form:

(k) = MM{fMmeﬁwl (5.26)
with
B a40s(k)
O = e - S E— ) (5.27)
K(k,q) = vs(k)vi(q) (5.28)

(E- & - wk) - Z(E - (k))(E - (k) - (q))

the latter characterizing the equation as singular, according to the non factored
two photon free propagator in a product of separate dependencies on k and g.
We apply the method of successive approximation, based on the definition of
iterated kernels, as made in Section 2.4 for the Volterra integral equation of the
evolution operator:

Kik,q) = fd‘h'—l Kj-1(k,qj-1)K(qj-1,9), Ki(k,q) = K(k, g), (5.29)

which provide the solution according to the resolvent expansion )72 K;(k, q):

0= 0+ Y, [ g Kkafo: (5.30)
=1
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This expression for the solution includes the explicit form of (5.18):

- d |vs(qj)|2
X,(k, E) = dg;
;; LI "(E - & - 0(g) — Z(E - 0(@))(E - 0(q/-1) - 0()))
(5.31)

qo=k

finally yielding the single-atomic excitation amplitude:

1+ X,(k, E)
E—¢ - w(k) — Zo(E — w(k)’

EP(k) = anpos(k) (5.32)

whose substitution in (5.22) defines the self-energy (5.16).

5.3 Two-photon amplitude

One of the most interesting features of the evolution dynamics of the initial
state |es,eg) under the action of the Hamiltonian (4.1) are correlations and
interference effects involving the emission of two photons. Unlike the lifetime
of the initial state, such effects are deeply influenced by the existence of resonant
bound states in the N' = 1 sector. The properties of the two-photon amplitude
at a generic time ¢

E@ky, Ky, £) = (ky, Kol € lea, e5) (5.33)

are determined through (5.7) by its representation in the energy domain, which,
following the same resummation procedure as for the self energy (5.16), reads

éa)(klrkbz)
z—w(ky) - w(kz),

EO(k1, kp, z) = <k1, kz (5.34)

€A €B>=
z—H| ™

with

svs(k1)vs(k2) 1+ X,(kj, z)
z—2¢e—X(2) Lz-e- w(k)) — Zy(z — w(k;))’

gf) (k1, k2, 2) = Z (5.35)

s==+

See the Feynman diagrams in Figure 5.3.

In order to characterize the properties of the two-photon amplitude, we will
specialize our analysis to the case of a pair of atoms coupled to a massive guided
mode, characterized by the following dispersion relation and form factor [41]

wk) = Vet 2, Ek)= [ ZRZ) o (5.36)
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Figure 5.3: Diagrammatic representation of the two-photon ampliude
E@(ky, ky, z) = (k1, kol (z — H) ! |ea, ep). The dressed propagators and the dressed
vertex are defined in (5.16)-(5.18) and represented in Figure 5.2.

where the units are chosen in a way that the speed of light in the waveguide is
equal to one. We also introduce for convenience the on-shell quantities ky > 0,

co and Fy:
dw /
Cl)(k()) =g, Co = _dk k:kol F() = _277'/(6 (537)

Since the relevance of the one-excitation self-energy functions X,(z), with s = 4,
is manifest in (5.34)-(5.35), let us review their properties before discussing the
two-photon amplitude. In the case (5.36), the self energy can be analytically
evaluated for Re(z) > 0 on the first Riemann sheet, where it reads [41]

I.(2) = ﬁ[a +51(2)) log [”— ':‘;_"12) —in(1 +sef \’Tmzd)] (5.38)

where the first term coincides with (4.54) and A(z) = O(e™™) is a real-valued
function for real z. Notice the square-root divergence at the branching point
z = m, that depends on the diverging density of states close to the threshold m
for photon propagation. The existence of bound states for special values of the
interatomic distance is related to the oscillating behavior of the imaginary part
of (5.38). In particular, considering the lowest order in 4/y and neglecting the
O(e™™) corrections, the energy shift and decay rate of [W*) can be written as

PZ
s = Re(Zs(e +10%)) ~ 6o + 2nsc—° sin(kod), (5.39)
F2O
v, = —2Im(Z (e +i0%)) = 4nsc—0(1 + 5 cos(kod)), (5.40)
0

respectively, with 6p independent of the distance d. Notice that the above results
are generalizable to the case of different dispersion relations and form factors,
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provided the on-shell parameters are defined as in (5.37). When the interatomic
distance satisfies kod = nm, with n a positive integer, the lifetime of state [¥*)
with s = (=1)"*, becomes infinite, since y; = 0. On the other hand, when
kod = (n +1/2)n, the symmetric and antisymmetric atomic excitations have the
same lifetime, which is equal to that of an isolated atom. In all cases, the sum
of the two decay rates is twice the decay rate of an isolated excited atom. Based
on the consideration of the previous section, it is evident that the lowest-order
on-shell contribution to the self energy of |e,, ep) reads

2
0y = £9(2¢ +10%) ~ 26, - 4mc—°, (5.41)
0
where, as expected, the on-shell decay rate of the double excitation is twice the
rate for a single atom.

54 Two-photon correlated emission

Knowledge of ED(ky, k», z) enables one to compute, through (5.33) and (5.7), the
photon correlation function at any time t. This function will feature damped
contributions, due to the cuts along the real axis on the single- and double-
excitation propagators, and asymptotically stable terms, approaching, at large
times (larger than the lifetimes of the excitations), the form

ED (K ko, ) = E@ (Ky, Ky, (k) + w(ky)) e O 1 s@e o 1), (5.42)

where £@ is defined in (5.35) and is the dominant contribution, given by the
residue of the bare two-photon pole z = w(k;) + w(k,) appearing in (5.34), while
the term Eft) (below threshold) arises due to real poles below the branching
points of the renormalized propagators and vertices, and represents a small
correction in the weak-coupling regime. For instance, for the dispersion rela-
tion (5.36), the single-excitation propagator (z— & —w(k) — X, (z— w(k))) ™! diverges
atz — w(k) = E,, with
£, ~mf1- —2L 4

p~m( m2(e—m)2)' (5.43)
with a residue that scales like )%, while no pole below threshold is present in
the propagator of the antisymmetric excitation, at least for small coupling. In
the special cases in which, in the N' = 1 sector, a bound state with energy E > m
exists, it would be necessary to include an additional asymptotic contribution
to (5.42). However, the contributions to the amplitude (5.35) stemming from
resonant bound states are suppressed, since the peaks of the corresponding
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residues are compensated by the numerators (1 +se’), that vanish at k = k such

that E = w (I_c) From the large-time limit of the two-photon amplitude, one can
also determine the two-photon spectral probability

P(ks, ko) = lim |£@ ks, ko, 1), (5.44)

£@ being the full two-photon amplitude (5.33). Notice that P(k,, k1) is symmetric
in its arguments, due to the bosonic nature of the two-photon wavefunction
(Ik1, ko) and |kz, k1) represent the same state).

Before extending the numerical computation to a wider range of couplings,
let us discuss the analytical results when y — 0. As the coupling van-
ishes, the asymptotic two-photon amplitude @ (ky, ky, w(k1) + w(ky)) in (5.42)
becomes concentrated around regions of linear size O(y) around the four
points w(k;) = w(ky) = € in the two-photon momentum space, while the addi-
tional pole contributions éfs) becomes vanishingly small. For symmetry rea-
sons, it is enough to focus on the points (ko, ko) and (ko, —ko), around which

Eﬂa)(kl, k>, w(ki) + w(ky)) is well approximated by

20k k) = ) (1 +5e*2Q. (ks — ko, k> = ko), (5.45)
E(ki, ko) = ) i1 + 5™ Q1 — ko, —k> — o), (5.46)

respectively, where parallel (<) and antiparallel (=) arrows denote photons
emitted in the same and opposite direction, and with

y 1 ( 1 1 )
s k /k = 4 :
Q ( ! 2) 41e Co(k1 + kz) — 09 C()kl — 05 - COkZ — 05 (5 47)

where 0; = 09 + 6; — iy,/2 are defined in (5.39)-(5.40) and o, is introduced in
(5.41). From these results, we can obtain the following approximate expression
for the asymptotic probability density (5.44) close to the on-shell points,

P(k, ko) = 16 {cos4 (%) Q. (ky = ko, +ky — ko) + sin® (%) 1Q_(ky — ko, +ky — kp)?
1 . .
+ > sin*(kod)Re| Q. kr — Ko, k> — ko)Q-(k: — Ko, ks - ko)]}, (5.48)

where + and — is for photons emitted in the same (parallel) and opposite
(antiparallel) directions, respectively. In the limit y — 0, the integrals over the
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Figure 5.4: Representation of the processes that contribute to the probability of
parallel (P.) and antiparallel (P~) photon pair emission.

different quadrants of the (k;, k;) plane can be evaluated with arbitrary accuracy,
leading to the result

1 1 sin?(kod) )
Po == | dkidkoPlky, ko) = =1+ ———"—], 5.49
2f@ kPl ko) 2( S (5.49)
sin?(kod) )
1 + sin?(kod) )

1

Po=- f dk,dk,P(ky, ky) = 1(1 - (5.50)
2 Jo. 2

where Do, = {(k1,k;) € R?|kik, > 0} and D— = {(k;, k») € R?| kik, < 0}. The factor
1/2 has been introduced to remove redundancy with respect to momentum
exchange. The processes contributing to P., and P_. are pictorially represented
in Figure 5.4.
The ratio of asymptotic probabilities to observe parallel and antiparallel
photon pairs reads
R, = 113—: =1 + 2sin’(kod), (5.51)
being minimal and equal to one at resonance, when the two photons are emit-
ted in states with the same spatial symmetry, characterized by equal weights
of the parallel and antiparallel configurations. The limiting value of R is uni-
versal, in the sense that it depends only on the dimensionless product between
interatomic distance and momentum of the emitted photon, and not on the
dispersion relation, the atomic excitation energy or the speed of propagation.
Nonetheless, it is crucially determined by the dynamics, through the relation
between the phase shifts and the linewidths in (5.39)-(5.40). The maximal value
R = 3 corresponds to the off-resonant points sin(kyd) = +1, where construc-
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tive interference between photon states with opposite spatial symmetry favors
parallel photon emission.

This effect is similar to the photon bunching occurring in a Hong-Ou-Mandel
(HOM) interferometer [74], with the role of the input photons played by the
initial double atomic excitation. Indeed, neglecting dynamical effects, in the
off-resonant case kod = (n + 1/2)nt the atom pair is expected to behave like
the beam splitter in the HOM experiment, fully suppressing the possibility of
antiparallel emission (i.e., R — o0). However, the two-photon emission differs
from the HOM case in two aspects, both related to dynamics: first, the emitted
photons are characterized by a typical momentum distribution, and the relative
phase between spatially symmetric and antisymmetric photons depends on
momentum; second, the difference in the energy shifts 6. (see (5.39)) lifts the
degeneracy between the symmetric and antisymmetric atomic excitations. The
combination of such effects regularize the ratio to a nontrivial finite value,
as in (5.51). Notice that a different expression of 6; and y; would lead to
generally different value of R. The effect of interference between symmetric
and antisymmetric states on the structure of the parallel and antiparallel peaks
is displayed in Figure 5.5.

In order to compute the two-photon amplitude in the case of larger cou-
plings, some approximations are needed. In particular, it is not possible to
express the vertices X;(k, z), defined in (5.18) and represented in Figure 5.2, in
a closed form. We choose to truncate the expansion of X; at the first diagram,
thereby regularizing the intermediate single-excitation propagator with its on-
shell self energy o, = X;(¢+i0*). Namely, we approximate the vertex corrections
as

F2(9)(1 + s cos(gd))
s(k,z) =
Xs(k, z) qu (z — w(k) — w(@)(z — € — w(q) — o)

_ Ls(z — € — 0,) — XLs(z — w(k))
B e+ 0, — w(k) '

(5.52)

Some relevant results are displayed in Figure 5.6. In general, the plots show that
R(A)is a decreasing function of the coupling strength, and the effect of increasing
the coupling are more relevant in the off-resonance cases (kod = (n + 1/2)m).
However, if one considers d € [(n — 1/2)1t/ky, (n + 1/2)1t/ky], R remains an
increasing function of the distance |d — nmt/ky| from the resonance value. The
decrease of R with 4/y is mitigated by the discrepancy of the excitation energy
¢ with respect to the propagation cutoff m, and enhanced by the distance d, if
one considers the cases kod = (n + o)1t with a real and fixed. These effects are
due to a different behavior of the peak widths in the parallel and antiparallel
cases, and to the emergence of strong-coupling effects due to the poles below
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ka/ko
ka/ko

0.96 0.96
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ki/ko ki/ko
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Figure 5.5: The upper panel displays the density plot of the two-photon distri-
bution P(k;, k;), normalized to its maximal value, for ¢ = 1.1m, y/m? = 2 x 107
and kod = 1t/2. Colors range from blue (normalized density equal to 0) to white
(normalized density equal to 1). Itis evident that the probability is concentrated
in very small areas of linear size O(y) around the on-shell points. The lower
panels (a) and (b) represent magnifications of the on-shell peaks highlighted in
the upper plot, around (—k, ko) and (ko, ko), respectively. The different shape of
these peaks is due to the fact that emission with intermediate symmetric and
antisymmetric atomic states interfere constructively in the parallel case (b), and
destructively in the antiparallel case (a). For such choice of parameters, the
ratio R(A) between the total parallel and antiparallel emission is close to 3.
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Figure 5.6: Plots of the ratio R = P /P. in different conditions. Panel (a):
dependence of R on +/fy at fixed ¢ = 1.1m, for d = /(2ko) (solid orange line),
d = 371t/(2ky) (dashed blue line) and d = 57t/(2ky) (dot-dashed red line). Panel
(b): dependence of R on 4/y in the case d = 51/(2ko) for ¢ = 1.1m (solid orange
line), ¢ = 1.2m (dashed blue line), ¢ = 1.3m (red dot-dashed line) and ¢ = 1.4m
(dotted black line). Panel (c): dependence of R on kod, at fixed ¢ = 1.1m, for
y/m* = 21t x 107° (solid orange line), y/m? = 21 x 10~* (dashed blue line) and
y/m* = 81 x 107 (red dot-dashed line).

threshold, that are correctly taken into account in the computation. Since the
distance, the coupling strength and the excitation energy are fully independent
parameters, the results suggest that correlated two-photon emission in a linear
waveguide can be possibly used to determine one of them, when the other
two are known. In particular, in the small coupling regime, the relation (5.51)
depends only on a relation between d and «¢.

5.4.1 Breit-Wigner self-energy expansion

The numerical procedure targeting coupling regimes beyond the perturbative
limit requires to approximate the vertex renormalization (5.18). With this aim,
the Breit-Wigner expansion of the analytical self-energy (5.16) together with the
truncation (5.52) must be applied in (5.35). An exact normalization constraint
is no longer satisfied, nevertheless it still holds approximately in the weak
coupling limit. For increasing values of y, the population of the plasmonic
off-resonant state becomes no longer negligible, as observed in Section 3.2.3,
but its description is hindered by the loss of normalization.

The techniques presented in Section 3.2.1 represent most important ingre-
dients, essential for the expansion (3.46) near the on-shell condition

dx,
dz

Zi(z — w(k)) = (e +i0") + =—(e +i0*)(z — € — w(k)) + O(?) (5.53)
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holding true for Im z > 0 and inserting it in the truncated X,(z) (without X;(k, z))
to estimate the error

Tol2) ~ Z f dk F2()— _1+SC°Skd (5.54)

w(k) = Zs(z — w(k))
~ Xpw(z) + Z i0*) fdk F2(k) (1 +scoskd)(z—¢— a)(k)),
where o, was defined in (5.47) and

(z — € —w(k) — 05)?
Sew(z) = Z Z(z-e-a) (5.55)

representing the lowest-order Breit-Wigner approximation deduced through
the on-shell single-atomic excitation self-energy.
The same scheme is applied to (5.52), whose series expansion yields:

Z:s(z — &~ Gs) B Z;s(z B a)(k))

Xs(k,z) = pa—— + 6X,(k, z (5.56)
providing an error estimation depending on
(1 +scosqgd)(z — ¢ — w(q))
0X,(k, z) = f dg F? : 5.57
I ) R

The renormalized propagator for the double atomic excitation with X,(z) is
rearranged as

1 Yo 0Zi(2) (e +i07)
z—2¢€— Zgw(Z) ( z—2¢€— Zgw(Z) ! (558)
where we introduced
B (1 +scoskd)(z — € — w(k))
05(z) = f dk F?(k) R —— (5.59)

We assume that the single-atomic excitation self-energy derivative takes the

form
e

(e2 - m2)3/2,

_r
) =5 G(e) (5.60)

with the overall factor

_ ) 2 _ 2
Cs(e) = 2im (1 + 5e VT _jsd Ve — m2el? V6‘2‘*"2) +2(1 +sA(¢)) STm

_2 (1 +5A(e) = 5 & ;mz )\’(e)) Log (%’Lmz) (5.61)
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The asymptotic probability density (5.44) assumes the second-order approxi-
mate expression, without including the term with the squared derivative:

2
y € Cx(e, (k) + w(k), i, ko)

27 (&2 — 7112)3/2

2
y & Cle, wky) + w(ky))

27 (&2 — 7112)3’/2

P(ky, ko) = Ppw(ki, ko) |1+

2
Ve @
+ (271 (e - m2)3/2) (C C 5 +&<w )
Ve @ L O
" (2n (e2 - m2)3/2)( S+ o ) 662

where Pgy(ki, ky) represents the probability density obtained using lowest order
Breit-Wigner approximation, implemented in Figure 5.5-5.6, with the compact
notation:

Cle, 2) = Z - fsz(?_ég;(;)(z), (5.63)

Cx(&,2, k1, ko) = Z . _vsz(?zvsz(sv)(z) e _C;((Z)éicsz(lscé;zz o (5.64)
The values y*(¢) of the coupling for which

Ppy = fdk1 dk, Pew(ky, k2), (5.65)

falls below «a € (0, 1] can be searched numerically. In the investigated coupling
regime, the probability density is still concentrated on-shell w(k;) + w(ky) = 2¢
so we can study just the variation according to the energy gap of C(¢,2¢) and

Cx(e,2¢, Ve —m?). Imposing the condition Pgy = aP leads to the relation:

y'(e) €
2m(e? — m2)3/2 2(A+|Cxl” + alCP)

_B—-2aRe(C) + \/(B +2aRe(0)) +4(1 - @) (A + [CxP +a|CP)

4

(5.66)

where A = C, C £, + 5@) C:Cyand B =C: &9, + &g C

The extensmn to stronger coupling regimes requires the inclusion of the
plasmonic state populations, lying below the cutoff, whose energy does not fall
in the convergence circle of the Breit-Wigner expansion.
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Chapter 6

Bound states in the continuum for
an array of quantum emitters

Humans see what they look for

Richard Hamming,
"The Unreasonable
Effectiveness of Mathematics"

Although the physics of single quantum emitters in waveguides is well
understood [1, 36, 84, 91, 117, 130, 138], novel phenomena arise when two [19,
41, 47, 59, 60, 83, 93, 103, 111, 114, 122, 144, 145] or more [7, 9, 17, 18, 31,
35, 48, 49, 56, 61, 65, 66, 81, 84, 90, 101, 104, 109, 110, 117, 124, 129, 142,
143] emitters are present, since the dynamics is influenced by photon-mediated
quantum correlations. In this and similar contexts, sub- and super-radiant
states often emerge. However, while standard (Dicke) superradiance effects
occur at light wavelength much larger than typical interatomic distances [3, 21,
30, 64], considering wavelengths comparable to the interatomic distance brings
to light a number of interesting quantum resonance effects [75].

The application of the resolvent formalism [25] allows us to study the ex-
istence of single-excitation bound states in the continuum in a system of n
quantum emitters. In these states, the excitation is shared in a stable way be-
tween the emitters and the field, even though the energy would be sufficient to
yield photon propagation. The case of n = 2 emitters has already been consid-
ered in Chapters 4-5, both in the one- and two-excitation sectors [41, 46]. Here,
we extend the results to general n, under the assumption of large interatomic
spacing compared to the inverse infrared cutoff of the waveguide mode. We
will then consider how the corrections to such approximation crucially affect
the physical picture of the system, by explicitly analyzing the cases of n = 3

91
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and n = 4 emitters. The existence of nonperturbative eigenstates, that emerge
when the interatomic spacing is smaller than a critical value, depending on
the number 1, is characterized, even if the high energy involved obstacles their
experimental observation in single coupled mode framework.

6.1 Physical system and Hamiltonian

We shall consider a system of n two-level emitters, equally spaced at a distance
d and characterized by the same excitation energy ¢. Henceforth, we shall
occasionally refer to the emitters as “atoms". The ground and excited state of
each emitter will be denoted by | g]-> and 'e]->, respectively, with j =1,...,n. The
emitter array is coupled to a structured one-dimensional photon continuum
(e.g., a waveguide mode), characterized by a dispersion relation w(k) > 0,
with k € R, and represented by the canonical field operators b(k) and b'(k),
satisfying [b(k), b*(k’)] = 6(k — k’). To obtain the multi-qubit generalization
of the Hamiltonian (4.1), let us consider that, in absence of interactions, the
Hamiltonian of the system reads

Hy=¢ Z oo + f dk w(k)b* (k)b(k). (6.1)
j=1

When the total Hamiltonian H = Hj + Hj, is considered, the interacting dy-
namics generally does not preserve the total number of excitations
n
N =Y oro7+ f dk bt (k)b(k), (6.2)
j=1
unless a rotating-wave approximation is applied. In this case, the interaction
Hamiltonian reads

Hipe = Z f dk|F(k)e'I™"5* b(k) + H.c.|, (6.3)
j=1

where F(k)el™D* is the form factor describing the strength of the coupling of
the jth emitter standing at x = (j — 1)d with a photon of momentum k, and H
can be diagonalized in orthogonal sectors characterized by a fixed eigenvalue
of N. The system is sketched in Figure 6.1.

The zero-excitation sector, N' = 0, is spanned by the ground state of Hy,

|G(”)> ® [vac), with
6™) = (X)s)) (6.4)
=1
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Figure 6.1: The system: n two-level emitters, placed at a relative distance d and
characterized by excitation energy ¢.

and |vac) being the vacuum photon state, b(k) |[vac) = 0 for all k’s.
We will focus on the search of bound states in the one-excitation sector,
N =1, whose vectors have the form

vy = Zaj 'E}’”)@lvac) + |G<">)® f dk E(k)bT (k) [vac), (6.5)
j=1
with
E§n)> - |g1> R |g]-_1> ® |€]-> ® |g]-+1> R---& |gn> . (66)

In particular, we will consider a photon continuum with the massive dispersion
relation introduced in Section 1.4

wk) = V2 + m?, (6.7)

and the form factor (3.20) determined by the p - A interaction of QED [25], with
y a coupling constant with the dimensions of squared energy.

The Hamiltonian defined by the dispersion relation (6.7) and by the form
factor (3.20), depends on the four parameters ¢, m, d and y, all with physical
dimension.

6.2 Bound states in the continuum

We are interested in bound states in the continuum of the one-excitation sector,
with E > m. By considering the Hamiltonian defined by (6.1) and (6.3), and
the expansion of the state vectors (6.5), the eigenvalue equation in the one-
excitation sector reads

(¢ —E)aj = - f dke U704 F(ky* &(k),
(6.8)

n

(@®0) ~E)E() = = ) ar D F(R).

I=1
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From the second equation

E(k) = - ; ag ei(f—l)kd%, (69)

one infers that, since &(k) must be normalizable for a bound state, the vanishing
of the denominator, occurring when w(k) = E, i.e. at k = +k, with

k(E) = VEZ — 22, (6.10)

for E > m, must be compensated by the vanishing of the numerator at the same
points. Therefore, the atomic excitation amplitudes and the energy eigenvalue
of bound states in the continuum necessarily satisfy the constraint

n

Y etk = g, (6.11)

=1

By using the expression (6.9), one obtains the relation

(¢ - E)aj = Z f dk”"e o 'F (k)lz, (6.12)

involving only the atomic excitation amplitudes and the eigenvalue E. Equa-
tion (6.12) can be expressed in the compact form

G YE)a=0, (6.13)

with a = (a1,a,...,a,)" and G™! the inverse propagator matrix in the single-
atomic-excitation subspace, generally defined for a complex energy z by

Gl(z) = (e -2)1 - X(2), (6.14)

where the self-energy matrix X has elements
(91—
Zielz) = f dk%e‘l(]“’)"d. (6.15)

The self-energy and the inverse propagator are well defined for non-real ar-
guments and for z < m, with a discontinuity across the continuum spectrum
z € [m, 00), where generally

S(E+i0%) - Z(E—1i0*) #0,  E € [m, ), (6.16)
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with X(E £i0%) = lim,;o Z(E + in).

Therefore, the equality of the upper and lower boundary value is a necessary
condition for (6.13) to be well defined and, a fortiori, for E to be an eigenvalue.
Finally, notice that (6.13) always admits a trivial solution, which correspond,
due to (6.9), to the null vector. If G™'(E) is well defined, the equation

detGY(E)=0 (6.17)

provides a necessary and sufficient condition for E to be an eigenvalue with
a nontrivial solution a # 0, providing the atomic excitation amplitudes of the
corresponding eigenstate.

The integrals that define the elements of the self-energy in (6.15) can be
evaluated for z = E +i0* with E > m by analytic continuation in the complex
k-plane, yielding
Sy(E +i07) = =L

o (= KB £ i, (E)), (6.18)

where the first term derives from integration around one of the poles at k = +k
and the second one

_k(E) (7 e Jxd E
bi(E) = T ‘L; dr V2 — 2 B2+ x2 — m? (6.19)

from integration around one of the branch cuts, (im, ic0) or (—ieo,im), of the
analytic continuation in the complex k-plane. The original and modified inte-
gration contours are shown in Figure 3.2 in Chapter 3. Notice that the functions
b; are real for E > m.

In the case j = 0, the integral can be evaluated analytically and yields

(6.20)

In the general case, the cut contribution must be evaluated numerically. How-
ever, a relevant property follows from the definition (6.19),

BN _ o (—jmd) for E > m (6.21)

o(B) ~ P ’ |

implying that, for md > 1, the terms b, are exponentially suppressed and can
be neglected as a first approximation.

In the following, we will show that, interestingly, the inclusion of such terms

in the analysis on one hand entails selection rules that remove the degeneracy
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of bound states in the continuum, on the other hand displaces by orders O(e™"4)
the energies, resonance distances and amplitudes that satisfy the constraint in
(6.11).

The photon eigenfunction (6.9) in the position representation reads

_ [ 4k F (CER —ik(x—((-1)d) _ ' _(p_
E(x) = Vo o0 —E ;:1 age = ;:1 ar&i(x—(C-1d) (622
with

dk k . £ )
on %e_m - \/z— [sinkid) — @], (6:29)

according to the principal value introduced in (3.36) and where

&1(x) = -

00 e—ylxl yZ —m?2—-E

1
TKX)_EE : dy e

(6.24)

is the O(e™M) cut contribution. Notice that the principal value prescription f is
required in the definition of &; for E > m, while the integral in £(x) is regularized
by the constraint (6.11).

6.3 Eigenvalues and eigenstates

6.3.1 Block-diagonal representation of the propagator

Given the form (6.13) of the eigenvalue equation for the atomic amplitude
vector a and the dependence of the propagator on the inter-atomic distance d
and the transition energy ¢, it is convenient to introduce the matrix A,(0, x, b),
depending on 1 + 1 real parameters, 6, x € R, b € R"!, and defined as

1+1y, forj=1¢
[AH(GI X/ b)]][ = o (625)
elli-do 4 ib|]‘_g|, for ] L

with j, £ =1,...,n, thatis
1+iy €9+ib €29 +ib,
e +ib;  1+iy €9+ib

An(Q’ X, b) — ei26 + in eie + ibl 1+ i)( . (6.26)
e +ib; 29 +ib, €9 +ib,
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The inverse propagator reads

G (B) =~ (61E) 1(B), bE) 627)

with
O(E) = k(E)d, (6.28)
X(E) = S=EKE) + ho(E), (6.29)

and k(E), bio(E) and by(E) as defined in (6.10), (6.19) and (6.20), respectively.
The matrix A, can be recast in block-diagonal form by exploiting the in-
variance of the Hamiltonian with respect to spatial reflections at the midpoint

x = (n—1)d/2, transforming the local-excitation basis Ej.")> in (6.6) by the unitary

transformation
JE)-JE ) -
(m\ _ () . n+l
U, |E! )= Ef ) forj=22 (6.30)
E§”>>+ Ef:?j.) .

The action of such transformation, that is also real and symmetric, on the
components in the local basis can be expressed forevenn = 2hand odd n = 2h+1
in terms of the h X h identity matrix 1, and reflection matrix J; (i.e. the matrix
with ones in the anti-diagonal as the only nonvanishing elements) as

1 (1, -TJ,
U, = — 6.31
\/E(Jh ﬂh) (31
and
L (W 0 =T
U,=—|0 V2 0 [, (6.32)
V2(5, o 1,

respectively. The transformation U, generalizes the change from the local basis
to the Bell basis for n = 2 emitters [41].
In the new representation, the self-energy and the propagator turn out to be
block diagonal:
UAU =A, 0 A, (6.33)
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where A; (0, x, b) is the | n/2]| X | n/2]| matrix acting on the antisymmetric ampli-
tude vectors of the emitters, with

aj = —u1-j, ji=1,...,n, (6.34)

and A; (0, x, b) is the [n/2] X [n/2] matrix acting on the symmetric amplitude
vectors, with
aj = Api1-j, j=1,...,n (6.35)

Therefore, the eigenvalue equation (6.13) can be reduced to the quest for non-
trivial solutions of the two decoupled linear systems

Az(6(E), x(E), b(E)) a* = 0. (6.36)

Eigenvectors with no reflection symmetry are allowed only if the same
energy E is an eigenvalue for both systems (6.36) for the same set of parameters
¢, m,d and y. Examples of eigenstates with definite symmetry, whose relevance
will be discussed in the following, are shown in Fig. 6.2.

Throughout this section, we will first analyze bound states by neglecting
O(e™) terms in the self-energy, and then discuss the consequences of including
all the b;.( terms in the cases n = 2,3, 4.

6.3.2 General properties of the eigenvalue equation

The method used to characterize resonant bound states for a system of n emit-
ters in the case of general 7 is based on the decomposition (6.36) in decoupled
parity sectors. In Section 6.3.3, we will prove that, neglecting the b;., terms,
the eigenvalue equation reduces to x(E) = 0, yielding (n — 1)-times degenerate
eigenvalues E,(d), with v € IN, corresponding to eigenvectors whose atomic
excitation amplitudes are constrained by (6.53) or (6.54) according to the sign
(=1)". Here, we prove that the resonant energies E, (d) persist as exact eigenval-
ues even after the introduction of cut integration terms, for some value of the
excitation energy ¢.

The reduction to ablock-diagonal form provided by the transformations (6.31)
and (6.32) enables one to recast the eigenvalue equation into the decoupled
problems

det[A};(6(E), x(E), b(E))] = 0. (6.37)

For definiteness, let us first consider the case of even n = 2h. Let us introduce
for convenience the quantities

v Jx(Ed) ifj=0
51‘{@@4@) ifj>0 (6.38)
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Figure 6.2: Atomic excitation amplitudes a;, with 1 < j < n, represented as (red)
bars localized at the emitter positions, and field wavefunctions &(x), represented
as solid (blue) lines, for different bound states in the continuum of a system
of n = 3 (panels (a)—~(b)) and n = 4 (panels (c)—(f)) emitters with md = 7 and
y =107%m?. In panel (a), a; = —a; and 4, = 0; in panel (b), a1 = a3 and a/a; ~ 2;
in panel (c), a1 = a4, a, = azand a;/a, =~ —(1 + \/5)/2; in panel (d), a1 = a4, a, = a3
and a;/a, ~ (\/5 —1)/2; in panel (e), a1 = a, a3 = a4 and a, = —as; in panel (f),
a1 = 04,07 = a3 and Ell/CZQ ~ (0.25.
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and the real and symmetric matrices

Bo B B - B
P B B B
A=\ P B B - Bps|, (6:39)

L B Bl e B

By Bpi P2 oo Bip
v 4 4 v
qg-1 :Bq—z ‘Bq—3 o g-p-1
% v v %
Bg,p i -3 -4 0 Paep=2 |y (6.40)
Biv Bipr Broa o Bioy

and C7 as the q X g matrix characterized by the elements

[C;], = . (6.41)
If v is even, then
—iAy,(vr, X(Ev(d)), b(E,(d))) = A, — By, 1)1 (6.42)
and
—iA3,(vit, X(Eo(d)), b(E,(d))) = A, + By, 4 — 2iC, (6.43)
while, for odd v,
—1A3,(v1t, X(Ey(d)), b(E,(d))) = Ay + Bl 11, (6.44)
and
—iA3,(vrt, X(E,(d)), b(E\(d))) = A + By, 4 — 2iC). (6.45)

Fixing E = E,(d) and considering the expression of x(E), (6.37) can be generally
recast in the form
det(M —€1) =0, (6.46)

implying that E,(d) is an eigenvalue of the system if and only if ¢ is the real
eigenvalue of some matrix M. From the expressions (6.42)—(6.44), one can
notice that, in the antisymmetric sector for even v and in the symmetric sector
for odd v, the matrix M is Hermitian, entailing the existence of n values of
¢, real and generally distinct, corresponding to physical systems in which a
bound state with energy E, (d) is present. Those values of ¢ collapse to a single
degenerate value in the e — 0 limit. In the cases (6.43)—(6.45), insteads, M is
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not Hermitian, its eigenvalues are generally no longer real, and the bound state
energies displace from the resonant values.

The case of odd n = 2h + 1 is slighlty different. There, for all resonance
orders v, in the antisymmetric sector

— 1A%, (v, X(Eu(d)), (E(d))) = A; — By, 1, (6.47)

leading to a condition (6.46) with a Hermitian M, which implies that all the E, (d)
are eigenvalues corresponding to antisymmetric bound states for generally
different physical systems. On the other hand, the matrix M corresponding to
all resonances in the symmetric sector is never Hermitian, since it features an

imaginary and symmetric contribution proportional to Cy" ;.

6.3.3 Large spacing approximation

When md is large, the terms b;, with j > 0, in the self-energy are exponentially
suppressed and will be neglected as a first approximation, namely

b=0. (6.48)
Both matrices A; (0, x, 0) are singular if and only if
0=vn (velN), and x =0. (6.49)

The former condition,

- VTt
k=—, (6.50)

selects the possibile eigenvalues in terms of the spacing d

272
E=E) =+~ dZ + 2, (6.51)

which will be called resonant energies in the following. Notice that (6.50) implies
that the emitters should be at a distance d which is an exact multiple of half
wavelengths of the trapped photon A = 27t/k, that is d = vA/2.

The second condition in (6.49),

d d
e = B - Do) = E@) + = Log(EV(d) . ﬂ),

i (6.52)

provides a constraint involving the excitation energy, the spacing and the order
v of the resonance. A discrete family of curves in the (¢,d) plane is defined



102 Bound states in the continuum for an array of quantum emitters

by (6.52), identifying the values ¢ for which a bound state in the continuum
exists.

The emitter configurations associated with the eigenvalues (6.51) satisfy the
constraint (6.11), which yields two different conditions according to the parity
of the resonance. For even v, for all the eigenvectors, the atomic excitation

amplitudes must sum to zero
n

Z a;=0; (6.53)
j=1

while for odd v one obtains

Z(—l)fa]- = 0. (6.54)
j=1
Hence, each eigenvalue E,(d) is characterized by an (n — 1)-fold degeneracy. It
is worth observing that, since both matrices A; are characterized by the same
singularity conditions at this level of approximation, the same eigenvalue can
occur in both the symmetric and antisymmetric sector. In such cases, the bound
states are not characterized by a well-defined symmetry.

The photon wavefunction associated with the eigenstates can be derived ac-
cording to (6.22), considering E = E,(d). Neglecting the n contribution in (6.23),
the single-emitter contribution to the field is given by the oscillating function

100 ecsin (7).
whose half-wavelength coincides with d/v. The photon wavefunction in the
same approximation thus reads

(6.55)

&) o« Y agsign (x = (¢ - 1d) sin (%) (6.56)
=1
for even v, and
£(x) e ¥ ap(=1)sign (x — (¢ ~ 1)d) sin (%) ,~ (6.57)
=1

for odd v. The field has nodes at the emitter positions x = jd and in both cases,
due to conditions (6.53) and (6.54), respectively, it vanishes identically for x < 0
and x > nd, and is therefore confined inside the emitter array.

Finally, it is worth observing that all possible n-emitter eigenstates can be
obtained as linear combinations of two-emitter eigenstates at different positions.
However, we will show in the following that O(e ™) effects, however small,
remove this degeneracy, and imply selection rules related to the reflection
symmetry of the atomic eigenstates.
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6.3.4 Full form of the self-energy

The degeneracy obtained in the previous subsection by approximating the self-
energy by setting b = 0 is lifted by considering the terms b;, with j > 0. We now
discuss in detail this phenomenon. The effect of these terms can be summarized
in the following points:

i) Atgivendand E,(d), only one of the two matrices A;; (vrt, x(E,(d)), b(E.(d))),
namely the one for which

A (vm,0,0) =0, (6.58)

continues to be singular for some values of ¢ and y. The matrix satisfying
the property (6.58) is the antisymmetric one for odd n and the one with
symmetry (—1)"*! for even n. Details on this general result are given in
Section 6.3.2.

ii) The values of x(E) (and hence of ¢, through Eq. (6.52)) corresponding to the
eigenstates with energy E, (d) will depend on the eigenstate. For any fixed
¢, only one stable state with energy E, (d) can generally be found, with the
orthogonal states becoming unstable (although possibly long-lived).

iii) If A} (vm, 0, 0) doesnot satisfy condition (6.58), then A}; (vr, x(E,(d)), b(E,(d)))
is in general no longer singular. However, the corresponding stable states
do not entirely disappear, but undergo a slight change in their amplitude
and energy, which is now displaced with respect to E,(d). Such states
must be studied numerically.

Here, we will explicitly examine these effects in the three cases of n = 2,3,4
emitters. Moreover we shall focus on eigenstates connected by continuity to the
resonant bound states discussed in the previous subsection, and postpone to
Section 6.4 the study of strong-coupling eigenstates, distant from the resonant
values, and characterized by extremely high energies, E > 10°m.

n = 2 emitters

With respect to the inclusion of the cut terms b in the self-energy, n = 2 represents
an oversimplified case, since the linear systems A; (0, x, b) reduce to single
equations, and the singularity conditions read

AZ(0,x, b)) =1xe%+i(x £b) =0, (6.59)

corresponding to eigenstates in which the emitter excitation amplitudes exactly
satisfy
ap = +ay. (6.60)
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Figure 6.3: Spectral lines in the (E, d) plane for a system of n = 3 equally spaced
emitters. Solid (red) lines correspond to antisymmetric configurations, while
dashed (blue) lines to symmetric ones. For larger values of the distance, the
curves follow with excellent approximation the resonant values in (6.51). For
md < 2, the difference between the eigenvalues of the lowest-energy symmetric
and antisymmetric state becomes appreciable.

The peculiarity of n = 2 lies in the fact that the condition 6 = vr, with odd v
in the symmetric sector and even v in the antisymmetric sector, still holds for
both symmetries, yielding a resonant eigenenergy (6.51). The second condition
in (6.49) is generalized to

x==1)"h, (6.61)

so that the emitter excitation energy is constrained by
vd v
e = E(d) = —[0(E,(d) = (1) bu(Eu(@)]. (6.62)

In this case, the inclusion of b; = O(e™) in the self-energy does not shift ener-
gies away from the resonant values and does not remove any degeneracy, since
the symmetric and antisymmetric eigenstates already occurred for different
v's [41].

n = 3 emitters

For a system of three emitters, the eigenvalue equation breaks down into a
single equation for the antisymmetric sector and a system of two equations for
the symmetric sector. In the former case, the eigenvalues are determined by
the solution of

A;(0,x,b) =1-e* +i(x —by) = 0. (6.63)
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As in the n = 2 case, the real part of the above equation is sufficient to ensure
that the resonance condition 0 = vr, here with any v € IN, is still valid, and the
corresponding energy must be resonant (6.51). The constraint on ¢ for the ex-
istence of an antisymmetric eigenstate, with the atomic excitation proportional

to ('E(;)> - |Eé3)>) / V2, is now determined by the equation
X = by, (6.64)
which yields
. vd
e = E,(d) ~ —[bo(E(d) = ba(E(d)]. (6.65)

Instead, in the symmetric sector, where the eigenenergies are determined
by the equation

(6.66)

1 i0 4
0 = det AZ(6, x,b) = det( 1+ix V2(e + iby) )

V2(e? +iby) 1+ €0 +i(x + by)
one can easily check that there are no solutions for 0 = vt with integer v, as their
existence would imply at least one of the conditions b,(E) = +3 \/ b1(E)? + 2b,(E).

Actually, the energy of the symmetric bound state in the continuum
k(E.(d))
d E,(d)

E=E@)+ (-1)" by(E,(d)) + O(e™*™) (6.67)

is shifted by an amount of O(e™) with respect to the resonant value E,(d),
corresponding to a shift 60 = (—=1)"b1(E,(d)) in the phase. The values of (¢, d) at
which the symmetric bound states occur can now be derived from the condition

X(E) = 2(=1)"b1(E,(d)) + O(e™"), (6.68)

with E given by (6.67). For the lowest-order resonances v = 1, one can observe
that the energy of the symmetric state is shifted downwards with respect to the
value E;(d), that is exact for the antisymmetric state. This effect is evident in
Figure 6.3, in which the behavior of the eigenvalues corresponding to bound
states in the continuum for both parity sector is represented in terms of d. The
trajectories of the bound states are displayed in Figure 6.4.
While the excitation amplitudes of antisymmetric bound states are con-
strained to the values
ay = O, as = —daq, (669)

the amplitudes of the symmetric states depend on the parameters and on the
magnitude of the cut contributions. If the terms b are neglected, the symmet-
ric bound state is characterized by

a3 =a,, dy =~ 2(—1)V+1a1, (670)
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Figure 6.4: Behavior of the bound state energies E in the vicinity of the reso-
nant values E;(d) (upper panel) and E,(d) (lower panel) for n = 3, as a function
of ¢. In both panels, the trajectories for symmetric (dashed blue lines) and
antisymmetric states (solid red lines) are shown with the arrows pointing to-
wards increasing emitter separation d. Notice that the antisymmetric bound
state corresponds in both cases to the resonant energy, while the energy of the
symmetric state approaches the resonant value as d increases (as ¢ decreases).

with the second value sensitive to O(e ™) corrections when the b j’s areincluded.
These states are represented in the top panels (a)-(b) of Figure 6.2, for some
values of the parameters d and y. In the following Section, we will find that
bound states with different amplitudes, not connected by continuity to the ones
described above, can emerge in the case ¢ > m, a regime in which, however, the
validity of the one-dimensional approximation on which our model is based
becomes questionable.

A relevant parameter that characterizes the features of bound states in the
continuum is the total probability of atomic excitations

p=ala=1- f dKERP, 6.71)

that “measures” how the single excitation is shared between the emitters and the

tield. In this case, the probabilities p(f)i for the symmetric (+) and antisymmetric
(—) eigenstates read

2ydE B
G+ _ yaLty )4
Py = (1 + 3E — ) + BT m)) , (6.72)
2ydE B
G- _ yaLty )4
py R (1 + [y + (B, + m)) , (6.73)
up to order O(e™).
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Figure 6.5: Total atomic excitation probability p = a’a, for n = 3 emitters, for
the symmetric (left panel) and antisymmetric bound states with energy close to
Ei(d). In panel (a), a3 = a; and a,/a; = 2; in panel (b), a3 = —a; and a, = 0. The
color scale is reported above the plots. We used the expressions (6.72)—(6.73).

As in the case of n = 2 emitters [41], the emitter excitation decreases with
coupling and distance and increases with energy. In Figure 6.5 we show the
probabilities for the symmetric and antisymmetric states with v = 1, computed
from the approximate expressions (6.72)—(6.73) as a function of d and y. In the
whole parameter range, the approximate expressions provide, even for small
d, a very good estimate of the exact values, which differ by less than 1072 in the
symmetric case and less than 2.5 X 1072 in the antisymmetric case.

n = 4 emitters

For a system made up of n = 4 emitters, the eigenvalues in both symmetry
sectors are determined by the singularity conditions of the 2 X 2 matrices
. [ 1xe9+i(x£b) €f e +i(by £by)
Ap = ( 0 4 @20 4i(hy £ by) 1430 +i(yx by | (6.74)
If the cut contributions are neglected, b = 0, the singularity conditions yield 0 =
vt and x = 0 as in (6.49), and two complementary pictures emerge according
to the parity of v. For even v, the three-dimensional subspace corresponding to
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Figure 6.6: Total atomic excitation probability p = a'a, when n = 4, for the
eigenstates defined by (6.78)—(6.82), characterized by a resonant energy E;(d)
(upper panels), and for the two stable states (6.76) and (6.85), with E < E;(d)
(lower panels). In panel (a) a1 = a4, a, = az and a;/a, =~ —(1 + \/3)/ 2; in panel
(b), a1 = ay, a, = a3 and a,/a, ~ —(1 — V5)/2; in panel (c), a; = —ay, a, = —az and

i ~ 1; in panel (d), a1, = a4, a, = a3 and a1 /a, = 0.33. The color scale is reported

above the plots.

the eigenvalue E,(d) is spanned by the whole antisymmetric sector and by the
symmetric state with
a1 = —ly = —d3z = d4. (675)

For odd v, the eigenspace of E,(d) is still three-dimensional, spanned by the
whole symmetric sector and by the antisymmetric state with

a1 =0y = —dz = —ly4. (676)

When the b, terms are included, there are still eigenstates with resonant
energy E,(d) in the antisymmetric sector for even v and in the symmetric sector
for odd v. In the former case, such states occur when the parameters (¢, d, y, m)
satisfy

2
(X(E) = by(E))(X(Ey) = b3(E)) = (ba(E.) = ba(Ey)) (6.77)
which yields the two antisymmetric eigenstates characterized, at the lowest
order in b;, by the amplitudes

1+V5  1+45

a, = — 5 ar > az = —ly (678)
and the atomic excitation probabilities
-1
@) ydE, )4
~ |1+ , 6.79
Pv (CY) ( aE%—mZ nm(EV+m)) ( )
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where the value of a is found to be

Ne)
H
S

a= . (6.80)
5+ 5
In the case of odd v, if the parameters satisfy
2
(X(E) + bi(E))(X(Ey) + b3(Ey)) = (b1(E.) + ba(E,) (6:81)
one finds symmetric eigenstates with E = E, (d), amplitudes
ﬂ1=—1i \/gﬂzz—li \/§ﬂ3=ﬁl4 (682)
2 2
and atomic excitation probabilities pf)(a) in (6.79), with
MESELLA o} (6.83)

5+ 15

These states are represented in the lower panels (c)—(f) of Figure 6.2, for some
values of the parameters d and y. The atomic probabilities of the four classes
of eigenstates defined by (6.78)—(6.82) are shown in Figure 6.6.

The states defined by the amplitudes (6.75)—(6.76) persist as eigenstates even
after the introduction of the cut integration terms, b # 0. However, their ener-
gies and the ratios between local amplitudes are shifted by a quantity O(e )
with respect to E, (d) and to the values in (6.75)-(6.76), respectively. Specifically,
at a fixed distance d, the antisymmetric state with amplitudes connected by
continuity to (6.76) is characterized by an eigenvalue E < E, (d), slightly smaller
than the resonant value. The total atomic probabilities corresponding to states

in this class is given by p§4)(a) in (6.79), with
a=1, (6.84)

with even v, for the symmetric state, and odd v, for the antisymmetric one.

A numerical analysis of the determinant of the matrices (6.74) reveals the
existence of a new class of nondegenerate bound states, characterized, in the
distance range 2 < md < 6, by the amplitudes

a1 = ly, a; = a3 =~ 36!1, (685)
with energy close to E,(d) for odd v, and

a1 = —dy, ) = —l3 = —3111, (686)
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Figure 6.7: Spectral lines in the (E, d) plane for a system of n = 4 equally spaced
emitters. The solid (red) lines correspond to antisymmetric configurations,
while dashed (blue) lines to symmetric ones. As in the n = 3 case, the approx-
imation of the resonant values in (6.51) becomes more and more effective for
larger values of the distance. For md < 2, the difference between the eigenvalues
of the lowest-energy symmetric and antisymmetric states becomes appreciable,
with a symmetric state characterized by the amplitudes (6.85) being related to
the lowest eigenvalue at a fixed d.

with energy close to E,(d) for even v. The energy of such states is shifted with
respect to the resonant values. In particular, one of the symmetric states (6.85)
is characterized by an eigenvalue slighlty smaller than E;(d), which makes it
the lowest-energy bound state in the continuum for a system of n = 4 emitters
at a fixed spacing d, as can be observed in Figure 6.7. The states (6.85) and (6.86)

are characterized by an emitter excitation probability p(f)(oz) in (6.79), with
3
=-. 6.87

The behavior of the lowest-energy bound states in the continuum is shown in
detail in Figure 6.8.

6.3.5 Atomic populations

The prediction of bound states populations is the result of complex plane inte-
gration, as already implemented in Section 4.1.3. Their analytic expressions are
tixed by the excitation amplitude ratios coming from the eigenvalue equation,
combined with the normalization condition.



6.3. Eigenvalues and eigenstates 111

of Gl T g g
10
—_— =2 A —
8
| | ,"
] g -4 W6
N— < ~—— -
< <+ 4 -
=) =}
- -6 -
2 y 2
-8 0 ez g < -
-3.0 -28 -26 -24 -22 20 -2.5 -2.0 -1.5 -1.0 -0.5 0.0
& &
103(—-1) 103(—-1)
E; E;
(a) (b)

Figure 6.8: Behavior of the bound state energies E in the vicinity of the resonant
values E;(d) (upper panel) and E,(d) (lower panel) for n = 4, as a function of
¢. The two variables have been accordingly rescaled to show the most relevant
details in the two panels. The solid (blue) and dotted (brown) lines, that are in
practice superposed, are relative to the states defined by the amplitudes (6.82),
the dashed (green) lines describe the energy of the states (6.76) in the upper
panel and (6.75) in the lower panel, while the dot-dashed (red) lines coincide
with the energy of the configurations (6.85) in the upper panel and (6.86) in
the lower panel. In all curves, the arrows point towards increasing distance
d. While the energy of states (6.82) are equal to the closest resonant value for
all spacings, the eigenvalues related to the other states approach the resonant
energies as d increases.

n = 3 emitters

The proof for the antisymmetric eigenstate (6.73) mimics the initial expression

obtained in Section 4.1.3 with p(f)_ = |m|* + |as? in the following way:

(3)_ B l 2 _ eideV _ e—ideV B ( l (3)_ )—1
v = (1 + yp fdk O RE = 0P =1+ 4717( (B)| , (6.88)

where, applying the half-sum procedure (4.23), we obtain:

c0+i0F ; co—i0+ .
dk 1- e12kdv dk 1= eled" ) .

(3)- — _ 3 3
e LW w(k) (E - a)(k))2+Ioo_io+ DR E—wlr ~ G B+ (E).
(6.89)

The contour deformation introduced in Section 4.1.3 is involved again, thus
providing two second order poles in k(E) = + VE2 — m2 with associated residue
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contribution

__iokd,
omi lim (k¥ VEE—m2) 1-e . (6.90)
kok(e) dk Vk2 + m? (E - Vi + mz)
2

d (1 - eide") (E + VkZ + m? E
=2mi lim — > | = 4ndy ———,
k—+k(E) dk \/kZ + mz (k + \/Ez _ m2) E?2 —m

such that the integral reads

- E
KO-(E) = 2K (E) + Tt (6.91)
The cut contribution has the expression
oo 1- e‘Zde) (E2 — 2 + m?)
G)-(ry = (
K7 (E) = Z‘fm dy T (1 g ) (6.92)

which is decomposed according to the strategy implemented in (4.31), yielding
the same result of (4.32) up to the exponentially suppressed term. This result
is again well approximated by (4.33) in the limit of energies near the cutoff m,
such that the atomic population (6.73) is obtained.

The same procedure is replied for the study of symmetric bound state pop-
ulations (6.72), defined as p1(,3)+ = |m]* + |aof* + |as*, where ay/a; = 2(=1)"*! such
that

-1
O+ _ (14 g+ )
pf (1 + L) (6.93)
With i2kd i2kd ( ) ( ikd ikd )
2k 4 @=i2kdy _ 4(—1)V (el + e~k + 6
Gr+(E) = € *e . 94
KEHE) f d SOE - () (6.59)
The trick (4.23) provides K@*(E) = K°*(E) + K (E), with
co+i0™ v Aikd 12kd,,
3 —4(-1)"e" + '
(3)+
E) = dk .
Kip (E) f_ww PRI ) (6.95)
whose residue reads
2 —4(=1) ikd,, i2kd,
2ri lim % (k= VEE—m2 3o e (6.96)
koxk(E) Vk? + m? (E — VK% + mz)
a [(3-4(-1yer + o) (E+ VR m2) .
=2ni lim — =4nd,

k) dk VT2 (k+ VB =) B2 =
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included in the result after contour deformation:

KO*(E) = 2K (E) + 8nd, (6.97)

Ez_mz‘

Considering that ‘](1(3)+(E) ~ 37(1(3)_(E), the expression (6.72) is obtained. This
latter population shows in Figure 6.5 a more robust behavior with respect to
variation of parameters: this phenomenology is understood in Figure 6.12(a),
whose inset reveals a higher stability of the symmetric pole trajectory in tan-
gential points with the real axis, signaling the presence of the bound state in
the continuum. More precisely, poles trajectories in Figure 6.12 are obtained
varying the excitation energy ¢ parameter and spanning the lower half-plane by
changing the coupling constant . This means that the variation in the rescaled
parameter md in Figure 6.5 has to be interpreted as a modification of the en-
ergy scale m, which changes the resonant distance, so that the relative stability
between eigenstates is uniquely determined by the inset in Figure 6.12(a).

n = 4 emitters

Let us start the study of this wider variety of cases by defining pt” = |ay[* +|az* +
lasl* + |aal*. Eigenstates belonging to the antisymmetric sector with excitation

amplitudes ratios (6.78) provide

-1

2
W)= (14— x® ,E) ) 6.98
py (@) ( +7’C(5i %) (a,E) (6.98)

with

(WW%I3¥W(%WW)HWMM%mW»

w(k)(E - w(k))*
(6.99)
Our familiar integration strategy (4.23) yields

e W(E () :
(6.100)

0 ) - fOOiiO+ 3¢4«/5 (1 - eindv) " %(1 _ eikdv) + # (eidev _ eikdv)
2\&r
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where K®(a,E) = % (7(1(4)(0(, E)+ 7(2(4)(0c, E)), expressed according to involved
residues

514\/5 _ 314\/5 oidkd, _ % olfdy 4 1:r2\/§ (eideV _ eikdv)

VR (E - Ve m2)
o d (52\/3 B 314\/5 eiBkdy _ 1gikds 4 # (eizkdv oikdy )) (E + \/m)
~ R & T (k£ V)

9+ 5 E
= ndv ’
2 E2 —m?2

d . 2
27 k_l)lg}E) P (k F VE2 - mz)

(6.101)

as

9+ 5 E
(4) _ qr®
K (a,E) =K (a,E) + > nid, Tt

Up to the exponentially suppressed terms, the cut contribution obeys the ap-

(6.102)

proximation 7(1(4)(0(, E) = #7(1(3)_(15), thus revealing the associated value of «
expressed in (6.80).

The positive parity sector is characterized by the ratios (6.82), whose expres-
sion corresponds to (6.98) with

" 3+2\F cos (3kd )+ cos ( ) 1”/_ (cos (2kd,) + cos (kd, ))
SCEERE AE oY
(6.103)
where the half-sum provides K®(a, E) = 1 (7(1(4)(0¢, E) + K, E)):

” co4i0* ) 3+4\/' (1 + ei3kdy ) % (1 " eikdy) _ # (eideV n eikdl,)
E d .
wuan=[ SO — (@)

(6.104)
Contour deformation involves residues in the form

56v5 | 3+vV5 i3kd, , 1.ikd, _ 1xV5 (_i2kd ikd

d 5 =2 =Wy olldy 240 (plddy 4 olkidy

27 lim — (k?L VEZ—mZ) * ! 2 2 ( > )
k~=k(E) dk Vk2 + m2 (E - V2 + mz)

. . . . 2
(5¢4\/§ n 3¢4\/§ oidkd, 4 % oikdy _ 1¢2\/§ (GIdeV n elkdv)) (E + Vi + mz)

=27 lim —

k—=k(E) dk o (k . m2)2

_13+545 ,_E

TR - (6.105)
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such that the integral becomes:

13+£5v5 E
mid, .

2 E?2 —m?
The cut contribution yields the same approximation of the negative parity sec-
tor, thus proving the expression (6.83). Concerning the population extension
represented in Figure 6.6(a)-(b), the stability description reported in Figure
6.12(b) still holds. The non-perturbative state in Figure 6.6(d) misses this char-
acterization because of the absent analytic description of the associated pole
trajectory, up to a numerical root research made difficult by the nearby "pertur-
bative" poles basin of attraction.

The non-perturbative eigenstate is described by ratios (6.85)-(6.86), whose
population reads

KW (a,E) = K (o, E) + (6.106)

9 -1
pP(e) = (1 + ﬁw‘)(w, E)) , (6.107)

where we assumed to consider the distance regime with a constant ratio, such
that for odd v

Loog? (2) + cos? (M) + 1 (cos (2kd,) + cos (kd,))
KD(a,E) = fdk9 () () +3 . . (6.108)
w(k)(E — w(k))
while for even v
Lsin® (ﬂ) + sin® (@) + 1 (cos (2kd,) — cos (kd.))
() _ 9 2 2 3 v v
K (a,E) fdk o(OE = o) (6.109)
Following the usual procedure (4.23) we obtain
w0t L (14 %) 4 1(] 4 eikd) _ 1 (@i2kd 4 aikd
KD (a,E) = f dk 2 ( )+3( )-3( ) (6.110)
12 —coxi0* w(k)(E — w(k))>

where the integral is again the same for both contours, whose deformation
gives the following residue contribution:

omi lim - (k= VE2- m2)2 i (1 %) + 5 (12 ) - (24 = )

rek(e) dk Ve 2 (E - VR +m2)
d (11—8 (1 + ei3kd1’) +3 (1 + eik"lV) -3 (eideV + eide)) (E + m)z
=2mi lim —

k—+k(E) dk Vi2 + m2 (k + VE2 = m2)2

2 E
=3 E

(6.111)
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The complete integral is expressed by
E

2
_ qc®)
(]<(4)(O(, E) = 7(1 (0(, E) + gﬂdvm, (6112)

with a cut contribution 7(1(4)(a, E)= 87(1(3)_(E) in the regime we are interested in
to prove (6.87).

The last case is represented by the dimerized eigenstates, that obey (6.75)-
(6.76), whose population reads

pP(a) = ( +%?'<‘4)(04,E))_1 (6.113)

for odd v with
sin + sin (cos (2kd,) — cos (kd,))
K (a,E) = f dk ( ) w((k) ()E mpT , (6.114)

while for even v

@(a, E) = fdkcos (32 )+cos (kd) (cos (2kd,) + cos (kdv)).

SRE — ()P (.11
Half-sums are given by
coti0* 1 (1 T ei3kdv> 41 (1 - eikdl,) T (eideV T eikdl,)
(4) _ 2 2
Ko B) = L,w A W E — ()2 o (6119

whose residues are ruled by the following limit:

2ni lim i (k T m)z % (1 ¥ ei3kd1,) n %(1 T eikdv) T (eide; - eikdv)
k—+k(E) dk W<E - m)

1(1F %) + 1 (15 ekt 5 (24 % &) (E+ VIZ+ )
2 2
+

=21 lim — >
k—>+k(E) dk \ /kz + mz (k Ez — mz)
E

The last population is obtained using the integral expression

KD (a,E) = K (a, E) + 27d, (6.118)

Ez_mz’

whose cut is well approximated for the considered parameters by 7(1(4)(04, E)=
7(1(3)_ (E), yielding (6.84). The population stability is evident by looking at Figure
6.6(c), whose robust behavior with respect to parameters variation resides in
poles trajectories shown in Figure 6.12(c), where the dimerized antisymmetric
state is in proximity of the real axis for a large interval of excitation energies «.
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n 4 6 8 10 12
md, 0.05 0.18 0.26 0.30 0.33
E./m 101 28 20 16 15

Table 6.1: Critical values of the distance d. at which the nonperturbative eigen-
value pair between the resonant energies E; and E;, appears, and corresponding
energy E, for arrays with different number of equally spaced emitters.

6.4 Non-perturbative eigenstate pairs

Condition (6.17), which determines the eigenvalues of the system, is a compli-
cated equation in E, featuring the functions 6(E), x(E) and b(E). In the previous
section, we have analyzed the solutions that can be connected by continuity to
the resonant energies (6.51) in the limite™¢ — 0. However, the non-polynomial
character of (6.17) can generally give rise to new solutions at finite d, which are
unrelated to the resonant eigenvalues and eigenspaces. In particular, this phe-
nomenon is facilitated for very small md, when the magnitude of all the bj. is
relevant and comparable to that of by.

Figures 6.9 and 6.10 display general features of such nonperturbative states,
for n = 3 and n = 4 emitters, respectively. These features are confirmed for
higher n. At a sufficiently high value of the distance, all the eigenvalues are
connected by continuity to the resonant energies E,(d), with v € Z,. When
distance decreases, additional eigenvalues start appearing in the (E, d) plane,
between E,(d) and E,.1(d), immediately branching in two distinct eigenvalues,
whose energy increases when distance is further decreased. The observed
processes of pair formation in the cases n = 3,4 occur roughly at the same
value of d. To quantify the range in which the phenomenon occurs we define
the critical distance d" as the value which marks the appearence of the first
eigenstate of this class between E; (d) and E,(d). We obtain the values md, = 0.063
for n = 3 emitters and md, = 0.052 for n = 4 emitters. Notice that no state of this
kind is observed with energy below E;(d). The value of energy E. corresponding
to the critical distance is E. ~ 79m for n = 3 and E, ~ 101m for n = 4. Thus,
independently of the values of the parameters ¢ and y, the energy of such states
exceeds the mass m by at least two orders of magnitude, an energy range in
which the validity of our model, at least in a waveguide QED context, is far
from being ensured. However, as one can observe from Table 6.1, the critical
energy decreases to an order 10 for larger systems.

The nonperturbative eigenvalues always correspond to symmetric eigen-
states, with a photon half-wavelength that is far from multiple integers of the
interatomic spacing, as can be observed in both Figure 6.9-6.10. From the ex-
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Figure 6.9: Nonperturbative high-energy eigenstates for n
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3. Panel (a):

energy trajectory of the pair of eigenstates with energy between E; and E; in
the (¢, E) plane (in units of E,), with the arrows pointing towards increasing
values the distance d. At md = md, = 0.063, the two eigenvalues coalesce
and disappear. Panel (b): field probability density |£(x)]* corresponding to the
critical case. Panels (c)-(d): field probability density |£(x)[* for the pair of bound
states corresponding to the (very) small distance md = 1072. Panel (e): spectral
lines in the (E, d) plane, with solid (red) lines representing antisymmetric states
and dashed (blue) lines representing the symmetric ones; three branching points
of eigenvalue pairs are visible. Panel (f): Emitter excitation energies of the
lowest-energy nonperturbative eigenstate pair as a function of d for y = 1072m?.
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Figure 6.10: Nonperturbative high-energy eigenstates for n = 4. Panel (a):
energy trajectory of the pair of eigenstates with energy between E; and E, in
the (¢, E) plane (in units of E;), with the arrows pointing towards increasing
values the distance d. At md = md. = 0.052, the two eigenvalues coalesce
and disappear. Panel (b): field probability density |£(x)|* corresponding to the
critical case. Panels (c)-(d) field probability density |&(x)|* for the pair of bound
states corresponding to the (very) small md = 107*. Panel (e): spectral lines
in the (E, d) plane, with solid (red) lines representing antisymmetric states and
dashed (blue) lines representing the symmetric ones; three branching points of
eigenvalue pairs are visible. Panel (f): Emitter excitation energies of the lowest-
energy nonperturbative eigenstate pair as a function of d for y = 107%m?.
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pression (6.9) one infers that, in such high-energy states, the field wavefunction
is suppressed and the single excitation is almost entirely shared by the emit-
ters. Finally, for n > 4, we have found the existence of more than one pair of
nonperturbative eigenstates between E, and E, ;.

6.4.1 Cut expansion

A complete characterization of cut contributions allows us to unveil the role
of non confined electromagnetic field. For clarity, we will adopt the rescaled
quantities y — y/m and E — E/m. The first step regards the separation
of the integral in (6.19) over two different regions: [1, VE? + 1), where the
geometric series associated with the denominator converges, and the remaining

[\/E2 ¥ 1, oo). Thus

bi(E) = bi(E) + b*(E), (6.119)
with the first term reading
AN (58 GV (R 14 6.120
i® === wr | (v - 1)y, (6.120)
=0

which can be extended up to infinity to recover the integral expression of the
modified Bessel functions of the second kind:

Va(e) e 1
n(z))\fl‘ e—yZ(yZ_l)f—zdy, (6.121)

F@+%

valid for Re(f) > —1. This expression represents the {-th moment in the form
factor measure associated to the energy lying in the k imaginary part distribu-
tion, thus related to a realization of coupling transmittance, expressed in the
cut resummation:

Ke(z) =

bi(E) =

M-1
KE) Z( D Kg( id) + A{(E), (6.122)
=0

T E2t+1 (

2

a series evaluated numerically in its truncated version up to the (M — 1)-th
term, implementing a useful computational complexity reduction with respect
to numerical integrations, where I' is the Euler gamma function and A;(E)
represents an error function.
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Adding a new contribution covering the same interval of the second term
in (6.119), the definition of the error function in (6.122) is obtained:

_ * e]yd M y2_1 ¢ EZ
k(E) A{(E) = _fsz— \/}/—_[;}4( = )—E2+y2_1], (6.123)

which, in the same spirit of (6.121), is interpreted as a measure of moments fluc-
tuation, further eloborated by means of the partial sum estimation, involving
annealed series:

T M e My (y2 — 1)M-2
= A(E) = ( ZM)—l f dy —; 4 2 _
k(E) E VEIA E2+y2-1

M+€

ZéZ(M b1 f _dye ¥y - DA (6.124)

=0

Applying again the strategy to introduce the expression (6.121), the following
result holds:

= (e I(M- 3
k(E) A(E) = Ez(M 0-1 \/E(]d)M 7 Knm--1(jd)

2

& 1)M+€ VE2+1 ‘ .
Z 3001 f dye ™(y? - )M, (6.125)

=0

where the integral in the second term is further elaborated by means of succes-
sive substitutions y —» y —land y — y/2:

E2+1-1

VEZ+1 NEA-L M-(-3
f dye (2 — PM-302 = f dy e @i (4y(y "‘21))
1 0

M—-t-1 3
2(VEZ+1-1 ’ 1 VEE+1- M-t
_ ( ( + )) e—jdf dge \/E2+1—1)q[ E? + 11]2 4 .

2 . 2
(6.126)

The series expansion of the exponential in the last integral allows us to pursue
the integral representation of the hypergeometric function:

. L ny—1 c—np—1 m
2F1(ny, ny; c;w) = LT nz)f dgg™ (1 -9q) (1-wq)” (6.127)
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Figure 6.11: Deviations from the exact numerical expression (6.19) (with j = 1)
of (6.122) making use of (6.128). Blue curves are associated with M = 2, the
orange ones with M = 3 and remaining green ones with M = 4. Distance
parameter is fixed to d = 3 in panel (a), d = 0.1 in (b) and d = 0.01 in (c).

such that

n o T

TIE)Aj(E) =0 E2M-0)- ﬁ(;j)M (- 1KM - 1(]d)

oy ((VETT1)" & (ja(VEET )

_e_jd -
€:0E2(M€)1 2 ;‘ M+i-€-3)i!
1 1 VE2+1-1
X oFj §+€ MM+i-€—-M+i-(+=; S ,
2 2’ 2
(6.128)

In (6.128) there is an implicit constraint linked to the definition of modified
Bessel functions Kjys—¢-1(d), consisting in M > ¢ + 1; thus, the series needs a
truncation with at least one less term with respect to the partial sum.

The computational complexity perspective, exploited for the use of analyti-
cal expressions implemented through Bessel functions, helps us in determining
well matching estimations just considering terms up to K; near resonant eigen-
values, whose energy scale grows rapidly for small distances. Figure 6.11
shows the deviation from the analytical expression (6.122), caused by series
truncation: the estimation of energy scales exploits the expression E,(d), thus
verifying the convergence in regions of interest already with a low number of
terms. The oscillating behavior with respect to the retained number of terms is
caused by the alternating nature of the series. Moreover, looking for the con-
vergence radius . of (6.122), without the error function in (6.128), as a Laurent
series

re = E im

2 ¢

Ke(jd)
(f + )K£+1(]d)

(6.129)

1.
5 lfd—>00,

{ooifd—>0,
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itis straightforward the breakthrough in understanding the well behaved series
for rapidly growing energy scales.

Without the presented cut expansion (6.128) it is impossible to reach a fea-
sible time for numerical integrations concerning systems with more than four
two-level atoms, as presented in Table 6.1. In the regime of distances allowing
for these kind of non-perturbative eigenstates cut contributions are dominant
and well approximated by this efficient procedure.

6.4.2 Unstable states

The resolvent formalism, employed to evaluate the existence and properties of
bound states, also provides information on the lifetime of unstable states. The
step required to perform this kind of analysis is the analytic continuation of the
self-energy to the second Riemann sheet

o
% cos (j - £16(2)), (6.130)

Z?f(z) =Zi(z) -
22 —m

where z is a complex energy. The lifetimes of unstable states are determined by
the solutions z, = E, — iy, /2 of the equation

det [(GH)_l (Ep _ 1%)] =0 withy, >0, (6.131)

with
-1
(G") @ =@E-o1-1I"(). (6.132)
We are now going to consider the properties of the complex poles of the prop-
agator.

n=3 emitters

The block-diagonalization procedure applied to a system of three emitters im-
plies the singularity conditions:

1) = _é (2 n 6—21’6(2)) _ bz;z) N % /fB(Q(Z)’ b(z)), (6.133)

for symmetric states and

X(2) = byz) —i(1-¢299), (6.134)
for antisymmetric states, with

5(0,b) = 807 + b2 + 16ibje 7 — 8729 + 2ibye 40 — o740, (6.135)
1 2
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Figure 6.12: Pole trajectories in the lower half-plane of complex energy for
n = 3 in panel (a) and n = 4 in panels (b)-(c). The parameters are set to md = 15
and y = 27t X 107*m?, while ¢ varies between m and 1.4m. Solid (red) lines
are associated with symmetric eigenstates, while dashed (purple) lines refer
to antisymmetric states. In the insets, we report the ratios between the first
derivatives dIm(z,)/dRe(z,) related to two different curves, both approaching
the real axis (i.e. corresponding to a stable bound state) at the same point,
corresponding to the lowest-energy resonance in the plots. Notice that, close
to the resonance points, the imaginary parts of the unstable poles scale linearly
with n.

Introducing the functions R3(0, b) = Re(f3(0, b)), S3(0, b) = Im(f5(0, b)), the real
and imaginary part of roots of the complex poles for the two blocks read

+ Y + + +

Efve+ —— HE (2bo(E;}) + ba(E;)) + sin (26(E;))
J Rs(0,b) + \[R3(0, b) + S3(6, b)
= , (6.136)
2

vy ) J—Rg,(e,b) + \/Rg(e,b) + 5(0,b)
7 e 2 + cos (20(E;)) = > , (6.137)

. Y
E, ~e+ k(E )(bO(E ) + ba(E;) + sin (20(E;))), (6.138)
yz—’; ( — cos (20(E;))), (6.139)

with k(E) = VE2 — m2. The behavior of the complex poles of the propagator for
n = 3 is reported in panel (a) of Fig. 6.12.
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Figure 6.13: Trajectories of poles with real part between E;(d) and E,(d) in the
complex lower half-plane, for different values of 4 in a system of n = 3 (left)
and n = 4 (right). The emergence of nonperturbative eigenstates is related to
the pole trajectory touching the real axis at a critical distance. Below the critical
distance, the trajectories are tangent to the real axis in two points.

n=4 emitters

The singularity condition for the symmetric and antisymmetric blocks in the
n = 4 system read

K@) = —5 (2 e 04 00) - DEBE L D 00,6, (6.140)
x(@) = % (24 e 00 4 e300 4 212N £ 05() . ), % f70(),bR),  (6.141)

respectively, with

£1(0,b) =4(by + by)* + (b — b3)* +i(10b; + 8by — 2b3)e™™ +i(5i + 8b; + 8by)e™

+1i(81 — 2b; + 2b3)e 010 — 2740 _ 7610, (6.142)
£(0,b) =4(by — by)* + (by — b3)* +i(10b; — 8b, — 2bs)e ™™ + i(5i — 8b; + 8by)e 7
—i(8i + 2b; — 2b3)e 310 — 2740 _ o761, (6.143)

where we have defined R} (0, b) = Re(f,"(0, b)), S;(0,b) = Im(f,7(0, b)). In this
way approximate decoupled solutions are

Ef~e+ _V
P 2k(E;)

(2b0(E;)) + bi(E;) + b3(E;)) + sin (0) + sin (30)

) J R:(6,b) + \/Rf(@, b) + 5:2(6, b)

, 6.144
® 5 (6.144)
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oy ) 4—1{;(9, b) + \/Rf(@, b) + St2(0, b)
> 2I_<(E;;) 2 + cos (0) + cos (30) = > ,
(6.145)
_ V4 _ _ _ . .
E, ~e+ D (bo(E;) = ba(E;) = bs(E;)) — sin (0) - sin (36)

_J R:(60,b) + \/Rf(e, b) + S;2(0, b) i
- - : (6146

—R;(0,b) + \/RZZ(Q, b) + S7%(0, b)
2 7

Vp 14

2 " 2K(E;)

2 —cos(0) — cos (30) = J

(6.147)

with k(E) = VE2 — m2. The behavior of the complex poles of the propagator for
n = 4 in the symmetric and antisymmetric sectors is shown in panels (b)-(c) of
Figure 6.12.

We finally comment on the phenomenon of emergence of nonperturbative
eigenstates for small values of md. Such poles appear when one of the complex
poles with negative imaginary part in the second Riemann sheet approaches
the real axis (see Figure 6.13). Due to the analytic properties of the resolvent,
there is a symmetric pole of the analytic continuation

TM(2) = T(2) + —X— cos (Ij — €10(2)) (6.148)
Y
in the upper half-plane. Atd = d. the two poles collide and coalesce at a point
of the real axis. By further decreasing the spacing d, the two poles split up
along the real axis and increase their energy difference.

The propagator analytic continuation yields a complete knowledge of meta-
stable and unstable states decay rate through associated simple poles trajecto-
ries. In the regime of small distances, the no more negligible cut contribution in
(6.137) and (6.145) allow us to observe the emergence of new eigenstates. The
importance of high-energy eigenstate pairs should concern n > 4, which will
be investigated in further develpments of the model including the coupling
with more than a single bosonic mode.



Chapter 7

Spin waves and multimerization for
many-body bound states

The unmanifest world is simple
and linear, it is the manifest world
which is ‘folded” and nonlinear

Giuseppe Marmo,

XXI International Workshop on
Differential Geometric Methods
in Theoretical Mechanics, 2006

The Friedrichs-Lee model introduced with the Hamiltonian (1.18) is ex-
tended to an arbitrary number n of equally spaced qubits embedded in one-
dimension with (6.1)-(6.3). It obeys the matricial structure in the one-excitation
sector & (F @

F a ) _ T2
H—(|F> Q) |¢)—(|é>)e%”()—(i & L2(R), (7.1)
where & = diag(e, ..., ¢) are excitation energies of the n identical two-level
emitters, whose excitation amplitudes are expressed as |a) = (a,...,a,) € C"
and |F’) is a row of form factors including plane wave phases in (6.3).

Actual experimental realizations of this model, like waveguide QED pre-
sented in Section 1.4, exploit the coupling with a single mode based on suffi-
ciently large qubit spacing d. In this Chapter we provide a characterization of
eigenstates in proximity of resonant eigenvalues, taking in account just the first
cut contribution of the self-energy, according to their exponential suppression
in the physical distance regime required for the model. In this approximation
the self-energy matrix consists in a Laplacian of a regular graph associated with
the one-dimensional lattice for diagonal blocks associated with the parity not

127
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moving from the exact resonant condition. Instead, the remaining block will be
displaced from the latter eigenvalues, whose matrix includes the projector onto
the unstable state. In both cases the steady excitation amplitude profiles |a) are
expressed in terms of spin waves. The modes of these eigenstates have acoustic
and optical branches, if nearest-neighbor qubits amplitudes are in phase and
in its opposition respectively. Finally, the phenomenon of multimerization for
systems consisting of an odd number of emitters is characterized according to
the definition of subsystems separated by two lattice spacings not filled by the
bosonic field and based on factorizations of the singularity condition.

7.1 Self-energy as a Toeplitz-Hankel matrix

The extension of the model for any number of qubit n is based on looking at
(6.15) according to a complex integration perspective: to perform integration in
the complex plane we can choose a closed contour lying in a half-plane, which
guarantees convergence. This freedom of choice translates in a formulation of
the self-energy matrix according to a symmetric Toeplitz pattern [62]

Lie(z) = Z);y(2), (7.2)

where the definition of level shift operator (2.58) entails that interactions be-
tween each qubits pair, mediated by the electromagnetic field, only depends
on their distance when they are equally spaced.

The original parity invariance of the Hamiltonian (6.3) translates into the
introduction of a reflection matrix J, defined with ones in the anti-diagonal,
in the inverse propagator kernel (6.13) for the reduced qubit system. Indeed,
given the property JJ' = 1, the reflected amplitudes array J|a) must belong
to the kernel of the Hankel matrix G™J. This approach represents an algebraic
way to perform the parity sector diagonalization (6.36) by exploiting the central
symmetry of Toeplitz-Hankel eigenvectors [20].

The rearranged propagator expression (6.25) is valid in general for even
dispersion relation w(k) and form factor F(k), whose complex extensions are
analytic in a strip of the complex plane R X (-m,m), with m > 0. In our
particular case, when w(k) is a monotone function for positive k, for energies
in the continuum lying above the minimum value of w(k), the pole equation
w(k) = E admits a single positive solution k(E) [44].

To take into account the constraint (6.11) for eigenstates, let us introduce
the following unit vectors, functions of the phase parameter that in waveguide

QED reads O(E) = d VE? — m? and appearing in (6.25):

|ei(8)> — L (1’ eii@[ eiZiQ[ o ei(n—l)i@) ) (7.3)

Vi
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such that (6.11) reads
(ale*(0)) = 0. (7.4)

The vectors labeled by (+) in (7.3) coincide in resonance condition & = vrt,v € IN,
representing the parity invariance for unstable super-radiant states character-
ized in Section 6.4.2. Making use of the constraint (7.4), we are free to subtract
to A,(0, x, b) any matrix containing |a) in its kernel, as:

i4,(0,1,6) = Au(0,,) = 5 ), 1O (€(©)], 75)

s==+

yielding the real symmetric matrix

X forj=1¢

|46, 2, b)),

o= (7.6)

sin(|j — €| 6) + by, forj#¢

which by construction is characterized by a real eigensystem. In particular, the
two constraints (7.4) are not independent, since one is the complex conjugate
of the other. It is possible to use them singularly following the approach (7.5),
as

i4,7(6, x,b) = A,(0,x,b) = 1 [e*(0)) (e*(0)

such that an upper (lower) triangular transfer matrix is obtained in frequency
representation, with the exception of unchanged cut contribution elements:

X for ] =¢
4276, x,0)], = (7.8)
J 20 (+(j - ) sin (|j - | 6) + by, forj#¢

thus providing a measure for the computational complexity in the determi-
nation of the eigensystem, with respect to the lowest one corresponding to
triangular matrices, proportional to the number of included cut contributions
and accompanied by the numerical integration resource demanding described
in Section 6.4.1.

For b; # 0, matrices in (6.36) are generally not simultaneously singular, thus
implying that stable states in the system are either symmetric or antisymmetric
under a reflection around the center of the array. This property is ultimately
due to the presence of the b;’s and hence to the finite width of the analiticity
strip [44]. Physically, this is caused by the presence of the exponential tails
of the photon wavefunctions, which couple with all the qubits of the system,
generally causing instability unless proper symmetry conditions are fulfilled.
Moreover, depending on n being even or odd, one of the two blocks will still
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be singular only if € = 1 or € = -1, i.e. in the same resonance condition of
the case not endowed with cut contributions, whilst the other one will have
singular elements displaced with respect to exact resonances.

In Section 7.2 we will prove that just the first cut term is sufficient to obtain
the degeneracy lifting, with respect to the lowest complexity condition of trian-
gular matrices not endowed with it, described in Section 6.3.3, which contains
also less informations. In the description of the large distance regime, the expo-
nentially suppressed behavior of (6.19) allows for applying a local interaction
approximation, only involving nearest-neighbor qubits

b=(bi,..., b)) = b,0,...,0). (7.9)

Hence, in the following, we will omit the first cut contribution index. Through

the definition of the kernel A, |a) = 0, it is possible to derive the recurrence
relation

b(aj.q +aj1) + Z (gf—j + fj—t’) ac = —xaj, (7.10)
=1

where g,_; = O(f — j)sin((£ - j)0) and fir = O — £ — 1)sin((j - £)0). In a
practical perspective, the intrinsic appearance of convolutions leads us to the
interpretation of the physical states constraint (6.11) as applied to the discrete
Fourier transform (DFT)

(ale*(0)) = % Z a; e*10-09 = a(6), (7.11)
j=1

whose vanishing value corresponds to a specific angle 6 associated with each
non-degenerate eigenstate. The diagonalization procedure makes use of the
presented transformation

Aj-1 + js P 2 cos(0)a(0) — — (e*i0a, + eﬁeal), (7.12)

=
Vn
obtained applying Dirichlet boundaries ay = 4,41 = 0 corresponding to fictitious
nodes. Convolutions are reduced to simple products

- e sin (0) — e*"Y sin (n0)

q — : +i(k-1)0 _ ;

[G) ; sin (k) e i G ) (7.13)
" Fi0,, o Fino o;

JOP . sie-1ye _ ; € nsin(0) —e™ sin (n6) )0 s

3(0) = k:Z_‘l sin (kO) e =1 25in (0) e sin (n6),

(7.14)
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finally yielding

b(eiin9an + e¢16a1)

" 2byicos(0) + Vi1 x + f(0) + §(0)

In case of eigenstates corresponding to resonances 6 = v, the functions in
(7.13)-(7.14) vanish, such that the constraint a(vnt) = 0 imposes a; = —a, for odd
n, while, for even n, a; = a, (a1 = —a,) for odd (even) v. Setting a vanishing
cut contribution, this last characterization disappears, consistently with the
degenerate nature of eigenspaces described in Section 6.3.3.

The inversion of the DFT is made according to

a(o) (7.15)

271
do (i
— a(o Fi(j-1)0 71
7 fo 5 a(0)e™0, (7.16)

which can be evaluated by analytic extension for 6 € C. The calculation of
the residue is a hard task, given the required transcendental equation solution,
even if it is possible to focus on eigenstates whose angle 6 coincides with an
exact resonance, a familiar condition for experimental platforms as waveguide
QED in its single mode realizations [4]. Neglecting the presence of vanishing
convolutions for these eigenvalues, we obtain the following equation for poles

(6)2 -l sgn (Re(@))Log sgn (Re(0)) \/W -8

2bcost9=E -
e m

yd

d

(7.17)
still belonging to the transcendental type. Some approximations, valid near the
resonance condition, could simplify the solution, by neglecting the logarithm.
We will apply algebraic methods which provide the exact eigensystem, thus
circumventing these obstacles.

7.2 Spin waves

Eigenstates excitation amplitude profiles are ruled by spin waves, provided
by the finite differences Laplacian of a one-dimensional lattice [22] associated
with equally spaced qubits, whose spectrum defines a set of modes. In exact
resonances they are related to the same eigenvalue, with negative parity for odd
n and positive (negative) for odd (even) v in case of even n. These states are
always accompanied by eigenstates which will move from resonant conditions
towards lower (higher) energies for odd (even) v: each of them will be associated
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with a different non-degenerate eigenvalue, showing a deformed spin wave
profile. This mismatch is measured according to

5=1- <a|a> = %ua —allg, (7.18)

where |a) is the exact numerical eigenstate. As shown in Figure 7.1(a-b), it is
characterized by a saturation behavior with respect to the number of quantum
emitters, choosing a reference unit norm for spin waves. The mismatch is
the same for each mode once they are ordered according to their sequence in
moving from resonance conditions, so independently on the integer label v and
following the same curve in the variation of n. In a mean field perspective,
based on the average of (7.18) per emitter, a convergence to undeformed spin
waves is obtained, since 6/n — 0 [4].

A relevant characterization regards the presence of both acoustic and optical
modes, swapping their role for the parity block moving from exact resonance
condition: as shown in Figure 7.1(c-f), when we consider a subsequent reso-
nance integer label v, the first moving optical mode becames an acoustic one
for even n, while viceversa for odd n. Their association with lower or higher
energies is entailed by parity boundary conditions imposed at the chain center,
as we will analyze in Section 7.2.1.

The spin-wave deformation in amplitude, shown in Figure 7.1 for exact
eigenvectors |a), is explained according to the physical states constraint. Ap-
plying the result of (7.5) concerning |@) € IR", we can focus on the imaginary
part of (6.11) and expand it for perturbations 60 close to the exact resonances,
yielding

Y a(i-100=0, Y a(-1)"(j-1)s0 =0, (7.19)
=1 j=1
respectively for even (odd) v. Imposing the parity symmetry, these results
motivate the linearly increasing profile mismatch from chain extrema, followed
by a number of oscillations corresponding to the mode ordering with respect
to the "angular" distance from exact resonance (see Figure 7.1(g-h)).

7.2.1 One-dimensional regular graph Laplacian matrix

The structure of the self-energy diagonal block, associated with eigenstates in
resonance condition, stable with respect to the introduction of the cut contribu-
tion and obtained through the nearest-neighbors interaction (7.9), corresponds
to the one defined by the Laplacian matrix for a one-dimensional regular graph
[22, 27]. This description allows us to study the excitation amplitude profile |a)
in the spin waves framework, thus including acoustic and optical modes.
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Figure 7.1: Panels (a)-(b): Eigenstates mismatch (7.18), respectively for the first
and second mode in (7.25)-(7.30)-(7.35): red circles represent even n and blue
crosses odd n. Panels (c)-(d): first and second mode for n = 100 and v = 1
and v = 2, while viceversa concerning panels (e)-(f) for n = 101 with first and
second mode in v = 2 and v = 1 respectively. Panel (g) mismatches of the first
(blue), second (orange), third (green) and fourth mode (red), with n = 100 and
v = 2, where the absolute value coincides for v = 1, as verified for n = 101 in
panel (h). Model parameters are md = 7 and y/m?* = 2 x 107
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As already characterized for the inverse propagator (6.33), also the self-
energy matrix decomposes according to

U, Zo(p) U, = L2 @) ® (@), (7.20)
where we define X, (¢) = —%Z(E), with ¢ = g—z, thus considering a matrix with

elements measured according to the energy scale of the first cut contribution
b, whose stable blocks in case n = 2k + 1 correspond to X, (¢) in resonance
conditions, while, in case n = 2h, Z(¢) for respectively el = ¥1. Now we are
looking at the reduced system composed by emitters in its associated amplitude
profiles, which is not influenced by the considered eigenvalue E,, but just by
the associated "stable" parity.

The Laplacian matrix A acts on functions a,, with £ =1, ...,h, sampled in a
one-dimensional lattice, with the aim of implementing finite differences

Aap =apq +ap— — 24y, (721)

where the lattice spacing is the unit. Boundary conditions are implemented by
means of fictitious nodes corresponding to £ = 0,/ + 1 [78], in order to preserve
the notion of regular graph. The antisymmetric block for a system consisting of
an odd number of emitters mimics pure Dirichlet boundary conditions in both
lattice ends, ay = a;41 = 0, while blocks for even n implement mixed Dirichlet-
(anti)Neumann boundaries, a0 = 0 and az = ay.1 (a3 = —az.1), alternatively in
the stable parity, thus concerning odd (even) v.

The translation of (7.21) into the graph framework encodes in an adiacency
matrix the super- and sub-diagonal elements implementing the excitation hop-
ping, so taking into account the edge number between each pair of vertices, in
our system corresponding to quantum emitters, minus a diagonal matrix whose
elements report each vertex degree, which is equal to its number of edges.

Let us start with the analysis of systems endowed with n = 2h + 1, where
the rescaled self-energy antisymmetric block reads

20 1
1 29 1
L (p) = .o , (7.22)
1 2¢p 1
1 2¢

which implements a recurrence relation for the associated eigenfunctions,
solved by Chebyshev polynomials of the second kind [126], thus yielding

. A;
a) = U, (—(p + ?f) (7.23)
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Given the absence of a singularity condition involving the positive parity block,
the action of the considered "stable in resonance" block involves excitation
amplitudes associated with the first 1 qubits, with the (i + 1)-th qubit working
as a dynamical mirror, thus implementing a Dirichlet boundary because it
represents a fictitious node. Indeed, the spectrum is provided by the encoded
boundary in the last diagonal element, translated in a;]il = Uy, (%) = (0, assuming
¢ = 0, which represents just a translation for the spectrum, in correspondence
with the associated singularity condition of the inverse propagator, analyzed
in Section 7.3. The degeneracy lifting made by cut contributions, results here
in a straightforward relation with simple roots of Chebyshev polynomials.

In the case of Dirichlet condition on both the extreme ficititious nodes of a
lattice with & sites (ap = a1 = 0), eigenvalues and eigenvectors of the Laplacian
matrix are given by

. jm

Aj= —4sin (2(h+ 1)), (7.24)
0 _ WL

a;, = 1 51n(h+1f), (7.25)

with j,¢ = 1,...,h and where the excitation amplitude profile has been nor-
malized to unity in its {2 norm on the half chain [22]. These expressions map
exactly our acoustic and optical spin waves spectrum, just imposing a trans-
lation equal to 2 for eigenvalues A; to remove the "potential” caused by lattice
vertices degree. This appraoch has straightforward extensions concerning sub-
lattices involved in cases with an odd /, where the excitation may be trapped in
multi-excitations sectors, thus giving rise to multimers [103] (see Section 7.3).

The same analysis is applied for systems characterized by n = 2h, even if
new boundary conditions have to be included, according to the self-energy
matrix:

20 1
1 29 1
Zi(p) = Lot , (7.26)
1 2¢ 1
1 2p+1
up to the overall spectrum translation ¢, translated in:
: , A A
0 =0 _ A - A
(Zh]+1 + llh] = Uh (E) + Uh_l (?) = 0, (727)

which provides the spectrum. The parity of the stable block is imposed by
el = £1: antisymmetric eigenstates are associated with € = 1, while the
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symmetric case concerns the remaining value. The latter is described by X/ (¢)
in (7.26), encoding a mixed Dirichlet-Neumann boundary condition for the
Laplacian, implemented through ay = 0, a5, = aj41:

Aﬁlh =day-1 — ay, (728)

whose eigensystem reads as follows:

._ l n
Aj= —4sin2[%], (7.29)
. ) 2<j— %)TC
M _ :
a, = el sm[ Tl A (7.30)

again requiring a translation equal to 2 for the spectrum to balance nodes degree
potential. This spectrum is provided by the Neumann condition:

A A
A A\ 4cos((h+ L)arccos 3 )sin (1 arccos
Uh(_] Uy —]) teor(lr s o) g
2 2 4- )2
j

The analysis of antisymmetric blocks, regarding X, (¢) in (7.26), is less trivial
because the Laplacian now includes ay = 0, a;, = —a;41 such that:

Aﬂh =ap-1 — 3L1h, (732)

which we are calling the anti-Neumann boundary condition, encoded in the
tirst antisymmetric qubit of the second half of the chain. The Laplacian is
endowed with an opposite spectrum with respect to the latter case, because of
the new boundary condition:

A A\ 4sin((h+ 1)arccos 7 ) cos (2 arccos
Uh(_])“LUh—l( ])‘ (o 2)eosls ) =0, (733)

which implies the opposite spectrum by means of decreasing eigenvalues or-
dering

2h +1 (7:34)

B 2n(h+1-j)\ 2n(j - 3)
Aj=2cos (W) = —2COS(
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This sign causes the appearance of an alternating sign factor in (7.30) for
Dirichlet-anti-Neumann eigenvectors:

. ) 2(]'—%)71
0 _ _1\E+1 o
a, = h+%( 1) sm( Tl t], (7.35)

thus acoustic spin waves will present a node between central qubits, while
optical modes easily obey to the anti-Neumann boundary.

The knowledge of Laplacian spectra allows us to deduce a one to one corre-
spondence between eigenvalues A; and the bare emitters energy ¢ through the
definition of the inverse propagator kernel, with fixed coupling constant y

WE) | YhlE)

VE2 —m? ! VE2 — m

thus selecting each spin wave mode.

e=F, + (7.36)

7.2.2 Rank-one modification of the symmetric eigenproblem

The self-energy diagonal block associated with states moving from exact res-
onance conditions consists in the Laplacian endowed of a certain boundary
induced by parity plus a dyadic product, which corresponds to the projector
on the unstable super-radiant state [15, 57].

Let us consider the system with n = 2h and the associated self-energy
matrix decomposition in parity sectors as a function of the first cut contribution
parameter b

2071 1
1 20 1
I¥(b) = bZ*(p) — 2hi [u™) (u| = b — 2hi [u¥) (u®
1 20 1
1 2¢

7

(7.37)
where X*(¢) corresponds to the Laplacian matrix for stable in resonance eigen-

states, while X¥(b) describes eigenstates associated with eigenvalues moving
from resonance and |u*) = %(1, +1,...)T represents the unstable super-radiant
W state, thus corresponding to |e(vm)) respectively for odd (even) v. The last
block is an approximation because we are neglecting phase perturbation in
O(E) = d VE? — m? from the exact resonance condition. We recognize that, in
absence of perturbations, 27(0) shows h — 1 degenerate eigenstates, thus corre-
sponding to an exceptional point b = 0 [80]. We will see that the computation of
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the eigensystem for rank-one modifications [15, 57] is characterized analytically
according to a well approximating ansatz for the secular equation.

Eigenpairs obtained in the approximate exact resonance condition are de-
duced according to formulas in [15, 57], whose calculations are based on a
real parameter weighting the dyadic product contribution, while we adapt the
scheme for the purely imaginary case. To deduce our extended approach let
us start with the equivalent system, dealing with the more general inverse

problem [15]
(A ?ﬁfﬂ |i>) (Ic;;)) _ (l?)' (7.38)

in
where A is a diagonal matrix, whose elements are eigenvalues A; associated
with eigenvectors |a ]->. The solution is expressed by

-1
1 1 1 1 1
|“f> - 1 <Z’ 3 ‘Z> o — |2) (z| ——=—|Iv). (7.39)
A—/\]]l A—/\]]l mn A_A]]l A_/\]]l

To avoid a vanishing eigenvector in our case, which concerns |v) = 0, we have
to examine the propagator:

G(1)= (A=At —inl2)¢z) ", (7.40)

corresponding to its poles. This translates in the determination of a singularity
condition, given the research for eigenvectors belonging to its kernel. Eigenval-
ues satisfying this requirement are deduced exploiting the matrix determinant

lemma [57]
n n 2
deté(%):H(Ai—f\j)(l—inzkﬁx), (7.41)
i~

i=1 i=1

thus providing the secular equation. Eigenvectors are expressed by (7.39),
where the first term is absent for |v) = 0, while the second one is indeterminate
when examined corresponding to eigenvalues given by (7.41). In this way it
is possible to consider directly the solution given by (7.38), defined up to a
normalization constant:

o) = =g (A - iﬂl)_l |2), (7.42)

representing the Bunch-Nielsen-Serensen formula [15].

This approach will be applied in a straightforward way to obtain spin waves
deformation, keeping in mind that we measured Laplacian eigenvalues in cut
contribution units, as expressed in (7.36). The latter energy scale will be adopted

also for eigenvalues perturbation, so from now on X will not dependend on it.
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The self-energy Laplacian in (7.37) is diagonalized according to:
I*Hp) = B A* (8Y)T, (7.43)

which induces the same rotation for unstable super-radiant state involved in
the dyadic product:

I = 25 (A - 2hi |2%) (27]) (E%) = E* i(Ei)T, (7.44)

where |2%) = (2%)T |u*) = ( ICVEEE ), with components:

. e > n(f—%) - n(f—%)
C[ <’U, G,€> == h(h N %) Uh COS Z}ZT sin thh . (745)
The determination of eigenvalues resides in the solution of the secular equation
()
=1-2hi — =0, 7.46
w(ut) = § T (7.46)

where ;\;—’ A% = 2hi pi. Eigenvectors of A* obey the expression

) = (A% - i]ﬂl)_ |2*), (7.47)

at) = 5*
J

a}—'> [15, 57]. Our ansatz assumes solutions of (7.46) in the form

sin (2712%]:1%) (h+ 1)) sin (2712%]:1%) h)
+i

/ 212 (h + 1)

—+

) (7.48)

with the plus (minus) sign holding for even (odd) v. The application of (7.48)

in (7.47) provides |& ‘ > whose rotation is composed by spin wave modes asso-
ciated with exact resonances in = is

S M )

k=1 sin(zn(j_%)(h + 1))sin(2n(j_7)h) 2h+1

2h+1

i
]

2h+1

_ Z U, (cos (%)) sin (ngij )h) \/12(111+%) sin (2712(;;1% k) )
f

S L) AT ) R Y PR 221

(7.49)
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Figure 7.2: In panel (c) orange points coincide with (7.48), while the under-
lying blue ones represent exact imaginary parts of numerical roots for u; in
(7.46), whose much smaller real parts is plotted in (d). The real part of the
distance of associated eigenvectors (7.50) with respect to spin waves (7.30) for
j =2,3,4,5 (blue, orange, green, red) is shown in panel (b), which coincide with
Figure 7.1(g). Same eigenvectors distance with purely imaginary numerical u;
is shown in (a). A more stable numerical research for i = 20 is plotted in (e-f).

representing deformed spin waves, up to an overall normalization constant.

As discussed in Appendix B, the numerical root research for (7.46) through
the Newton method allows us to implement exact eigenpairs: in this way it is
possible to check how much the hypothesis concerning super-radiant eigenvec-
tors involved in the dyadic product without any phase perturbation is correct.
At the basis of (7.48) there is the imposition of real eigenvectors, but this is not
true even at the numerical step in Figure 7.1, where we are neglecting a much
smaller imaginary contribution, weighted by the neglected phase perturbation
in the dyadic product. Finally, we verified numerically that solutions of (7.46)
coincide with the ones associated with just the sum in it, thus neglecting the
unit, which guarantee a safe measure of eigenvalue in cut contribution units.

Let us consider the general formula for eigenvectors associated with a rank-
one modification of a Laplacian eigenproblem with n = 2h:

. 2((—1)71
f H 2(i-1 (tsin| 2k
2 i (] 2) T ¢ ( 2+l )
i) = k Eo, (7.
a] > h+ % ; Zhllll]i st 2h+1 + oy /\f _ A] + Zhlll,l]i | k> 7 ( 50)
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Figure 7.3: In panel (c) orange points coincide with (7.58), while the underlying
blue ones represent exact imaginary parts of numerical roots for u; in (7.46),
whose much smaller real parts is plotted in (f), for even v, h = 50. The real
part of the distance of associated eigenvectors (7.56) with respect to spin waves
(7.25) for j = 2,3,4,5 (blue, orange, green, red) is shown in panel (a), which
coincide with exact diagonalization results. Same eigenvectors distance with
purely imaginary numerical y; is shown in (b). The same spectrum in (c) and
(f) is plotted in (d-g) for odd v, h = 50, while for odd v, h = 51 in (e-h).

which, for exact u; € C, coincides with the result of numerical diagonalization,
as shown in Figure 7.2. In this analysis j = 1 is associated with the super-radiant
eigenvector. Neglecting real parts of numerical y; results in eigenvectors ap-
proximately identical to the ones obtained through the ansatz (7.48), as shown
in Figure 7.2(d) and Figure 7.4(a), because imaginary parts of u; are well repre-
sented in particular for higher values of n.
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Figure 7.4: Deformed spin waves mismatch, respectively for the ansatz and
spin waves in exact resonance conditions in panels (a-c) or numerical exact
eigenvectors in panels (d-f), of the first (blue), second (orange), third (green)
and fourth mode (red). In (a)-(d) n = 100 and v = 2, n = 101 and v = 2 in (b)-(e),
n =101 and v = 1 in (c)-(f). Model parameters are md = 7 and y/m? = 2 x 107,

This framework is applied for systems with n = 2h + 1, whose self-energy
diagonal block X" = X' (¢) — (2h + 1) i |u”) (u’|, with the Laplacian part in the
form (as the inverse propagator (7.74))

20 1
1 20 1
Za(e) = P : (7.51)
1 20 V2
V2 2¢

and with |u") = % ( V2, £2,..., (1) 142, (il)h)T depending on even (odd)
v, with matching dimensions (h + 1) X 1.

The eigensystem of the Laplacian (7.51) is easily characterized considering
the known structure for the 1 xh block not including the central qubit: eigenvec-
tors are determined up to the global spectrum translation ¢, with a boundary

condition skipping the central emitter, in such a way to mimic the singularity
condition of (7.74)

Th1ﬁ=uh1ﬁ—uh1ﬁ=0 (7.52)
+ 2 + 2 - 2 7
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which allows us to deduce eigenvalues through the imposition of a boundary
intrinsincally present in the singularity condition:

4 cos ((h + 1) arccos %) sin (arccos %)

/4 — A2
j

Applying again the translation to avoid vertices degree potential, eigenpairs
are determined as follows:
(i-3) ]

=0. (7.53)

2h+2 (7:54)

. 1
m_ |2 (i-3)m
a, = h+1sm[ P l], (7.55)

with a symmetric reflection just involving the first 1 amplitudes (see Figure
7.1(e-f)), thus following (7.29)-(7.30) for the even n case.

The Laplacian eigensystem is determined to apply the procedure for rank-
one modifications, whose eigenvectors are expressed in the general form (7.47),
which explicitly reads

et (0% sin (2 ¢ sin (L2
") = ,/hil ; ] sm( - )+Z : Sm( - ) IEx) (7.56)

] @h+ i A=A+ h+ Dip”

/\j = —4sin2[

where there is a dependence in both v and h for the odd n case. The ratio
between spin waves and deformations is strongly influenced by eigenvalues
corrections y;’h. Components of rotated vectors in the dyadic product are

vh _ 2
e \/(Zh +1)(h+1) (7.57)

u, (cos (ngij) )) sin (ﬂgij ) h) even v,
s "G eo(30-4)

x |(£1)" sin (({’ - %) n) + V2 B COS[%] odd v, event, ,

co L2i)sn(i(e-4)

odd v, odd #,

2h+2
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Figure 7.5: Distance between our conjectured deformed spin-waves (using
(7.48)) and the eigenvectors in exact resonance condition, for v = 1 (disks) and
v = 2 (crosses) of a system with & = 30 in panel (a) for n = 2h. In (b) the
same behavior is plotted for (7.50) with purely imaginary numerical y;, while
exact complex solutions are involved in (c). Same case are plotted in (d-f) for
n = 2h + 1, where (d) is based on (7.58).

for respectively even (odd) v. These expressions are much more hard to be
analyzed with respect to the even n case, our ansatz for the odd n case reads

; htl (. 2j-1
y 81 (-1) cos (h% (2] - %) 71) - cos(ziwzn) - e
M= 100 (h+ 1)(2h + 1) (7.58)

where for odd v we have just to take the opposite sign in the reverse j ordering
(see Figure 7.3). The requirement for an explicit mode label j dependence, in-
stead of a constant estimation, is annealed in the research of an higher precision
for modes moving less fastly from exact resonance conditions. These algebraic
expressions aim at providing an easier experimental interface with respect to
the application of numerical complex functions w(u;) roots research through
Newton method, even if this will be the preferred way for system consisting of
low number of emitters (up to approximately i = 20). The different behavior
in Figure 7.5 for even and odd n concerning even or odd v is primarily caused
by numerical precision in Newton method (see Figure 7.2-7.3).

In Figure 7.2 it is observed the reduction of u; real parts for increasing
n: we already characterized the appearance of a new pole for n = 4, whose
number increases with 1, such that mutual poles interaction [39] limits phase
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perturbation in resonance conditions eigenstates in the considered distance
regime. In conclusion the energetic behavior for acoustic and optical modes is:

e for n = 2h + 1 the antisymmetric diagonal block is associated with ex-
act resonances, thus imposing the central qubit as a dynamical mirror
to obtain the desired Dirichlet boundary in both chain extrema, which
provides the lowest energy mode as an acoustic one whose wavelength
coincides with the whole system, as the envelope of the highest energy
optical mode;

e for n = 2h + 1 symmetric eigenstates displace from exact resonances to-
wards lower (higher) energies if v is odd (even), with a first moving
mode consisting in a deformed optical (acoustic) one, whose envelope
wavelength equals to 2/3 of the lattice length;

e forn = 2hin odd v exact resonances involve symmetric eigenstates, whose
lowest energy mode is acoustic, with half wavelength equal to the lattice
length because of Neumann boundaries at the chain center, while the first
moving antisymmetric eigenstate towards lower energies is a deformed
optical mode whose envelope wavelength is 2/3 of the whole lattice;

e for n = 2h in even v optical modes correspond to lower energies in exact
resonances because of the anti-Neumann boundary, whose lowest one is
endowed with an envelope half wavelength covering the lattice, while the
first moving symmetric eigenstate towards higher energies is a deformed
acoustic mode with a wavelength equal to 2/3 of the lattice length.

7.2.3 Nonlinear matrix pencils

The technique implemented in Section 7.2.2 provides analytical results for
eigenpairs associated with parity blocks not stable in exact resonance condi-
tions with respect to the inclusion of cut terms, even if in our distance regimes
we neglect perturbations in O(E), thus causing the appearance of much smaller
imaginary component for amplitudes profile |a). To obtain exact real eigenvec-
tors the dyadic product should involve generally |e(0)): here we will consider
a linear expansion near resonances, even if these result will hold true also in
the general case.

Without including parity indices for clarity, the generalized eigenvalue
problem analyzed in Section 7.2.2 reads:

(z—in |e©))(e©))])]a;) = A;]a;), (7.59)
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where 0; = {7 — 60;,21 + 60;} with 60; < 1, such that it is possible to expand
in (je(0))) ()] - lu) (ul) ~ 50; M, (7.60)

where 9t is a skew-symmetric Toeplitz matrix with linearly increasing entries
as follows:

0 1 -2
+1 0 =1
M = 2 11 0 , (7.61)

for respectively odd (even) v, satistying the condition required for the appli-
cation of Gershgorin theorem, which consists in vanishing diagonal elements.
More precisely, it states that if the diagonalization of a matrix A, using a sim-
ilarity transformation X, yields X"'AX = D + F, where D = diag(dy, ..., d,)
and F = (f; ;) has zero diagonal entries, then the spectrum ¢(A) € U, D; with
Di={zeC:lz-d| <Y |fi]} 58]

At this stage it is useful to introduce a common tool of linear algebra, named
linear matrix pencil and defined as a linear combination of a pair of matrices
A — AB. Solutions of the generalized eigenvalue problem det(A — AB) = 0
define the eigenvalues A of the pencil [58]. We can obtain a congruence with
another equivalent pair of matrices, as already made in the diagonalization

procedure of Bunch-Nielsen-Serensen for the pencil £ — A1, by means of the
orthogonal transformation =, which maintains M® = ZTINE with vanishing
diagonal elements.

The complete version of the eigenvalue problem (7.59) corresponds to a
nonlinear matrix pencil according to the expansion (7.60), where the successive
linear approximation method is applied to obtain a generalized eigenvalue
problem [76]

[2 — in ) {u| — (66 (i\jf')) — 50 0 7\5?") im] 'a‘?”’) = Ay 1 - 60 (ij?')) 0| ‘a,(?“)) .

j j
(7.62)
To motivate the appearance of numerical eigenstates, as the one for the system
with n = 4 qubits in Chapter 6, we can observe that more than n solution may
be involved if the rank of the right hand side of (7.62) is less than n [58]. In
a more general perspective we can include an arbitrary number of orders in
the Taylor expansion for 66(1;), such that the generalized eigenvalue problem
becomes:
(A=in |2) (2] - 50(1)M") |oy)) = A ]ey;), (7.63)
whose property resides in the complete knowledge of eigenpairs associated
with the rank-one modification analyzed in Section 7.2.2. The inclusion of the
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Figure 7.6: Behavior with respect to n for (7.65) in panel (a) regarding the mode
j with largest contribution. Linear interpolation in the log-log plot provides a
slope for even n equal to 2.33, while for the odd case 2.17. Panel (b) shows the
same behavior for the mode j endowed with the largest real part: slopes for
linear interpolations in log-log plot are —3.91 for even n and —3.84 for odd n.

perturbation in 50(A ;) will shift eigenvalues inside Gershgorin disks:
Gl={zeC:lz-1jl< rj(z)c}‘q(z)}, (7.64)

as defined in their nonlinear extension, named j-th generalized Gershgorin
region [10], for every 0 < g < 1, where:

[1/2]

r(z) = 56(z) ) 'sm;; , (7.65)
k=1
[n/2]

z) = 56(z) Y | 'imfj| . (7.66)
i=1

In Figure 7.6(a), the behavior in the variation of n for r,(z)/66(z) (for g = 1)
shows approximately a super-quadratic growth in both cases regarding mode
with maximum row contribution. In Figure 7.6(b), the maximum real part of ;
is endowed with a sub-quartic suppression, such that it lies in Gershgorin re-
gions and it provides an estimation for the upper bound of phase perturbation.
These perturbations decrease with n, thus signaling the appearance of new
poles, whose Coulomb interaction [39] maintains the analyzed eigensystem in
proximity of exact resonance conditions.

Experimental platform interested in the knowledge of the excitation ampli-
tude profile to predict string encoded in the system, without including phase
perturbation of the super-radiant state, can obtain important informations us-
ing the bound of Gershgorin regions to control the error.
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7.3 Multimerization

The research for fragmentation mechanisms in quantum emitters arrays has
been investigated prevalently in multi-excitations sectors. It consists in the
definition of product states for multipartite subsets of emitters, called multi-
mers, where excitations are stored [103]. Our analysis is constrained in the
one-excitation sector, where the product state of multimers is no more valid:
it translates in a multipartite global state characterized by annealed singular-
ity conditions of the inverse propagator. The multimerization phenomenon is
provided by the determinant factorization, included in the Laplacian matrix
structure in iterated block diagonalizations, holding true also concerning their
associated sublattices.

The presence of unexcited emitters, working as dynamical mirrors, leads
at the hearth of this phenomenon: they yield a double lattice spacing between
elements which result decoupled in our approximation. In a physical perspec-
tive this motivates exact multimerizations referred only to systems with an
odd n, given the presence of a central emitter as a dynamical mirror for every
antisymmetric eigenstate. Iterating this procedure to obtain lattice subdivision
translates automatically in the research of natural number partitions, causing
that only odd numbers obtained in decompositions can be further partitioned.

Let’s consider the definition of diagonal blocks presented in Section 7.2.
Considering a lattice endowed with n = 2h + 1 sites:

2n 1

1 27 1
A, (n) = S , (7.67)
1 2n 1

1 2n

where this matrix A, (1) — —%A;(n) includes in its definition the cut contribu-
tion, with 1 = ;. The determinant of this matrix is det A, (1) = Uy(1), consisting
in Chebyshev polynomials of the second kind

h+1
2 -1 —(n— 2_1
uh(n)=(17+ L ) (n 1 ) , (7.68)
24 -1

h+1

obtained imposing U;(n) = 27, Uy(1) = 41> — 1 in the recurrence relation

U () = 2nUi(n) — Up-1(n) [96].
Implementing the diagonalization iteration for h = 2p

UA, (U, = B; (1) @ B, (1), (7.69)
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yields diagonal blocks

2n 1

1 2n 1
1 27 1

1 2n+x1

which is not true when n = 2h becuase the two blocks migrate in different
resonance conditions. The associated determinant L;(n) works as a irriducible
factor and it is endowed with the same recurrence relation of (7.67), but with
new initial conditions LI () = 2n + 1, L (1) = 41> + 21 — 1, thus yielding

(nil+ \/1]2——1)(17+ \/172——1)p—(nil— \/172——1)(17— \/172——1)p

L,(n) =
A 2 -1
= Uy(1) = Up-1(1), (7.71)
which represents the factorization:
Wy(n) = Ly (L, () = Ui () = U;_ (1), (7.72)

whose proof is given straightforwardly by means of the property U, (n)U;(n) =
Zizo U,—142¢(1), applied for the expansion of the right hand side of (7.72), using
m=1=1%1—1. Inasimilar way we can consider the case of odd I

UA;, Uy, = Criyn(1) © Ay, ) (), (7.73)

thus involving the diagonal block:

2n 1
1 2n 1
Crn1(1) = 1 2'1% ) (7.74)
1 2n V2
V2 2n

The determinant det Cyy,/21(1) = 2T/21(17) works as the irriducible factor

TWZT(U) — %((17 + /172 _ 1)fh/21 N (17 B /172 _ 1)Fh/2'|), (7.75)
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represented by Chebyshev polynomials of the first kind [126], again ruled by
the recurrence equation T},.1(1) = 2nTy(n) — Th-1(n) but obtained with initial
conditions T1(1) = 21, T2(n) = 4> — 2. This result completes the analysis of
determinant factorization for n = 2h + 1, because of the property 2T,,(n)U;(1) =
Uyn+1(n) + Uj—(n), holding true for I > m—1, where we have to impose m = [h/2]
and / = |h/2] to obtain the desired result, given that U_;(n) = 0. At each
iteration step the factor Uy ,)(n) may be further decomposed in a product of
the form (7.72) or in the presented mixed product of Chebyshev polynomials
of the first and second kind, depending respectively on even or odd [h/2].
The procedure stops when diagonal blocks in the form B* are obtained. This
factorization is exact in the regime of exponentailly small, but non-vanishing
first cut contribution b, which lifts the eigenspace degeneracy and allows for a
one to one correspondence between qubits energy gap ¢ and each eigenstate,
with fixed coupling constant y. In the limit of vanishing nearest-neighbor tail
interaction any pair of excited emitters is an eigenstate belonging to the (n — 1)-
times degenerate eigenspace, thus losing the factorization description, while
the degenaracy lifting is obtained by simple roots of orthogonal polynomials.
A recurrence relation is available also in case n = 2h, for the diagonal
block associated with eigenstates displaced with respect to the resonant ones,
according to a small eigenstate dependent phase perturbation 66. We define

again the matrix B; (1) — —%B;f(ﬂ) and expand up to O(66), which reads:
2hi

Bi() = A, ()~ 5= [u) u?| + 50 B, (7.76)
where
+(n—1) n-1 . (£1)*1(n - 1)
n-1 +n—-3) n-3
n-3 +mn-5) n-5
% = T e, .. ,
7 x5 5
5 £3 3
(1)1 (n - 1) . 3 +1
o (7.77)
whose determinant det Bi = L;* + O(66) is decomposed in the following way:
=l 7.78

This quantity is ruled by the recurrence relation:

T () = FJ;; () = (h+ DUn(n), (7.79)
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where the imposition of Ji(17) = —1 provides the solution:

F(h + 1)Up-1(n) — hUy(n)
2(n+1) '

i) = (7.80)

which imposes a constraint for a real characteristic equation, differing from
exact resonance conditions because of a term suppressed for 1 > 1 as ™.
These diagonal blocks associated with states displaced from the the resonance
condition display a behavior already found in Chapter 6, linked with the defi-
nition of two multimers endowed with a half-chain extension, as discussed for
the dimerization characterizing the system composed by n = 4 qubits. This
phenomenon is not linked with annealed singularity condition for sublattices
because there is not a double edge separating multimers, but it is driven just
by destructive interference.

The multimerization phenomenon works effectively (if possible) as a sub-
division of boundary conditions at the extrema of sublattices, under the parti-
tioning condition for the odd n case, by means of the iterated diagonalization
procedure. Spin waves characterized in Section 7.2.1 automatically include
these properties, thus relating boundary conditions of the lattice, as sublattices
obtained in the iterative procedure, with singularity conditions factorization.






Conclusions and Outlook

A conjecture thought to be sound
was that every circle was round

Paul Erdos,
"The magician of Budapest"

Bound states in the continuum emerged in this thesis as a characterizing
feature of the Friedrichs-Lee model simulators, thus providing a promising
platform in the framework of quantum computing for noise-free memories,
able to implement quantum registers [23]. Their description has been achieved
by means of propagator poles in the second Riemann sheet and algebraic prop-
erties of Chebyshev polynomials for the many-body generalization, based on
the graph Laplacian. This structure is related to the interaction among two-level
emitters composing the system, imposed by the analytic expression of the self-
energy matrix characterizing the reduced system, given by the integration on
the complex energy plane. Entangled bound states generation requires a van-
ishing pole contribution, while remaining cut terms, named tail interactions,
lift the degeneracy even if they are exponentially suppressed with distance.
According to this characterization we truncated them up to the first cut term,
thus implementing a nearest-neighbors approximation, so yielding the regu-
lar graph structure associated with vertices of degree equal to two. A careful
analysis concerning the estimation for eigenvectors correction in phase per-
turbations coming from Toeplitz matrices with linearly increasing entries with
known eigensystem [16] could provide useful predictions.

Experimental realizations in waveguide QED mimicking the coupling with
a single mode should obey this description. Further develpments will concern
other kind of bosonic field, as in trapped ions setups involving phonons [12, 23,
29, 86, 99, 100, 105, 118]. In this framework the extension for two-dimensional
systems [17] has to be develped, exploiting results concerning graphs Carte-
sian product, where the Laplacian spectrum is given by linear combination
of all possible eigenvalues pairs, thus getting a special attention to associated
eigenvectors [4]. Moreover implementations of the Friedrichs-Lee model with
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a generic bosonic field will include a physical realization of thermal baths [100],
whose inclusion will provide a more suitable description for experimental ap-
plications.

The extension of the model for the coupling with more than a single mode
of the electromagnetic field provides the possibility of studying higher energies
of eigenstates, thus including system size reduction implemented with lower
values for interatomic distances. In this condition the emerged new eigenstates
below some critical distances could be resilient with respect to the introduction
of new decay channels.



Appendix A

Waveguide modes

Let us consider a waveguide of infinite length, parallel to the x axis, char-
acterized by a rectangular cross section with vy € [0,L,] and z € [0,L.]. We
conventionally assume that L, > L,. A common choice is L,/L, = 2. In a
generic guide made of a linear dielectric with uniform density and coated by
a conducting material, the boundary conditions for the electric and magnetic
fields on the surface S read

JB,

E s = =0, Al
s=0 and 1 |s 0 (A1)

with d/dn denoting the normal derivative with respect to the surface. Trans-
verse electric (TE) modes are characterized by E, = 0 everywhere in the guide
and obtained by imposing dB,/dn = 0 on the surface. On the other hand,
transverse magnetic (TM) modes have B, = 0 identically. If the waveguide is
rectangular, the boundary conditions for TE modes reduce to

9B,
dy

_ 9B,
=5

3B,
0z

y=Ly

_ 3B,
z=0 - Jz

=0, (A.2)

y:O z=L,

which limits the form of the longitudinal magnetic field to the real part of

{m .
B, = By cos ( T y) cos (nzz Z) ek (A.3)
y z

with (¢, 1) € IN?\{(0,0)} and B a constant.
The integers ¢ and n label the mode TE;,. The dispersion relation with respect

to the longitudinal momentum has the same form as a massive relativistic
particle,

wen(k) = Ok + wen(0)?, (A.4)
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2 3
with w;,(0) = v [(i—’;) + (%)2] , where the mass term is called the cutoff fre-

quency of the mode, and v = (ue)™'/? is the phase velocity in the waveguide,

assumed isotropic and nondispersive with magnetic permeability y and dielec-
tric constant €. Since L, > L., the TE; y mode has the lowest cutoff frequency. It
can be proved [79] that w;(0) is also lower than the cutoffs of all TM modes.
Thus, at sufficiently low energy the contribution of the higher energy modes
can be neglected, and propagation occurs effectively in one dimension.

The TE, ) mode is characterized by the following behavior of the fields

Y\ .
B, = B cos(L—y)el(kx_‘”lfO(k)t), (A.5)
y

kL, B L .

B, = -i 71 Osin(L—y)el(k"_wer(k)t), (A.6)
y
w19(k)L,B L .

EZ - 1,0(73 y OSil’l (L—y)el(kx_wl’(](k)t), (A7)

y

with the other three components vanishing. These fields can be derived from
the (transverse) vector potential

LB
- Tt

Az

sin (ﬂ) ellr—no®1) (A.8)
Ly



Appendix B

Iterative methods

Newton’s method

Newton’s method, also called the Newton-Raphson method, is a root-finding
algorithm used in numerical analysis, with gradually improving approxima-
tion. Using the Taylor series of a differentiable function f(x) of one real variable
in the vicinity x

f(xo+€) = f(xo) + f'(x0) € + % " (x0) e +... (B.1)
which, at first order in €, reads
flxo+€) = f(xo) + f'(x0) €. (B.2)

The intersection of this line with the x-axis is (x1, 0), so setting f(xo + €) = 0 and
solving for € = ¢
f(xo)

€0 f'(x0)”
which is the first-order adjustment to the root’s position. By letting x; = x( + €,
calculating a new €3, and so on, the process can be repeated until it converges
to a fixed point (which is a root) using

S
n f/ (xn) .
Unfortunately, this procedure can be unstable near a horizontal asymptote or a

local extremum. However, with a good initial choice of the root’s position, the
algorithm can be applied iteratively to obtain

o f(x)
Xnt1 —Xn = —m,

which is called the Newton step.

(B.3)

(B.4)

(B.5)
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Halley’s method

In numerical analysis, Halley’s method is a root-finding algorithm used for
functions of one real variable with a continuous second derivative. This last
condition is needed for the use of the tangent hyperbolas, a second-order tan-
gent which represents an osculating curve.

The second-order Taylor series in the neighbourhood of the point x, subject
to the imposition of f(x,+1) = 0, where we exploit Newton’s iteration x,+1 =

Xn — f(xn)/fl(xn) Ylelds
~ 2 f(xn) f' ()
2[fCen)? = £ () fxa)’

This expression is called Halley’s step and it may also be derived by using
an osculating curve of the hyperbola form:

Xpel — Xy = (B.6)

hx) = b+ a (B.7)

—_— C’
where a,b, c are parameters derived by means of the conditions provided by
the nature of second-order tangent in the point x, such that

_ I eP [fa)? f’(xn)}
{”‘ TR AR ZTen)

These parameters have to be inserted in the condition expressing a zero for the
hyperbola h(x,.1) = 0 to obtain (B.6).

The employment of second-order tangents hyperbolas is translated in a less
chaotic behaviour of the Halley’s method than the Newton’s one: the trajectory,
made of the iterations sequence, is less unstable with respect to the choice of the
initial point. This approach can be viewed using the extension of these iterative
methods in the complex plane, where the basins of attraction are defined by
the modulus of the complex function f(z), with z € C. In practice each set of
the form:

b= f(x,) -2

Cu={z€C: |n(2)| = In(zn)l}, (B.9)
represents the osculating circumference of the level curve:
Su={zeC:1f@I=If@E)l}, (B.10)

endowed with the same curvature of C,, because of its definition, in the point
zn = (X4, Yu), Where x, is the real part and y, the imaginary one.

The uniqueness of the point z,,; as a zero for the hyperbola h(z) is ensured
by this latter nature of Mobius transformation, which is a bijection [140].



Bibliography

[1]

(2]

C. Addis, E Ciccarello, M. Cascio, G. M. Palma, and S. Maniscalco.
“Dynamical decoupling efficiency versus quantum non-Markovianity”.
In: New J. Phys. 17.123004 (2015).

H. Araki, Y. Munakata, M. Kawaguchi, and T. Goto. “Quantum field
theory of unstable particles”. In: Progress of Theoretical Physics 17.3 (1957).

M. O. Aratjo, I. Kresi¢, R. Kaiser, and W. Guerin. “Superradiance in a
Large and Dilute Cloud of Cold Atoms in the Linear-Optics Regime”.
In: Phys. Rev. Lett. 117.073002 (2016).

A. Asenjo-Garcia, M. Moreno-Cardoner, A. Albrecht, H. J. Kimble, and
D. E. Chang. “Exponential Improvement in Photon Storage Fidelities

Using Subradiance and “Selective Radiance” in Atomic Arrays”. In:
Phys. Rev. X 7.031024 (2017).

O. Astafiev, A. M. Zagoskin, A. A. Abdumalikov, Yu. A. Pashkin, T.
Yamamoto, K. Inomata, Y. Nakamura, and J. S. Tsai. “Resonance Fluo-
rescence of a Single Artificial Atom”. In: Science 327.840 (2010).

M. Bajcsy, S. Hofferberth, V. Balic, T. Peyronel, M. Hafezi, A. S. Zibrov,
V. Vuletic, and M. D. Lukin. “Efficient All-Optical Switching Using Slow
Light within a Hollow Fiber”. In: Phys. Rev. Lett. 102.203902 (2009).

M. Bello, G. Platero, J. I. Cirac, and A. Gonzélez-Tudela. “Unconven-
tional quantum optics in topological waveguide QED”. In: Science Ad-
vances 5.7 (2019).

P.R. Berman, D. R. Bates, and B. Bederson(eds.) “Cavity Quantum Elec-
trodynamics”. In: Adv. At. Mol. Opt. Phys., Suppl. 2 (1994).

H. Bernien et al. “Probing many-body dynamics on a 51-atom quantum
simulator”. In: Nature 579 (2017).

D. Bindel and A. Hood. “Localization theorems for nonlinear eigenvalue
problems”. In: SIAM |. Matrix Anal. Appl. 34 (2013).

159



160

Bibliography

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

A. Blais, A. Huang R. S.and Wallraff, S. M. Girvin, and R. ]J. Schoelkopf.
“Cavity quantum electrodynamics for superconducting electrical cir-
cuits: An architecture for quantum computation”. In: Phys. Rev. A 69.062320
(2004).

R. Blatt, J. I. Cirac, A. S. Parkins, and P. Zoller. “Quantum Motion of
Trapped Ions”. In: Physica Scripta T59 (1995), pp. 294-302.

J. Bleuse, ]. Claudon, M. Creasey, N. S. Malik, . M. Gerard, I. Maksymov,
J. P. Hugonin, and P. Lalanne. “Inhibition, Enhancement, and Control
of Spontaneous Emission in Photonic Nanowires”. In: Phys. Rev. Lett.
106.103601 (2011).

O. Bratteli and D. W. Robinson. Operator Algebras and Quantum Statistical
Mechanics 2. Springer-Verlag (Berlin Heidelberg New York), 2002.

J. R. Bunch, C. P. Nielsen, and D. C. Sorensen. “Rank-one modification
of the symmetric eigenproblem”. In: Numerische Mathematik 31.1 (1978),
31-48.

E.Biinger. “Inverses, determinants, eigenvalues, and eigenvectors of real
symmetric Toeplitz matrices with linearly increasing entries”. In: Linear
Algebra and its Applications 459 (2014), 595-619.

G. Calajo, M. J. A. Schuetz, H. Pichler, M. D. Lukin, P. Schneeweiss, ].
Volz, and P. Rabl. “Quantum acousto-optic control of light-matter inter-
actions in nanophotonic networks”. In: Phys. Rev. A 99.053852 (2019).

G. Calajo, F. Ciccarello, D. Chang, and P. Rabl. “ Atom-field dressed states
in slow-light waveguide QED”. In: Phys. Rev. A 93.033833 (2016).

G. Calajo, Y.-L. L. Fang, H. U. Baranger, and F. Ciccarello. “Exciting
a Bound State in the Continuum through Multiphoton Scattering Plus
Delayed Quantum Feedback”. In: Phys. Rev. Lett. 122.073601 (2019).

A. Cantoni and P. Butler. “Eigenvalues and Eigenvectors of Symmetric
Centrosymmetric Matrices”. In: Linear Algebra and its Applications 13
(1976), pp. 275-288.

N. Cherroret, M. Hemmerling, V. Nador, ]. T. M. Walraven, and R. Kaiser.
“Robust coherent transport of light in multi-level hot atomic vapors”.
In: Phys. Rev. Lett. 122.183203 (2019).

E. Chung and S. T. Yau. “Discrete Green’s Functions”. In: Journal of
Combinatorial Theory A 91 (2000), pp. 191-214.

J. I. Cirac and P. Zoller. “Quantum Computations with Cold Trapped
Ions”. In: Phys. Rev. Lett. 74.20 (1995).



Bibliography 161

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

J. Clarke and A. L. Braginski. The SQUID Handbook, Vol. 1, Fundamen-
tals and Technology of SQUIDS and SQUID Systems. WILEY-VCH Verlag
GmbH & Co. KGaA, Weinheim, 2004.

C. Cohen-Tannoudji, J. Dupont-Roc, and G. Grynberg. Atom-Photon In-
teractions: Basic Processes and Applications. Wiley-VCH Verlag GmbH
(Weinheim), 1998.

L.N. Cooper. “Bound electron pairs in a degenerate Fermi gas”. In: Phys.
Rev. 104.4 (1956).

D. M. Cvetkovi¢, M. Doob, and H. Sachs. Spectra of Graphs: Theory and
Applications. Wiley (New York), 1998.

B. Dayan, A. S. Parkins, Takao Aoki, E. P. Ostby, K. J. Vahala, and H. J.
Kimble. “A Photon Turnstile Dynamically Regulated by One Atom”. In:
Science 319.1062 (2008).

X.Deng. Entanglement States in Ion Traps: Properties and Applications. Ph.D
thesis, University of Miinchen, Germany, 2007.

R. H. Dicke. “Coherence in Spontaneous Radiation Processes”. In: Phys.
Rev. 93.99 (1954).

F. Dinc, A. M. Branczyk, and I. Ercan. “Real-space time dynamics in
waveguide QED: bound states and single-photon-pulse scattering”. In:
arXiv:1809:05164 (2018).

P. A. M. Dirac. “The Fundamental Equations of Quantum Mechanics”.
In: Proceedings of the Royal Society A: Mathematical, Physical and Engineer-
ing Sciences 109.752 (1925), pp. 642-653.

P. A. M. Dirac. “The Quantum Theory of the Emission and Absorption
of Radiation”. In: Proceedings of the Royal Society A.114 (1927).

H. Dong, Z. R. Gong, H. Ian, L. Zhou, and C. P. Sun. “Intrinsic cavity
QED and emergent quasinormal modes for a single photon”. In: Phys.
Rev. A 79.063847 (2009).

Y. Dong, Y.-S. Lee, and K. S. Choi. “Waveguide QED toolboxes for syn-
thetic quantum matter with neutral atoms”. In: arXiv:1712.02020 (2018).

U. Dorner and P. Zoller. “Laser-driven atoms in half-cavities”. In: Phys.
Rev. A 66.023816 (2002).

J.S. Douglas, H. Habibian, C. L. Hung, A. V. Gorshkov, H. J. Kimble, and
D. E. Chang. “Quantum many-body models with cold atoms coupled to
photonic crystals”. In: Nat. Photonics 9.326 (2015).



162

Bibliography

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

[50]

[51]

E. P. Dyson. “The S Matrix in Quantum Electrodynamics”. In: Phys. Rev.
75.1736 (1949).

E. P. Dyson. “A Brownian-Motion Model for the Eigenvalues of a Ran-
dom Matrix”. In: J. of Math. Phys. 3.6 (1962).

P. Facchi. Quantum time evolution: free and controlled dynamics. Ph.D thesis,
Universita di Bari, Italy, 2000.

P. Facchi, M. S. Kim, S. Pascazio, F. V. Pepe, D. Pomarico, and T. Tufarelli.
“Bound states and entanglement generation in waveguide quantum
electrodynamics”. In: Physical Review A 94.043839 (2016).

P. Facchi, M. Ligabo, and D. Lonigro. “Spectral properties of the singular
Friedrichs-Lee Hamiltonian”. In: arXiv:1910.05957 (2019).

P. Facchi, D. Lonigro, S. Pascazio, F. V. Pepe, and D. Pomarico. “Bound
states in the continuum for an array of quantum emitters”. In: Physical
Review A 100.023834 (2019).

P. Facchi, D. Lonigro, S. Pascazio, F. V. Pepe, and D. Pomarico. “Spin
waves and multimerization for many-body bound states in the contin-
uum”. In: in preparation (2019).

P. Facchi and S. Pascazio. La regola d’oro di Fermi. Bibliopolis (Napoli),
1999.

P. Facchi, S. Pascazio, F. V. Pepe, and D. Pomarico. “Correlated photon
emission by two excited atoms in a waveguide”. In: Physical Review A
98.063823 (2018).

P. Facchi, S. Pascazio, F. V. Pepe, and K. Yuasa. “Long-lived entanglement
of two multilevel atoms in a waveguide”. In: |. Phys. Commun. 2.035006
(2018).

Y. L. L. Fang and H. U. Baranger. “Waveguide QED: Power spectra and
correlations of two photons scattered off multiple distant qubits and a
mirror”. In: Phys. Rev. A 91.053845 (2015).

Y. L. L. Fang, H. Zheng, and H. U. Baranger. “One-dimensional waveg-
uide coupled to multiple qubits: photon-photon correlations”. In: EPJ
Quantum Technol 1 (2014).

A. Faraon, E. Waks, D. Englund, I. Fushman, and J. Vuc¢kovi¢. “Effi-
cient photonic crystal cavity-waveguide couplers”. In: Appl. Rev. Lett.
90.073102 (2007).

E. Fermi. “Quantum theory of radiation”. In: Reviews of Modern Physics
4 (1932).



Bibliography 163

[52] E. Fermi. “Tentativo di una teoria dei raggi f”. In: La Ricerca Scientifica
2.12 (1933).

[53] K. O. Friedrichs. “On the Perturbation of Continuous Spectra”. In: Com-
munications on Pure and Applied Mathematics 1 (1948), pp. 361-406.

[54] C. Gardiner and P. Zoller. Quantum Noise: A Handbook of Markovian and
Non-Markovian Quantum Stochastic Methods with Applications to Quantum
Optics. Springer-Verlag (Berlin Heidelberg), 2000.

[55] T. Giamarchi. Quantum Physics in One Dimension. Oxford University
Press, 2004.

[56] A. Goban, C. L. Hung, J. D. Hood, S. P. Yu, ]J. A. Muniz, O. Painter,
and H. J. Kimble. “Superradiance for Atoms Trapped along a Photonic
Crystal Waveguide”. In: Phys. Rev. Lett. 115.063601 (2015).

[57] G. H. Golub. “Some modified matrix eigenvalue problems”. In: Siam
Rev. 15.2 (1973), 318-334.

[58] G. H. Golub and C. F. van Loan. Matrix Computations. Johns Hopkins
University Press, 2013.

[59] C.Gonzalez-Ballestero, F.]. Garcia-Vidal, and E. Moreno. “Non-Markovian
effects in waveguide-mediated entanglement”. In: New J. Phys. 15.073015
(2013).

[60] A. Gonzalez-Tudela, D. Martin-Cano, E. Moreno, L. Martin-Moreno,
C. Tejedor, and F. J. Garcia-Vidal. “Entanglement of Two Qubits Medi-

ated by One-Dimensional Plasmonic Waveguides”. In: Phys. Rev. Lett.
106.020501 (2011).

[61] A. Gonzalez-Tudela, V. Paulisch, H. J. Kimble, and J. I. Cirac. “Efficient
Multiphoton Generation in Waveguide Quantum Electrodynamics”. In:
Phys. Rev. Lett. 118.213601 (2017).

[62] R.M.Gray. “Toeplitz and Circulant Matrices: A Review”. In: Foundations
and Trends in Communications and Information Theory 2.3 (2006), pp. 155
239.

[63] W. Greiner and ]. Reinhardt. Field quantization. Springer-Verlag (Berlin
Heidelberg New York), 1996.

[64] M. Gross and S. Haroche. “Superradiance: An essay on the theory of
collective spontaneous emission”. In: Phys. Rep. 93.301 (1982).

[65] X.Gu, A. E. Kockum, A. Miranowicz, Y.-X. Liu, and E. Nori. “Microwave
photonics with superconducting quantum circuits”. In: Phys. Rep. 1
(2017), pp. 718-719.



164

Bibliography

[66]

[67]

[68]

[69]

[70]

[71]

[72]

[73]

[74]

[75]

[76]

[77]

[78]

[79]

P. Guimond, H. Pichler, A. Rauschenbeutel, and P. Zoller. “Chiral quan-
tum optics with V-level atoms and coherent quantum feedback”. In:
Phys. Rev. A 94.033829 (2016).

Q. Guo et al. “Dephasing-Insensitive Quantum Information Storage and
Processing with Superconducting Qubits”. In: Physical Review Letters
121.130501 (2018).

N.J. Hale N. Higham and L. N. Trefethen. “Computing A%, log(A), and
related matrix functions by contour integrals”. In: SIAM J. Numer. Anal.
46.5 (2008), 2505-2523.

B. C. Hall. Quantum Theory for Mathematicians. Springer-Verlag (Berlin
Heidelberg Dordrecht London), 2013.

B. C. Hall. Lie Groups, Lie Algebras, and Representations: An Elementary In-
troduction. Springer-Verlag (Berlin Heidelberg Dordrecht London), 2015.

S. Haroche, (eds.) J. Dalibard, J.-M. Raimond, and J. Zinn-Justin. “Fun-
damental Systems in Quantum Optics”. In: Proceedings of the Les Houches
Summer School of Theoretical Physics (1992), p. 767.

E. A. Hinds. “Cavity Quantum Electrodynamics”. In: Adv. At. Mol. Opt.
Phys. 28.237 (1990).

I. C. Hoi, A. F. Kockum, L. Tornberg, A. Pourkabirian, G. Johansson,
P. Delsing, and C. M. Wilson. “Probing the quantum vacuum with an
artificial atom in front of a mirror”. In: Nat. Phys. 11.1045 (2015).

C. K. Hong, Z. Y. Ou, and L. Mandel. “Measurement of subpicosecond
time intervals between two photons by interference”. In: Phys. Rev. Lett.
59.2044 (1987).

C. W. Hsu, B. Zhen, A. D. Stone, J. D. Joannopoulos, and Marin Soljacic.
“Bound states in the continuum”. In: Nat. Rev. Mater. 1.16048 (2016).

X. Huang, Z. Bai, and Y. Su. “Nonlinear rank-one modification of the
symmetric eigenvalue problem”. In: J. of Comp. Math. 28 (2010).

A. Imamoglu, D. D. Awschalom, G. Burkard, D. P. DiVincenzo, D. Loss,
M. Sherwin, and A. Small. “Quantum Information Processing Using
Quantum Dot Spins and Cavity QED”. In: Phys. Rev. Lett. 83.20 (1999).

N. Sh. Izmailian and R. Kenna. “A generalised formulation of the Lapla-
cian approach to resistor networks”. In: J. of Stat. Mech.: Th. and Exp.
(2014).

J. D. Jackson. Classical Electrodynamics. John Wiley & Sons (New York),
1999.



Bibliography 165

[80]

[81]

[82]

[83]

[89]

[90]

[91]

[92]

[93]

T. Kato. Perturbation Theory for Linear Operators. Springer-Verlag (Berlin
Heidelberg), 1995.

A. F. Kockum, G. Johansson, and F. Nori. “Decoherence-Free Interaction
between Giant Atoms in Waveguide Quantum Electrodynamics”. In:
Phys. Rev. Lett. 120.140404 (2018).

Y. Kuramoto and K. Kato. Dynamics of One-Dimensional Quantum Sys-
tems: Inverse-Square Interaction Models. Cambridge University Press, 2009.

M. Laakso and M. Pletyukhov. “Scattering of Two Photons from Two
Distant Qubits: Exact Solution”. In: Phys. Rev. Lett. 113.183601 (2014).

K. Lalumiere, B. C. Sanders, A. F. van Loo, A. Fedorov, A. Wallraff, and
A. Blais. “Input-output theory for waveguide QED with an ensemble of
inhomogeneous atoms”. In: Phys. Rev. A 88.043806 (2013).

T. D. Lee. “Some special examples in renormalizable field theory”. In:
Physical Review 95.5 (1954).

D. Leibfried, R. Blatt, C. Monroe, and D. Wineland. “Quantum dynamics
of single trapped ions”. In: Rev. Mod. Phys. 75 (2003).

Y. Li, O. Voskoboynikov, C.P. Lee, and S.M. Sze. “Computer simulation
of electron energy levels for different shape InAs/GaAs semiconductor
quantum dots”. In: Comp. Phys. Comm. 141 (2001), 66-72.

N. Lindlein, R. Maiwald, H. Konermann, M. Sondermann, U. Peschel,
and G. Leuchs. “A new 4n geometry optimized for focusing on an atom
with a dipole-like radiation pattern”. In: Laser Phys. 17.927 (2007).

P. Lodahl, S. Mahmoodian, and S. Stobbe. “Interfacing single photons
and single quantum dots with photonic nanostructures”. In: Rev. Mod.
Phys. 87.347 (2015).

P.Lodahl, S. Mahmoodian, S. Stobbe, A. Rauschenbeutel, P. Schneeweiss,
and J. Volz. “Chiral quantum optics”. In: Nature 541.473 (2017).

F. Lombardo F. Ciccarello and G. M. Palma. “Photon localization ver-
sus population trapping in a coupled-cavity array”. In: Phys. Rev. A
89.053826 (2014).

D. Lonigro, P. Facchi, and M. Ligabo. “The Friedrichs-Lee Model and Its
Singular Coupling Limit”. In: Proceedings IQIS 2018 12.1 (2019).

A. F. van Loo, A. Fedorov, K. Lalumiere, B. C. Sanders, A. Blais, and
A. Wallraff. “Photon-Mediated Interactions Between Distant Artificial
Atoms”. In: Science 342.1494 (2013).



166

Bibliography

[94]

[95]

[96]

[97]

[98]

[99]

[100]

[101]

[102]

[103]

[104]

[105]

[106]

[107]

[108]

W. H. Louisell. Quantum Statistical Properties of Radiation. John Wiley &
Sons (New York), 1973.

H. Nakazato, M. Namiki, and S. Pascazio. “Temporal behavior of quan-
tum mechanical systems”. In: Int. |. Mod. Phys. B 10.247 (1996).

P. L. Nash. “Chebyshev polynomials and quadratic path integral”. In:
Journal of Mathematical Physics 27.2963 (1986).

O. Nikodym. “Sur une généralisation des intégrales de M. J. Radon”. In:
Fundamenta Mathematicae 15 (1930), 131-179.

G. Oreg Y. Refael and F. von Oppen. “Helical Liquids and Majorana
Bound States in Quantum Wires”. In: Physical Review Letters 115.177002
(2010).

M. Orszag. Quantum Optics, Including Noise Reduction, Trapped Ions,
Quantum Trajectories and Decoherence. Springer Verlag Berlin-Heidelberg,
2008.

G. M. Palma, K.-A. Suominen, and A. K. Ekert. “Quantum computers
and dissipation”. In: Proc. R. Soc. Lond. A 452 (1996), pp. 567-584.

V. Paulisch, H. Kimble, and A. Gonzalez-Tudela. “Universal quantum
computation in waveguide QED using decoherence free subspaces”. In:
New J. Phys. 18.043041 (2016).

M. E. Peskinand D. V. Schroeder. An Introduction to Quantum Field Theory.
Addison-Wesley Publishing Company, 1995.

H. Pichler, T. Ramos, A.]. Daley, and P. Zoller. “Quantum optics of chiral
spin networks”. In: Phys. Rev. A 91.042116 (2015).

H. Pichler and P. Zoller. “Photonic Circuits with Time Delays and Quan-
tum Feedback”. In: Phys. Rev. Lett. 116.093601 (2016).

D. Porras and J. I. Cirac. “Bose-FEinstein Condensation and strong cor-
relation behavior of phonons in ion traps”. In: Phys. Rev. Lett. 93 (2004).

M. Pulvirenti. Scaling Limits and Effective Equations in Kinetic Theory.
Lectures in Gran Sasso Science Institute (L’ Aquila), 2017.

J. M. Raimond, M. Brune, and S. Haroche. “Manipulating quantum
entanglement with atoms and photons in a cavity”. In: Rev. Mod. Phys.
73.565 (2001).

J. M. Raimond, P. Facchi, B. Peaudecerf, S. Pascazio, C. Sayrin, I. Dot-
senko, S. Gleyzes, M. Brune, and S. Haroche. “Quantum Zeno dynamics
of a field in a cavity”. In: Physical Review A 86.032120 (2012).



Bibliography 167

[109] T. Ramos, H. Pichler, A. Daley, and P. Zoller. “Quantum Spin Dimers
from Chiral Dissipation in Cold-Atom Chains”. In: Phys. Rev. Lett. 113.237203
(2014).

[110] T. Ramos, B. Vermersch, P. Hauke, H. Pichler, and P. Zoller. “Non-
Markovian dynamics in chiral quantum networks with spins and pho-
tons”. In: Phys. Rev. A 93.062104 (2016).

[111] E.S.Redchenko and V. I. Yudson. “Decay of metastable excited states of
two qubits in a waveguide”. In: Phys. Rev. A 90.063829 (2014).

[112] M. Reed and B. Simon. Methods of Modern Mathematical Physics I: Func-
tional Analysis. Academic Press, 1980.

[113] M. E. Reimer, G. Bulgarini, N. Akopian, M. Hocevar, M. B. Bavinck,
M. A. Verheijen, E. P. A. M. Bakkers, L. P. Kouwenhoven, and V. Zwiller.
“Bright single-photon sources in bottom-up tailored nanowires”. In: Nat.
Commun. 3.737 (2012).

[114] A. Rosario Hamann, C. Miiller, M. Jerger, M. Zanner, ]J. Combes, M.
Pletyukhov, M. Weides, T. M. Stace, and A. Fedorov. “Nonreciprocity
Realized with Quantum Nonlinearity”. In: Phys. Rev. Lett. 121.123601
(2018).

[115] C. M. Roy D. Wilson and Firstenberg O. “Colloquium: Strongly in-
teracting photons in one-dimensional continuum”. In: Rev. Mod. Phys.
89.021001 (2017).

[116] J.J. Sakurai. Modern Quantum Mechanics. Addison-Wesley Publishing
Company, 1994.

[117] E. Sanchez-Burillo, D. Zueco, L. Martin-Moreno, and J. J. Garcia-Ripoll.
“Dynamical signatures of bound states in waveguide QED”. In: Phys.
Rev. A 96.023831 (2017).

[118] C. Schneider, D. Porras, and T. Schaetz. “Experimental quantum simu-
lations of many-body physics with trapped ions”. In: Rep. Prog. Phys. 75
(2012).

[119] E. Schrodinger. “An undulatory theory of the mechanics of atoms and
molecules”. In: Physical Review 28.6 (1926).

[120] J. Schwinger. “On Green’s functions of quantized fields”. In: PNAS 37
(1951), 452—-459.

[121] J. Schwinger. “Field theory of unstable particles”. In: Annals of physics 9
(1960).

[122] E. Shahmoon and G. Kurizki. “Nonradiative interaction and entangle-
ment between distant atoms”. In: Phys. Rev. A 87.033831 (2013).



168

Bibliography

[123]

[124]

[125]

[126]

[127]

[128]
[129]

[130]

[131]

[132]

[133]

[134]

[135]

[136]

J. T. Shen and S. Fan. “Coherent Single Photon Transport in a One-

Dimensional Waveguide Coupled with Superconducting Quantum Bits”.
In: Phys. Rev. Lett. 95.213001 (2005).

T. Shi, D. E. Chang, and J. I. Cirac. “Multiphoton-scattering theory and
generalized master equations”. In: Phys. Rev. A 92.053834 (2015).

T. Shi, Y. H. Wu, A. Gonzalez-Tudela, and J. I. Cirac. “Bound States in
Boson Impurity Models”. In: Phys. Rev. X 6.021027 (2015).

M. A. Snyder. Chebyshev methods in numerical approximation. Prentice-Hall
Inc., 1966.

P.Solano, J. A. Grover, J. E. Hoffman, S. Ravets, F. K. Fatemi, L. A. Orozco,
and S. L. Rolston. “Optical Nanofibers: A New Platform for Quantum
Optics”. In: Advances In Atomic, Molecular, and Optical Physics 51 (2017),
439-505.

G. Teschl. Mathematical Methods in Quantum Mechanics. 2005.

T.S. Tsoiand C. K. Law. “Quantum interference effects of a single photon
interacting with an atomic chain inside a one-dimensional waveguide”.
In: Phys. Rev. A 78.063832 (2008).

T. Tufarelli, F. Ciccarello, and M. S. Kim. “Dynamics of spontaneous
emission in a single-end photonic waveguide”. In: Phys. Rev. A 87.013820
(2013).

P. J. Ungar, D. S. Weiss, E. Riis, and S. Chu. “Optical molasses and
multilevel atoms: theory”. In: J. Opt. Soc. Am. B 6.11 (1989).

E. Vetsch, D. Reitz, G. Sague, R. Schmidt, S. T. Dawkins, and A. Rauschen-
beutel. “Optical Interface Created by Laser-Cooled Atoms Trapped in
the Evanescent Field Surrounding an Optical Nanofiber”. In: Phys. Rev.
Lett. 104.203603 (2010).

A. Wallraff, D. I. Schuster, A. Blais, L. Frunzio, R. S. Huang, J. Majer, S.
Kumar, S. M. Girvin, and R. J. Schoelkopf. “Strong coupling of a single
photon to a superconducting qubit using circuit quantum electrody-
namics”. In: Nature 431.162 (2004).

Z.R. Wasilewski, S. Fafard, and ]J.P. McCaffrey. “Size and shape engi-
neering of vertically stacked self-assembledquantum dots”. In: Journal
of Crystal Growth 201/2021.1131 (1999).

A.-M. Wazwaz. Linear and Nonlinear Integral Equations: Methods and Ap-
plications. Springer Verlag Berlin-Heidelberg, 2011.

S. Weinberg. The Quantum Theory of Fields, Volume I: Foundations. Cam-
bridge University Press, 1995.



Bibliography 169

[137] E.P. Wigner. “Random matrices in physics”. In: SIAM Review (1967).

[138] D. Witthaut and A. S. Serensen. “Photon scattering by a three-level
emitter in a one-dimensional waveguide”. In: New |. Phys. 12.043052
(2010).

[139] W. K. Wootters. “Entanglement of Formation of an Arbitrary State of
Two Qubits”. In: Phys. Rev. Lett. 80.2245 (1998).

[140] L.Yauand A.Ben-Israel. “The Newton and Halley Methods for Complex
Roots”. In: The American Mathematical Monthly 105 (1998), 806-818.

[141] J. Q. Youand F Nori. “Atomic physics and quantum optics using super-
conducting circuits”. In: Nature 474.589 (2011).

[142] V.I. Yudson. “Dynamics of the integrable one-dimensional system “pho-
tons + two-level atoms””. In: Phys. Lett. A 129.17 (1988).

[143] V.I.Yudsonand P.Reineker. “Multiphoton scattering in a one-dimensional
waveguide with resonant atoms”. In: Phys. Rev. A 78.052713 (2008).

[144] X. H. H. Zhang and H. U. Baranger. “Heralded Bell State of Dissipa-
tive Qubits Using Classical Light in a Waveguide”. In: Phys. Rev. Lett.
122.140502 (2019).

[145] H. Zheng and H. U. Baranger. “Persistent Quantum Beats and Long-
Distance Entanglement from Waveguide-Mediated Interactions”. In:
Phys. Rev. Lett. 110.113601 (2013).

[146] G. Zumofen, N. M. Mojarad, V. Sandoghdar, and M. Agio. “Perfect Re-
flection of Light by an Oscillating Dipole”. In: Phys. Rev. Lett. 101.180404
(2008).






Acknowledgements

During last years I have benefited from teachings given by Saverio Pascazio,
Paolo Facchi and Francesco Pepe, driving me both professionally and temper-
amentally. In particular I want to express my gratitude for their support, based
on a continuous invitation at interpreting what mathematics means in physics.
Following the same line I thank Hiromichi Nakazato, Kazuya Yuasa, Giuseppe
Florio and Marilena Ligabo whose experience helped me in multiple aspects of
the PhD. A sincere acknowledgement is addressed to Davide Lonigro for our
fruitful collaboration driven by our supervisors, essential in targeting topics
presented in this thesis. Let me thank also Giovanni Gramegna and Giovanni
Scala for the exploration of complementary knowledge of equal importance.
It is also a pleasure to thank the "extended" group I met in Vietri, San Rufo-
Policeta, Bologna, Trieste, Torun and Milano for keeping me dreaming about
mathematical physics, as the medical physics group who enriched me with
completely new perspectives.

A special acknowledgement is reserved for the friendships with Margherita
Altamura, Alessandro Cataldi, Stefano Dello Russo, Lino Digregorio, Giuseppe
Negro, Francesco Pavese, Pasquale Ricci, Roberta Sergio, Daniela Trisciuzzi,
Alessandro Vitale and everyone who helped me in growing up during the
PhD experience. My gratitude is referred to Adi and Link, constantly seen in
supporting students hungry for culture.

I will always be grateful to my parents for letting me meet science from my
childhood and driving me in its exploration. At the same time I will always
recognize the central role played by them together with my sister, brother,
grandparents, aunts, uncles, cousins and all friends in my hometown, in never
giving up with their fundamental help.

Thanks very much to all of you, including all those are not explicitly men-
tioned: this thesis is "entangled" with each experience we shared!

171



	Introduction
	I Friedrichs-Lee model simulators
	The Friedrichs-Lee model
	Unstable vacua
	Minimal coupling
	Canonical quantization

	Dipole Hamiltonian and Rotating waves
	Waveguide QED in a nutshell
	Quasi-1D free field and interaction Hamiltonian


	The resolvent formalism
	Resolvent operator
	Schrödinger equation
	Survival amplitude
	Fermi golden rule
	Diagrammatics and Self-energy
	Projection of the resolvent in a subspace

	Single emitter decay
	Selection rules
	Approximations summary

	Spontaneous photon emission
	Analytical continuation
	Weisskopf-Wigner approximation
	Plasmonic eigenstates



	II Emitters pair: bound states and their dissociation
	Entangled bound states generation
	Resonant bound states in the continuum
	Entanglement by relaxation
	Energy density
	Atomic population

	Time evolution and bound state stability
	Off-resonant bound states
	Extension to generic dispersion relations

	Correlated photon emission by two excited atoms in a waveguide
	The two-excitation sector
	Self-energy and decay rate of double excitations
	Fredholm integral equations

	Two-photon amplitude
	Two-photon correlated emission
	Breit-Wigner self-energy expansion



	III Many-body bound states
	Bound states in the continuum for an array of quantum emitters
	Physical system and Hamiltonian
	Bound states in the continuum
	Eigenvalues and eigenstates
	Block-diagonal representation of the propagator
	General properties of the eigenvalue equation
	Large spacing approximation
	Full form of the self-energy
	Atomic populations

	Non-perturbative eigenstate pairs
	Cut expansion
	Unstable states


	Spin waves and multimerization for many-body bound states
	Self-energy as a Toeplitz-Hankel matrix
	Spin waves
	One-dimensional regular graph Laplacian matrix
	Rank-one modification of the symmetric eigenproblem
	Nonlinear matrix pencils

	Multimerization


	Conclusions and Outlook
	Waveguide modes
	Iterative methods
	Newton's method
	Halley's method

	Bibliography
	Acknowledgements

